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Introduction

In Islamic astronorny, lunar crescent visibility was ao important
observational subject of study. As the Muslim calendar is completely
lunar, each month begios with Ihe first observation of Ihe lunar crescent
aboye tbe western harizon. The determination ofluDar crescent visibility is
a difficult task, because it depends on a variety of astronomicai and a
variety of atmospheric parameters, sorne of lhe most important of which
are the moon's angular separation fram lhe SUD, the time lag between
sunset and moonset, the position of the mooo in ils orbít (relative to ils
apogee and perigee), lhe fraction ofthe moon's surface that is illuminated,
lhe c1eamess of lhe sky, and Ihe observer's power of vis ion. Therefore,
medieval Muslim astronomers sought lo develop criteria for detennining
lunar crescenl visibility al the beginning of each month.!

Some of the tables or crileria for lunar crescent visibility in medieval
Islamic astronomy have been sludied by historians of astronomy, but many
of their methods have not yet been investigated. A hislorically important
criterion based on two parameters, the ecliplic elongalion, (buCd_i siwii)
and the adjusled elongalion (b¡{d-i 11l1{addaf), was used by Nm{ir al-Din
al-Tus! (597-672 WI201-1274 A.D.) in his llkhiínizfj. compiled ca. 640 H

I See King, "Ru'yat al·hilal" [=Iunar crcsccnt visibilily] in thc Encyclopedia 01Islam; also
Kennedy and Janjanian, 1965, or Kennedy, 1983, pp. 151·156. Sce Kcnncdy, 1956, for
significant ziJes conlaining tab1es on lunar crcsccnt visibililY. For a lisl of modem works
dcaling wilh lunar crescent visibility in lslamic sources, see King, 1993, 11, p.219 or 111,
p.166, on lunar crescenl visibilily and the regulalion of lhe lslamic calendar.
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11242. 1 have not found this criterion in works prior to his, hUI il is used in
Iater works such as the KhfJqiinf zlj compiled ca. 820 H/1417 A.D., by the
lranian mathematician and astronomer Ghiyath al-DIo Jamshid al-Kasbi
(796-853 HlI393-1449 A.D.), Ulugh Beg's SuIIOn' zij (ca. 1430 A.D.,
Samarqand), and Bahádur Khiinfzfj. compiled in 1838 by Gb.-ij. Jawnpüñ
(1790-1862 A.D.) in south Bihar in India, with minar modifications.2

The astronomical basis of al-T05T's method

Flg. 1. From Klng, 1993, 111, p. 156.

2 The parnmetcrs rnenlioned in lhe Khaqiinf, Ulugh Beg and BahOdur Khiinf zijes are those
Ihat appear in the llkhúnf :1), bul nol al! Ihe critical values are shown. Thcre Is no
rncnlion of part 2 of al·TÜSi's method in any oflhem. In Ihe Khiiqiíllfzfj all the crescents
wilh I!J. :>10' and U'W' >16' are considered "quite visible" and in Ulugh &g and
Bahiidur Khiinf :i]es a1l Ihe crescents wilh tiA >10- and U'W">14- are considered
••... isible.. (cí: Iable 1). For the Kh{jqiinl zi] I used Suleymaniye Libraty Ms. 2692, (fol.
67...); for Ulugh Beg's ti] see Sedillot. pp. 425-426 (for its French translation see section
11, pp. 19(}.192); ror the &Jriidur Khiinl zi] see JawnpOñ, pp. 556-557.
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Fig. 1 sbows the western bonzon at sunset. In this figure, S is the position
of the sun on the ecliptic, M is the position of the moon in relation to the
ecliptjc vernal JXlint, l,=VS js the solar longitude, )..=VH is the lunar
longitude, and p= HM is the lunar latitude; tbus: SH=VH-VS=)..-~=tJ...

W and U are tbe JXlints on the celestial equator wbicb set at tbe time of
sunset and moonset respectively.

AI-Tüsi explained the first lunar crescent visibility by flUding the
difference in longitudes Ll'J.., or ecliptical elongation (buCd_i s;wa'), and the
difference in the setting times oftbe moan and the sun (corresJXlnding to
the are UW in degrees), or adjusted elongation (buCd_i mucaddal), for the
beginning of eacb lunar month. He al so developed a criterion using these
quantities. It sbould be noted that al-Tüsi did not compute UW for the
westem horizon directly: 1 will discuss the method he used in the
commentary below.

Na$Tr al-Dio al-Tüsi's c..ite ..ion

Maoy manuscripts of tbe llkhiin¡ zi} existo Below is a translation of al­
Tüsi's criterion frem Ms. 684:1 (copied 10111 c. H/ 16111 c. A.O), in the
Sbahid MUJahhañ (ex-Sepahsalar) Iibrary in Tebran:1

Chapler 2, Section 11: On finding tbe times of lunar crescenl visibility, and lhe
appeannce and disappearance of the p1anets

There are several procedures. The most used melhod is (as follows). \Ve
ca1cu1ale lhe true longirude of the IWO luminaries and tbe lunar 1alirude for
the sunset on !he 2911t day of!he preceding lunar month, \Ve Ihen take 3/5
of the lunar lalitude or we multiply tbe latirude by 36': we call ji
"devialion" (in/,li,-új). Ir Ihe lunar 1alilude is nOrlherly, we add Ihe devialion
lo Ihe lunar longirude. Ifil is southerly, we subtraCI (Ihe devialion) from jI.
\Ve call the result (in eilher case) "Ihe adjusted moon" (qama,-·i mucaddal).
We Ihen subtracllhe oblique ascension of!he point of Ihe ecliptic opposite
Ihe selting sun from !he oblique ascension of the point of Ihe ecliptic
opposile lhe adjusted moon. We caU !he result "the adjusted elongalion"
(blld-i mucaddaf). We oblain Ihe difference between Ihe tnIe longirudes of
the IWO 1uminaries, and call it "ecJiplical elongatjon" (bucd.i siwii l

If!he adjusted elongation is between 10" and 12", and !he ecliptical
elongalion is greater !han 10", tbe thin crescent can be observed,

1 1 also used another manuscript of Ihe llk1lüni zij: Tehran Universily Library, Ms. 156
(I;:Iikmat colledion); see Monzavi 1348 H.SJI969, p. 300, for a lisl of manuscripts ofthc
llk1tiinizij.
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Otherwise. it is nol visible, unless the adjusted elongation amounts to 12"
or more. Ifthe adjusted elongation is between 12" and 14°, the crescent will
be observed moderate(ly). lfí! is between 14° and 16°, the crescent will be
brighl. If il is between 16° and 18", tbe crescent will be visible. If it is
greater (than tbese values), the crescent will be quite visible. The direction
afthe crescenl is (always tbe same as) the (direction ofthe lunar) latitude.

Commentary

The calculation of the eclíptical elongation is easy to understand from the
text, bu! that of the adjusted elongation is more complicated and needs to
be done after the computatían oC the "deviation" and the "adjusted moon",
The deviation (d=3/5/l) is aD approximate value roc HF which was used
instead of HF (the arc between the perpendicular projectioo of the moon
on the ecliptic and the point 00 the ecliptic which sets simultaneously with
the moon). In the zfjes of U/ugh Beg and Bahiídur Khiinf, HF is called "the
setting equatioo"(taCda a/-ghuriib) and calculated according to an exact
method. In the Bahiídur Khiinf zfj, the computation corresponds to the
following fonnulae:

(1) sin (HF) = 19 (8) /lg (90'- B) .

where Pis the lunar latitude and () is the altitude ofthe pole oC the ecliptic,
which was called "the latitude of lhe visible c1imate" (ar<f-i ¡q/fm a/­
ruya), in (1) if P = ±2.65°, (the mean value of lhe moon's ecliptic
latitude), e= 13.9° and e= 60.9° (the minimum and the maximum values
of e for the location of al~Ti.1si's observatory in Maragha, qJ =37;24°), the
value oC HF is calculated = ± 0.66° and ± 4.77° respectively. Therefore the
mean value of HF is ± 2.72°. For this value of p, d = 3/5 P= ± 1.59",
obviously near HF. It seems that the deviation (d) was chosen near the
mean value of the setting equation HF, lo simplify the calculation oC
latitudes near Maragha. Then the adjusted moon VF could be calculated as
below:

(2) VF=Á. ± d. VH ± HF. ({I §O)
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Part
Difference Difference in setting Condition of

in longitudes (Al) times (U'W') crescent

10°_12° thin
Ir·14" moderate

I >10° 14"·16" bright
16"-18" visible
>180 quite visible

2 <10" ~12" visible

Table 1

Consequently, the adjusted elongation is the difference U'W' between
the oblique ascension of the point of ecliptic opposite the setting sun and
the oblique ascension of the point of the ecliptic opposite the adjusted
moon. This difference is equat to UW in Fig. 1 and is approximately
equivaleot to the true difference in tbe setting times in degrees.4

Today, we can compute tbe lunar coordinates exaclly, up to the moon's
setting time; but in Islamic astronomy the computation of the change in
lunar coordinates for small consecutive intervals was not easy. Muslim
astronomers computed the lunar position for the time of sunset; then they
computed the approximate time ofmoonset. Since lhe moan moves toward
the eastem sky afier sunset, the real difference in setting times in degrees
is slightly more tban the "adjusted elongation".s However, afier
calculating these parameters, al-TasI detennined the lunar crescent
visibility or invisibility by using the critical values given in Table l.

This criterion is similar to that of BattanI (244-317 Hl858·929A.D.),
who presents the same parameters but different critica! values.6

4 See King, the artiele "al-MalaW" in the Encyclopedia oflslam.

5 Su Ibiaee, 1993.

6 AI.BattlinT considers this criterion: <1J.. 2::13 213· and UW 2::10 5/60 for the lunar crescent
visibility. See Nallino, 1899, pp. 132-133 and Bruin, 1979.
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Comparison ofrüsT's method with altitude-azimuth criteria
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In the early 20th century, lunar crescent visibilily was detennined on the
basis of altitude-azimuth diagrams, in which the azimuth difference
between the sun and the moon al sunset, Jaz, is drawn versus the altitude
ofthe moon al sunset, Jal. On the basis ofvarious observations, a series of
limiting curves for lunar crescent visibility is oblained.

In Fig. 2, curve 1 is based on the research ofFolheringham (1910), and
curve 2 is obtained from the study by Maunder (1911).7 According to
Fotheringham's criterion, the smallest angular separation of tbe moon
fram the sun (to be observed by the naked eye) is abauI 12°, bul Maunder
considered it to be 11°. Fig. 3 shows a new altilude-azimuth criterion
established by SAAO (tbe Soutb African Astronomical Observatory). It
presents two boundary curves; below the solid one, visual sighting is
imprabable.8 Clearly, the naked eye boundary is lower than Maunder's and
Fotheringham's limits. Tbe dotted line shows tbe limit of optically-aided
sightings. These curves are intentionally optimistic and bath curves are
given in ideal viewing eonditions. Since other faetors sueh as the moon's
distanee from the earth, atmospheric conditions, and the observer's power
of vision would affeet lunar ereseent visibility, in fig. 3 each limit is
practically a band rather than an exactly linear curve. For instance, sorne
open cireles indieating cases which were just visible through telescopes or
binoculars overlap to sorne extent with the successful sightings with the
naked eye (filled cireles).

In the altitude~azimuth diagram, as the azimuth difference between the
sun and the moan increases, the angular separation and Ihe moon's
illuminated fraetion will also increase. So, the creseent wil1 be visible for a
smaller value of altitude. It is obvious that al~Túsi's method is based
mainly on computation whereas the altitude-azimuth method has an
observational foundation.

It is interesting to define the observational interpretation of al~Tüsi's

criterion in terms of altitude-azimuth diagrams. This interpretation has not
heen made befare either on al-Túsi's criterion or on other lunar crescent
visibility tables or criteria in lslamic astronomy. By interpretation of a1­
Túsi's criterion in this way we may detennine its exactness and obtain
infonnation abaut bis observations. For example, we may eonsider the

,
See lIyas, 1994; di Cicco, 1989.

8 SceCaldwcll and Lancy. 2001.
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determination of a crescent altitude and azimuth difference al sunset with
critical values of parameters 5uch as ¿fA = 10° and U'W' = 10°. The angle
betwecn tbe ecliptic and tbe harizon depends on the geographical latitude
fIJ. time of the observation, and obliquity of tbe ecliptic e. So, ror the
specific values of ¿fA and U'W', different values of lunar azimuths and
altitudes are possible. Since the geographical latitude is 3D important
parameter that connects a1-T11si's method lO the altitude-azimuth method,
we should first define the latitude of the observation site. Tbe l/khanf zij
was prepared in the observatory al Maragha in Iran, with rp = 37;24°,
Therefore 1used this modem value for rp in my calculatioos. The variation
of e does nol bave a noticeable effect 00 the calculatioos, so 1 used ¿; =
23;30°,

Computational method

1 prepared a computer program which computes azimuths and altitudes of
lunar crescents for which ¿lA. =10° and U'W':2::10°. to examine the first part
of al-TusT's criterion. With sorne changes. the program also computes
altitude, azimuth aod tbe values of ¿lA. ~ 10° for crescents with U'W'=12°.
In this section 1 examine the second part of al·TüsT's criterion.9 For this
purpose the inputs of the program are latitude, right ascension, and
declination of the sun as independent variables. The right ascension and
declination of the sun also define tbe time of tite observation, and are
considered for the beginnings of the four seasons: spring (O h, O 0),
summer (6 h, +23.5°), autumn (12 h, 0°), winter (18 h, -23.5°). The
program begins with the computation of the sun's azimutb at the time of
sunset (for the given right ascension and declination). It continues
searching in two loops, in the positive or negative direction of the sun's
azimutb (adjustable in the program). The outer loop computes the lunar
azimutb, and the inner loop computes tbe lunar altitude. The accuracy of
computations may be adjusted in tbe programo

At first, tite program moves one step in a defined direction, in relation
to the sun's azimuth. TIten the inner loop ¡ncreases altitude with respect to
the horizon. By changing tite altitude, tite program first computes tbe rigbt
ascension and declination, and then tite ecliptic longitude and latitude of a
given lunar crescent. If ¿lA is greater tban 10.1°, the program moves to the

9 The source oflhe fonnulae is Duffett·Smith, 1983, pp. 42-43, 46-47, 54-55.
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next azimuth value; bUl ir it is less than 10.1°, it increases the altitude. Ir
9.9°< AA <10.1°, then it checks the lunar latitude,lO

Ifthe lunar latitude is outside lhe interval of (- 5.3°, +5.3°), lhe program
retums lO lhe azimulh loop and changes the azimuth; otherwise, the
program computes U'W'. Ir it is less than 10°, the program ¡ocreases
altitude; otherwise it prints the values of azimuth, altitude, difference in
longitudes LlA, difference in settiog times U'W', and the ecliptic latitude of
the creseent p. The program then returos to the azimuth loop.

Conclusion

On the basis of computations and interpretations of the diagrams, rny
findings are as follows:

The computations oC altitudes and azimuths oC the points for which
.dA = 10° and U'W~IOo show a variety of curves (series A). At different
times, the numbers above the curves A show different U'W' values for
L/l = 10°. It is obvious that the flfSt visibility, the point on the curve A
where .d). =10° and U'W'=IOo, begins at aD altitude near 8°, which
correspoDds with to the SAAO criteria.

Tbe computations showed that with a noticeable change oflatitude, the
curves also change considerably. The series B curves are related to the
points where U'W'= 12° and Al ::; 10°. These show the altitude-azimuth
fonn of the second part of al-TOsl's method. The numbers below the
curves B show different A). values for U'W'=12°. Curves A and B have one
common point. Curves Balso show an straight boundary Dear 8°.
Computations show that at the beginning of autumn, tbere is no crescent
observable for the condition mentioned in the second part (Fig.4a - 4d). In
his Risiíla-ye Mu'iniyya, al-Tusi mentions another method :11

Chapler 14: On!be conjunction, appearance and disappearance ofthe planets.
In !bese c1imates the dominant (criterion) is (the possibility of observing the

new moan crescent) when lhe altitude (of the moon) al sunset is (at least) 8°, or
when the time lag between the setting (of!be moan) and sunset is al least 4/5 of
an hour, (!be moan) is visible.

10 The mnge 9.9-10.1° is for sleps of 0.2°. Ir we choose smaller searching steps. the range
can also be smaller.

1I See al-TOsi, RisáJa-ye Mu'fniyya. p. 56·58.
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This criterion originated in Babylonian astronomy and seems to have
been transmitted to Islamic astronomy through Jndian astronomy. Smce
4/5 of an hour is the time in which a Hindu pinlwn water-clock sinks
twice. the time lag between moonset and sunset bas beeD considered equal
to two pinkans. 11 Obviously, witb tbis criterioD. 4/5 of an hour is
equivaleDt to U'W'=I2". CompariDg A and B curves with this older
criterion we find that the lunar crescents with U'W'=12° have altitudes
near 8°. Therefore, al-Tüsi considered them to be equivalent.

It seems that al-Tüsi's metbod in the llkhanfzij was devised for middle
geographicallatitudes and was probably made to define the first visibility
poinl (tl,l,=IO°, U'W'=IOO). Of course it is hard to believe that a crescent
would be observed near an altilude of 6° (al lhe beginning of winter).
However tbis criterioD applies lo many times of the year, and il provides
an acceplable approximale method for determining lhe lunar creseent
visibility.
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Appcndix:

The Persian text of al-Tüsi's criteria in the IlkltiinlZ'ij and the Risiila­
ye Mu"iniyya

i""0JL¡ J...! ' rJo ..:.lÚA
.~ .,.sI.JS .Li:.i.1 J~ J ¡j:)I.A ú".J.) ciJ ci.JL'.)o

jJ.) ...s 6..1 d úliJI ')sI.), 6..1 J..:.... "7'iJ 6..4-';.;b 1.) d
~ ~..JCJ U:!~ ~j&J y1.::l!i YJjC UiJ ~ ~~ llL... ~ J~

<i¡ó, ..;.:.J <,F"" .), 1.) u">.;c- L¡ ri.J!.., u">.;c- ...,.... ....J ~ (1~I
Yo '-'1yo-ll , Ji .)W ~.;c- .}I .1'0"1";' '-'1yo-ll 1.) J....,L..J~ Y y.'>

.1'0"1";' J.>a..~ 1.) J....,L.. ,.;"\~!JI ji ,Ji <s!Y> .}IJ ri'1 jil~ ri-'"
>4! J' Y. JJ.-. ~~ tlIJ.. ji 1.) y J-i' yüli~ tlIJ.. U"i
y J.i' úlJ Y Ui.J!l ri-'" ,jI.¡. J>.;J 1'0"1";' J.>a.. J>.; 1.) J....,h ,.;" \S¡

12 J ~.), 10 ,jI.¡. J.>a.. J>.; .}I U"i 1'0"1";' <SJ"' J>.; 1.) ,ji J ri.J!..,
'jIJ ~.)4 J;.l ,jIY! J)I.A '>':'4 A ~.), 1O JI 1J"' J>.; J '>':'4 ~.),

ll..:ljlJ..:l 04-0 J.;¡- ~.}.I J ..:l~ Ü..:lYjJ ll..:ljlJ.:l J.;¡-~ ti ~.:l cJjJJ
J)I.A ''>':'4.'yL:. J .,.)~ ,jI.¡. .}IJ '>':'4 J.úo.. J)I.A '>':'4'o.)~ J

A .}IJ '>':'4 y.Uo J)I.A .>.:.4._J oJYL:. ,jI.¡. .}IJ '>':'4 ,:¡.:.J.)
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,.."~l+t ",4
.,.s1.,s.Ui.,J.),Jfl;,J úüIJÍ~"

yüói y,J.JC úl,J ji [.Lo] t t;¡.;I U.p." <\S .:....ui yl¿1 ~I!\ 0!\ .)" ...
~.)~ yüói y,J.JC ,J [.Lo] y,J.JC uL¡..l.¡.>.:.4 U'" '4.)" c:..:..

... ~".:.;.. Y'U;, [.Lo ''>':'4]~ l...
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