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Introduction

In Islamic astronomy, lunar crescent visibility was an important
observational subject of study. As the Muslim calendar is completely
lunar, each month begins with the first observation of the lunar crescent
above the western horizon. The determination of lunar crescent visibility is
a difficult task, because it depends on a variety of astronomical and a
variety of atmospheric parameters, some of the most important of which
are the moon’s angular separation from the sun, the time lag between
sunset and moonset, the position of the moon in its orbit (relative to its
apogee and perigee), the fraction of the moon’s surface that is illuminated,
the clearness of the sky, and the observer’s power of vision. Therefore,
medieval Muslim astronomers sought to develop criteria for determining
lunar crescent visibility at the beginning of each month.'

Some of the tables or criteria for lunar crescent visibility in medieval
Islamic astronomy have been studied by historians of astronomy, but many
of their methods have not yet been investigated. A historically important
criterion based on two parameters, the ecliptic elongation, (bu‘d-i siwa’)
and the adjusted elongation (bu‘d-i mu‘addal), was used by Nasir al-Din
al-Tis7 (597-672 H/1201-1274 A.D.) in his Ilkhani zij, compiled ca. 640 H

See King, “Ru’yat al-hilal” [=lunar crescent visibility] in the Encyclopedia of Islam; also
Kennedy and Janjanian, 1965, or Kennedy, 1983, pp. 151-156. See Kennedy, 1956, for
significant zijes containing tables on lunar crescent visibility, For a list of modern works
dealing with lunar crescent visibility in Islamic sources, see King, 1993, 11, p.219 or III,
p.166, on lunar crescent visibility and the regulation of the Islamic calendar.
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/ 1242. 1 have not found this criterion in works prior to his, but it is used in
later works such as the Khagani zij compiled ca. 820 H/1417 A.D., by the
Iranian mathematician and astronomer Ghiyath al-Din Jamshid al-Kashi
(796-853 H/1393-1449 A.D.), Ulugh Beg’s Sultani zij (ca. 1430 A.D.,
Samarqand), and Bahadur Khani zij, compiled in 1838 by Gh.-H. Jawnpari
(1790-1862 A.D.) in south Bihar in India, with minor modifications.”

The astronomical basis of al-Tisi’s method

Fig. 1. From King, 1993, III, p. 156.

? The parameters mentioned in the Khagani, Ulugh Beg and Bahadur Khani zijes are those
that appear in the [lkhani zij, but not all the critical values are shown. There is no
mention of part 2 of al-Tiisi"s method in any of them. In the Khdgani zij all the crescents
with AL >10° and U'W"* >16" are considered “quite visible” and in Ulugh Beg and
Bahadur Khani zijes all the crescents with AL >10" and U'W'>14" are considered
*visible” (cf. table 1). For the Khagant zij | used Suleymaniye Library Ms. 2692, (fol.
67v); for Ulugh Beg's zij sec Sedillot, pp. 425-426 (for its French translation see section
11, pp. 190-192); for the Bahadur Khani zij see Jawnpiri, pp. 556-357.
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Fig. 1 shows the western horizon at sunset. In this figure, S is the position
of the sun on the ecliptic, M is the position of the moon in relation to the
ecliptic vernal point, 4,=VS is the solar longitude, 4,=VH is the lunar
longitude, and f = HM is the lunar latitude; thus: SH=VH-VS=4,-A=A\.
W and U are the points on the celestial equator which set at the time of
sunset and moonset respectively.

Al-Tus1 explained the first lunar crescent visibility by finding the
difference in longitudes 44, or ecliptical elongation (bu‘d-i siwa’), and the
difference in the setting times of the moon and the sun (corresponding to
the arc UW in degrees), or adjusted elongation (bu‘d-i mu‘addal), for the
beginning of each lunar month. He also developed a criterion using these
quantities. It should be noted that al-Tisi did not compute UW for the
western horizon directly: I will discuss the method he used in the
commentary below.

Nagir al-Din al-Tis1’s criterion

Many manuscripts of the Ilkhani zij exist. Below is a translation of al-
Tisi’s criterion from Ms. 684:1 (copied 10® c. H/ 16" ¢. A.D), in the
Shahid Mutahhari (ex-Sepahsalar) library in Tehran:®

Chapter 2, Section 11: On finding the times of lunar crescent visibility, and the
appearance and disappearance of the planets

There are several procedures. The most used method is (as follows). We
calculate the true longitude of the two luminaries and the lunar latitude for
the sunset on the 29" day of the preceding lunar month. We then take 3/5
of the lunar latitude or we multiply the latitude by 36': we call it
“deviation” (inhirdf). If the lunar latitude is northerly, we add the deviation
to the lunar longitude. If it is southerly, we subtract (the deviation) from it.
We call the result (in either case) “the adjusted moon” (gamar-i mu‘addal).
We then subtract the oblique ascension of the point of the ecliptic opposite
the setting sun from the oblique ascension of the point of the ecliptic
opposite the adjusted moon. We call the result “the adjusted elongation™
(bu‘d-i mu‘addal). We obtain the difference between the true longitudes of
the two luminaries, and call it “ecliptical elongation” (bu‘d-i siwa’).

If the adjusted elongation is between 10" and 12° and the ecliptical
elongation is greater than 10° the thin crescent can be observed.

? 1 also used another manuscript of the Jlkhant zij: Tehran University Library, Ms. 156
(Hikmat collection); see Monzavi 1348 H.S/1969, p. 300, for a list of manuscripts of the
Tlkhani =zij.
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Otherwise, it is not visible, unless the adjusted elongation amounts to 12°
or more. If the adjusted elongation is between 12° and 14°, the crescent will
be observed moderate(ly). If it is between 14° and 16°, the crescent will be
bright. If it is between 16° and 18° the crescent will be visible. If it is
greater (than these values), the crescent will be quite visible. The direction
of the crescent is (always the same as) the (direction of the lunar) latitude.

Commentary

The calculation of the ecliptical elongation is easy to understand from the
text, but that of the adjusted elongation is more complicated and needs to
be done after the computation of the “deviation” and the “adjusted moon”.
The deviation (d=3/5f) is an approximate value for HF which was used
instead of HF (the arc between the perpendicular projection of the moon
on the ecliptic and the point on the ecliptic which sets simultaneously with
the moon). In the zijes of Ulugh Beg and Bahadur Khani, HF is called “the
setting equation”(ta“dil al-ghuriib) and calculated according to an exact
method. In the Bahadur Khant zij, the computation corresponds to the
following formulae:

(1) sin (HF) = tg (B) /1g (90°- 8) .

where f is the lunar latitude and @ is the altitude of the pole of the ecliptic,
which was called “the latitude of the visible climate” (‘ard-i iglim al-
ru'ya), in (1) if f = +£2.65° (the mean value of the moon’s ecliptic
latitude), 8 = 13.9° and @ = 60.9° (the minimum and the maximum values
of @ for the location of al-Tusi’s observatory in Maragha, ¢ =37;24°), the
value of HF is calculated = +0.66° and +4.77° respectively. Therefore the
mean value of HF is +2.72° For this value of 8, d = 3/5 f = +1.59°,
obviously near HF. It seems that the deviation (d) was chosen near the
mean value of the setting equation HF, to simplify the calculation of
latitudes near Maragha. Then the adjusted moon VF could be calculated as
below:

) VE=dn+d~VH+HF (B50)
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Part Difference Difference in setting Condition of
inlongitudes (44) times (U'W") crescent
10°-12° thin
12°-14° moderate
1 >10° 14°-16° bright
16°-18° visible
>18° quite visible
2 <10° >12° visible
Table 1

Consequently, the adjusted elongation is the difference U'W’ between
the oblique ascension of the point of ecliptic opposite the setting sun and
the oblique ascension of the point of the ecliptic opposite the adjusted
moon. This difference is equal to UW in Fig. 1 and is approximately
equivalent to the true difference in the setting times in degrees.’

Today, we can compute the lunar coordinates exactly, up to the moon’s
setting time; but in Islamic astronomy the computation of the change in
lunar coordinates for small consecutive intervals was not easy. Muslim
astronomers computed the lunar position for the time of sunset; then they
computed the approximate time of moonset. Since the moon moves toward
the eastern sky after sunset, the real difference in setting times in degrees
is slightly more than the “adjusted elongation”.’ However, after
calculating these parameters, al-Tiis1 determined the lunar crescent
visibility or invisibility by using the critical values given in Table 1.

This criterion is similar to that of Battani (244-317 H/858-929A.D.),
who presents the same parameters but different critical values.®

4 See King, the article “al-Matali® ” in the Encyclopedia of Islam.
3 See Thiaee, 1993.

¢ Al-Battani considers this criterion: A\ >13 2/3° and UW >10 5/6° for the lunar crescent
visibility. See Nallino, 1899, pp. 132-133 and Bruin, 1979.
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Fig. 2. From Ilyas (Penang, 1995) p. 23.

Fig. 3. Filled circles: successful sightings with the naked eye; open circles: visible
through telescopes or binoculars, but not visible to the naked eye; large triangles:
denote that the crescents were invisible for both optical-aided and the naked eye;
small triangles: represent unsuccessful sightings with the naked eye without
optical-aid; circles with small halo of small dots: distinguish events observed at
high latitudes (at least 45°). The diagram is from http://www.saao.ac.za .
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Comparison of Tiisi’s method with altitude-azimuth criteria

In the early 20" century, lunar crescent visibility was determined on the
basis of altitude-azimuth diagrams, in which the azimuth difference
between the sun and the moon at sunset, Aaz, is drawn versus the altitude
of the moon at sunset, 4al. On the basis of various observations, a series of
limiting curves for lunar crescent visibility is obtained.

In Fig. 2, curve | is based on the research of Fotheringham (1910), and
curve 2 is obtained from the study by Maunder (1911).” According to
Fotheringham’s criterion, the smallest angular separation of the moon
from the sun (to be observed by the naked eye) is about 12°, but Maunder
considered it to be 11° Fig. 3 shows a new altitude-azimuth criterion
established by S440 (the South African Astronomical Observatory). It
presents two boundary curves; below the solid one, visual sighting is
improbable.® Clearly, the naked eye boundary is lower than Maunder’s and
Fotheringham’s limits. The dotted line shows the limit of optically-aided
sightings. These curves are intentionally optimistic and both curves are
given in ideal viewing conditions. Since other factors such as the moon’s
distance from the earth, atmospheric conditions, and the observer’s power
of vision would affect lunar crescent visibility, in fig. 3 each limit is
practically a band rather than an exactly linear curve. For instance, some
open circles indicating cases which were just visible through telescopes or
binoculars overlap to some extent with the successful sightings with the
naked eye (filled circles).

In the altitude-azimuth diagram, as the azimuth difference between the
sun and the moon increases, the angular separation and the moon’s
illuminated fraction will also increase. So, the crescent will be visible for a
smaller value of altitude. It is obvious that al-Tisi’s method is based
mainly on computation whereas the altitude-azimuth method has an
observational foundation.

It is interesting to define the observational interpretation of al-TiusT’s
criterion in terms of altitude-azimuth diagrams. This interpretation has not
been made before either on al-Tiisi’s criterion or on other lunar crescent
visibility tables or criteria in Islamic astronomy. By interpretation of al-
TiisT’s criterion in this way we may determine its exactness and obtain
information about his observations. For example, we may consider the

7 See Ilyas, 1994; di Cicco, 1989,
% See Caldwell and Laney, 2001.
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determination of a crescent altitude and azimuth difference at sunset with
critical values of parameters such as 44 = 10° and U'W' = 10°. The angle
between the ecliptic and the horizon depends on the geographical latitude
@, time of the observation, and obliquity of the ecliptic &. So, for the
specific values of 44 and U'W’, different values of lunar azimuths and
altitudes are possible. Since the geographical latitude is an important
parameter that connects al-Tiisi’s method to the altitude-azimuth method,
we should first define the latitude of the observation site. The Ilkhant zij
was prepared in the observatory at Maragha in Iran, with ¢ = 37;24°.
Therefore I used this modern value for ¢ in my calculations. The variation
of ¢ does not have a noticeable effect on the calculations, so I used ¢ =
23;30°.

Computational method

I prepared a computer program which computes azimuths and altitudes of
lunar crescents for which 44 =10° and U’'W’ >10°, to examine the first part
of al-Tusi’s criterion. With some changes, the program also computes
altitude, azimuth and the values of 44 < 10° for crescents with U'W'=12°,
In this section I examine the second part of al-Tisi’s criterion.” For this
purpose the inputs of the program are latitude, right ascension, and
declination of the sun as independent variables. The right ascension and
declination of the sun also define the time of the observation, and are
considered for the beginnings of the four seasons: spring (0 h, 0 °),
summer (6 h, +23.5°), autumn (12 h, 0°), winter (18 h, -23.5°). The
program begins with the computation of the sun’s azimuth at the time of
sunset (for the given right ascension and declination). It continues
searching in two loops, in the positive or negative direction of the sun’s
azimuth (adjustable in the program). The outer loop computes the lunar
azimuth, and the inner loop computes the lunar altitude. The accuracy of
computations may be adjusted in the program.

At first, the program moves one step in a defined direction, in relation
to the sun’s azimuth. Then the inner loop increases altitude with respect to
the horizon. By changing the altitude, the program first computes the right
ascension and declination, and then the ecliptic longitude and latitude of a
given lunar crescent. If 41 is greater than 10.1°, the program moves to the

® The source of the formulae is Duffett-Smith, 1983, pp- 42-43, 46-47, 54-55.
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next azimuth value; but if it is less than 10.1°, it increases the altitude. If
9.9°< 44 <10.1°, then it checks the lunar latitude.'

If the lunar latitude is outside the interval of (- 5.3° +5.3%), the program
returns to the azimuth loop and changes the azimuth; otherwise, the
program computes U'W’. If it is less than 10°, the program increases
altitude; otherwise it prints the values of azimuth, altitude, difference in
longitudes 44, difference in setting times U W, and the ecliptic latitude of
the crescent £. The program then returns to the azimuth loop.

Conclusion

On the basis of computations and interpretations of the diagrams, my
findings are as follows:

The computations of altitudes and azimuths of the points for which
A4 = 10° and U'W>10° show a variety of curves (series 4). At different
times, the numbers above the curves A4 show different /'’ values for
AA = 10° Tt is obvious that the first visibility, the point on the curve A4
where 44 =10° and U’'W’'=10° begins at an altitude near 8°, which
corresponds with to the S4A40 criteria.

The computations showed that with a noticeable change of latitude, the
curves also change considerably. The series B curves are related to the
points where U'W'= 12° and 44 < 10° These show the altitude-azimuth
form of the second part of al-Tasi’s method. The numbers below the
curves B show different 42 values for U'W'=12°. Curves 4 and B have one
common point. Curves B also show an straight boundary near 8°.
Computations show that at the beginning of autumn, there is no crescent
observable for the condition mentioned in the second part (Fig.4a - 4d). In
his Risala-ye Mu'iniyya, al-TisT mentions another method :""

Chapter 14: On the conjunction, appearance and disappearance of the planets.

In these climates the dominant (criterion) is (the possibility of observing the
new moon crescent) when the altitude (of the moon) at sunset is (at least) 8°, or
when the time lag between the setting (of the moon) and sunset is at least 4/5 of
an hour, (the moon) is visible.

' The range 9.9-10.1° is for steps of 0.2° If we choose smaller searching steps, the range
can also be smaller.

"' See al-Tilsi, Risala-ye Mu'Tniyya, p. 56-58.
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This criterion originated in Babylonian astronomy and seems to have
been transmitted to Islamic astronomy through Indian astronomy. Since
4/5 of an hour is the time in which a Hindu pinkan water-clock sinks
twice, the time lag between moonset and sunset has been considered equal
to two *z;u}ukans.'2 Obviously, with this criterion, 4/5 of an hour is
equivalent to U'W’'=12°. Comparing 4 and B curves with this older
criterion we find that the lunar crescents with U'W"=12° have altitudes
near 8°. Therefore, al-TiisT considered them to be equivalent,

It seems that al-TiisT’s method in the Jlkhani zij was devised for middle
geographical latitudes and was probably made to define the first visibility
point (44=10°, U'W'=10°). Of course it is hard to believe that a crescent
would be observed near an altitude of 6° (at the beginning of winter).
However this criterion applies to many times of the year, and it provides
an acceptable approximate method for determining the lunar crescent
visibility.
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Appendix:

The Persian text of al-Tiis?’s criteria in the Ilkhant zij and the Risala-
ye Mu‘iniyya
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