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A THECREM ON SCHAUDER DECOMPOSITIONS IN BANACH SPACES

Miguel A. Arifio

ibstract. In this paper we prove that in a Banach space all Schauder
decompositions are shrinking iff all Schauder decompositions are

boundedly complete.

1. Definitions and preliminary results

4 sequence (xn):_l in a Banach space X is called a Schauder
basis if for every xeEX there exists a unique sequence (un):~l in R
such that x = z a X and this series converges with respect the

n=1

nerm of X. & sequence (yn)::l is called a basic sequence if it 1s a

basis of his closed linear span.

A Schauder decomposition of X 1is a sequence (Xi):_l of closed

subspaces of X such that for every x in X there exists a unique se-
)m

ence X,
au ( 17i=1

with x. € X, for all i and x = Z *,. Every Schauder
i i &0t
decomposition of X is related with a sequence of continuous projec-
tions Pn: X — X defined by
Pn{x) = 1:}n(.z xi) a xi
i=1 1=]1

In all this paper, the linear span of an element x&€X is denoted

by |[x] and the <closed linear span of the subspaces (Xi)m

m
< V< o i o L] .
(l<n<m<«) is denoted by [Xl]l:n

The following theorem characterizes the Schauder decompositions

and it can be found in [5].



1. Theorem: Let X be a Banach space and (Xn}:—l a sequence of closed

subspaces of X. The following are equivalent:

i) (Xn)n—l is a Schauder decomposition of X.

ii) There exists a sequence (Pn)nzl

of continuous projections Pn:

n ' :
X —[X.]. such that P P =P
iti=1 m———— n

. and lim P _(x)=x for
m min{m,n)  =—— n —_

N+m

every x in X.

iii) There exists a sequence (Pn)m

of continuocus projections P
n=1 n

X ——[x.} such that P_ P = P and (P })”  is uniformly
i - & m — n n=l ———=—

n
i=1 min{m,n)

bounded.
To sup i Pn || is called norm of the decomposition.
n

A Schauder decomposition (Xn):_l in a Banach space X is called

boundedly cemplete if for every sequence (xn)":l_l with X, € xn such

. n . 1n ©
that  sup || Z <= the sequence  { Z xi) converges
T i1 - i=1 n=1

towards an element x in X. And it is called shrinking if for every
* 1 —
x*e X , %12 ”x‘ﬂn = 0, where

o

||x“]|n = sup {|x*(x])| with xE[Xi] i=nel

and =<1} -

Boundedly complete and shrinking basis and basic seguences are defi-

ned in a similar way.

Singer {(cf. [8]) has proved that in a Banach space all basic
sequences are bouncliedly complete if and only if all basic seguences
are shrinking. Afterwards Zippin (¢f. [7] and [3]) proved a similar
theorem for Schauder basis of X. Our purpose in this paper is to
prc;ve that in a Banach space al-l Schauder decompositions are boun-

dedly complete iff all Schauder decompeositions are shrinking.
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If X is a locally bounded F-space, then there exists p {(xpcl)
such that the topclogy of X is originated by a p-norm. In this case X
is called p-Banach space (ef. [1] and [4]). Let X be a p-Banach space
such that X separates points of X and let J; X— X*' be the
cancnical imbedding of X inte its bidual. We define in X the nerm

LI

%
=<l =1J(x}} if xeX.

The Mackey topology of X is criginated by this norm {cf. {2]) andg it

is called the Mackey norm of X. The Mackey completion of X is denoted

by J(X).

All the above definitions for Banach spaces can be extended to

p-Banach spaces.

2. Shrinking and boundedly complete Schauder decomposition.

2. Lemma. Let {Kn}z_l be a Schauder decomposition of a Banach space X

and let {Pn)

As=1 be its sequence of projections. We suppose that each

Xn admits a topological decomposition Xn = Yne Zn. The following are

equivalent:
il (Yl’zl""’yn’zn"") is a Schauder decomposition of X.
ii) If An is the continuous projection from Xn into Yn, then

<
sup Hali < =.

Proef: i = ii, If (Qn):_l is the sequence of projections of (Yl,zl.

LY LE ... ), as An = Q2n—l Xt the statement ii is proved.

n
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ii = i. If sup ||An|i <=, we define
n

QZn = 1:’n
02n+1 =P ¢ An(Pn— Pn—l) n>1
B = 4P

and thus (llin};:,__1 is a uniformly bounded sequence of projections which

defines the decomposition (Yn’zn}:—l because of theorem 1. I

Remark that if any of the previous subspaces is 0. it must be taken

away in the decompesition.

3. Corollaf'x. Let (Xn):_l bhe a Schauder decomposition of a Banach

space X and (Xn]:_l a normalized sequence in X with xne Xn. For every

n there exists an hyperplane wn of Kn such that ([xl}’wl""’[xn]'wn’

...} is a Schauder decomposition of X.

Proof: As || xn|| =1, we can define F\n(x) = u;(x)xn. where

w X" and ut(x) =)ul = 1.
no n n''n n

7/

4. Lemma. Let X be a Banach space and a Schauder decomposition of the

form ([yl},wl, ...,[yn].wn. ...) " where (yn)n:]_ satisfies
- n
inflly || =C >0 and sup| Z ¥;| = ¥< = . We define the sequence
nton — om0
- rn
(Vn)nzl by v = 12_:1 ¥;. Then ([Vl]’wl""’[vn]'wn’_“') is a Schauder

decomposition of X.

]u:

n=1 and

Procf: Let (Pn)::1 be the sequence of projections of (xn
let K be its norm. Each P2n-l_ P2n—2 (the projection over [‘Yn_” is

originated by a y;ex* according to
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- + -
(P, 1~ Popplix) =y {xly —if  xeX.

and thus

1y lyd =8,
ii)||¥;"|iynﬂ < 2K for every v, and
iii

* -
) yn|wm = 0 for every n and m.

As infllyn" =¢C >0, from ii) we obtain that sup "y:||< 2R/C.
n n 1 -

3™ ; T :
Let (\.rn]'n:1 be defined be Vo=V Yo t is easy to check that

We define the senquence of projections by

n n
Ay (x) = D, (P, -P, .Mx)=+ vrix)v
2n =1 2k T 2k-1 }gl [ K
A2n+l(x) = A2n(X) * V;+1(x)vn+1'

Because of the theorem 1 we only need to prove that (An}:_l iz uni-
formly bounded, and, because of the last considerations, it shall be

d i @
proved if we prove that sHp||A2n"<

n n K
A, ()l = Py (x} ~ kZ:l yalx)y, + kZ:l (y;(x)-yg+l{x))(i§l yOH <
n n
< Kxlle -3 yalxly, + > ey -y Oyl <
k=1 k=1
< 2K
Sl +lyp, 0=l 2w e (Ke 25 M x .
k=1

/i
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5. Lemma. Let X be a Banach space and ([yl],wl... oo yn].wn,...) a

Schauder decomposition of X, where (yn):_l satisfies supllyn" = M=,
=L T n

We define the sequence (vn)n=1 by v, =Y, and v =¥, ~¥,_,- Then the

folleowing are equivalent:

i) ([vl].wl,...,[vn],wn,...) is a Schauder decomposition of X.

ii} There exists x*€X such that

* —
al = (yn) =1 for every o
) x'|w = 0 for every m

m
Proof: If, for every n, there is a continuous projection from X

into [vn] parallel to the other subspaces, the existence of
x* € X* satisfying a) and b) is necessary. We suppose that there.existsa
such x*. We define (y;);;las in the preceding lemma, and if we consider

the sequence

rn—1
o= xt and v‘:x’—‘_y*
il a 2 Vg
k=1
the orthogonal relations v*{v ) = & . held.
nm n,m

Let (An):zl be a sequence of projections as in the preceding lemma.

We must prove that sHp||An"< =. For every m, x*]w = 0, and hence
o m
x*{x) = EE y;(x) for every x in X and so (v;}:~l converges weakly to
n=1 -
= < m < 1
¢ and s#plléga ka Ml . 1lso §¥pllvnﬂ__ 2M, again we must only

< o
prove that ﬁ?pIIAanH

we have

i n n k-1
v*x)v, = x*(x) + x*(x}y -¥ - E 2: yf)(X)](y =Y ) =
kgl k k kgE k-1 k§2 i1 i k “k-1
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n-1 n-1
Sy, XUy b - 2 yptxd v e 2 ey =
=1

k=1 k

n n
- 2: y* )y, + x*{xy - z: yrixly_,

rind} [ 4 n L 4 n

and thus
n
- » = »
n2n(x} = Pzn(x) + X (x)yn !g;-yk‘x}yn.

And finally:

I
A, Galihe, #ixl « lx=i =) fy b+ kZ:l i Exlily I

and
Ay Jl < &+ Mllxel « mu
r
Now we can prove the main result:
6. Theorem. Let X be a Banach space., The following statements are
equivalent:

i} All Schauder decompositions of X are shrinking

ii} All Schauder decompositions of X are boundedly complete

Proof. i=1i. Let (Xn):_l be a non boundedly complete Schauder

L--3
decomposition of X. There exists then a sequence (xi)i-l with Xie Ki

n n w
such that sup|| 2: xiﬂ = 1 and (2: x.} is rot a Cauchy sequen-
n i=1 i=1% o n=1
ce, and thus, there exist £ and a strictly increasing sequence
(mk)k=l such thal e < || _ EE . <2 for every k. We define
I:mk_l+1 i
M s o
= = i k . i
Y, [xi]i=rrl g @d oy = }E X if 1 (Yk)kzl is &
k-1 l=mk—l+l

Schauder decomposition of X with ykE Y Because of the corollary 3,

K’

for each k there exists a hyperplane wk of ¥, such that ([yll.wl»---
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.,[yn], wn,...) is & Schauder decomposition. Because of the lemma

m

n
defined by Un = z yi originates the Schau-

4, the sequence (\.lfk)k=l 2,
der decomposition([vl] ,wl saan ,[vn] ,wn, ...) which is not shrinking
because of y;_(vk) =1 for every k> 1.

ii = i. Let (Kn]:__l be a neon shrinking Schauder decompesition of X.

There exist  then ®* € X with Jx*f§=1, e > 0, a strictly
increasing sequence of index (mk)kzl and a sequence (yk}k:l with
(%3,
Yy =] Yk = Xi i=m +1 such that:
k-1
SECTFAREV.
#* =
b) x (yn) =1,
We can choose the hyperplane W, =Y, NKer x* and using the lemma
5, 1if

=¥, and Vo = VY qe then ([vl},w .,[vn],wn,...) is a

v, 1o

Schauder decomposition of X which is not boundedly complete because of

1] n

2 vl =0l 2 e =Ny ~y < 2/¢

oy k i ke i1 n-l1
while

1
R P 3 FA

where K is the norm of (X J ..
n n=1

/f

With cer‘ltain medifications, this theorem has an extension to
p-Banach spaces (if its dual separates points}. The Mackey topology
of this spaces plays an important role in this extension. We need
before a definition: we shall say that a Schauder decomposition

o

(Xn)n—l in a p-Banach space is an almost boundedly complete decomposi-

tion if for every seguence {x } with x_€X such  that
n'n=1 n N

n
sgp" Z X, He= the sequence (Z xk)w converges in {J{X), |j. ]1“3 .
k=1 k=1 n=1
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We must point out that if (Xn}:_l is boundedly complete then it
is also almost boundedly complete. Almost boundedly complete basis of

¥ are defined in a similar way.

7. Theorem. Let X be a p-Banach space. The following are equivalent:

i) All Schauder decompositions of X are shrinking.

ii} All Schauder decompositions of X are almost boundedly complete.

Proof: Similar to the proof of Theorem &, and it can be found in EZ]
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sor Professor M. A. Canela for his help and enccouragement during my

work and for the diffusion given te this paper in his lectures.
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