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LOGARITHMIC HARDY-LITTLEWOOD-SOBOLEV
INEQUALITY ON PSEUDO-EINSTEIN 3-MANIFOLDS
AND THE LOGARITHMIC ROBIN MASS
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Abstract: Given a three-dimensional pseudo-Einstein CR manifold (M, T%°M,6),
we study the existence of a contact structure conformal to 6 for which the loga-
rithmic Hardy-Littlewood—Sobolev (LHLS) inequality holds. Our approach closely
follows [30] in the Riemannian setting, yet the differential operators that we are
dealing with are of very different nature. For this reason, we introduce the notion of
Robin mass as the constant term appearing in the expansion of the Green’s function
of the P’-operator. We show that the LHLS inequality appears when we study the
variation of the total mass under conformal change. This can be tied to the value of
the regularized Zeta function of the operator at 1 and hence we prove a CR version of
the results in [27]. We also exhibit an Aubin-type result guaranteeing the existence
of a minimizer for the total mass which yields the classical LHLS inequality.
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1. Introduction and statement of the results

The logarithmic Hardy—Littlewood—Sobolev (LHLS) inequality is an
important inequality in analysis since it appears as the borderline case
of the classical Hardy—Littlewood—Sobolev inequality, which in turn rep-
resents the dual form of the classical Sobolev embeddings. We refer the
reader for instance to [6, 25] and the references therein. We recall that
in the standard sphere (S™, go) this inequality reads as:

(1) 2' Fln(F)dvy, — | FA'Fduv,, >0,
n. Jgn Sn

for all F': S™ — R, such that [q, Fdv =1 with [g, FIn(F)dv < oc.
Here A,, is the Paneitz operator defined by its action on the spherical
harmonics Y; by

AnYk:k‘(k‘—l—l)(k‘—l—n—l)Yk
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The dual of (1) is the classical Beckner—Onofri inequality [2, 6, 13],
which states that for u € Hz (S™)

1
— uApudvg, + ][ udvg, —In ][ e dvg, | > 0.
2n! Sn Sn n

From a spectral point of view, the LHLS inequality appears in es-
timating the regularized spectral Zeta function of the operator A, as
proved in [27]: if [, F dvg, = 1, then

- ~ 2 _
@) Z0)-Zy) = [ FiuF)iv, ~ [ A7 Fdu,,
where g = F B go and Zgo is the regularized Zeta function of the opera-
tor A,. We recall here that the spectral Zeta function of the operator A,,
is defined by

Ca, (5) = trace(A;%) = 37 0.
j>174

where Ao < Ap <--- < \; < -+ is the sequence of eigenvalues of A,, and
Re(s) > 1. (4, can be extended to a meromorphic function having a
simple pole at s = 1. The regularized Zeta function Zgo is then defined
by

Zyn(5) = Ca, (5) — P16,
This notion of a regularized Zeta function was originally introduced
in [27]. Notice that from (4), Z,, (1) can be seen as a regularized version
of trace(A4; ') as in [34, 35, 30], since the latter quantity is not well
defined and hence we shall understand it in the regularized sense. This
spectral property was then investigated in [30], in the case of general
Riemannian manifolds:

Theorem 1.1 ([30]). Let I'v be a conformal class of metrics on M™
with a fized volume V. Then

inf trace A, '(M,V) < trace A, *(S", V),

gel'y
where Ap (M, V) is the critical GIMS operator on the manifold M with
volume V' ([19]). Moreover, if the inequality is strict, then the infimum
1s attained by a smooth metric in Ty with constant logarithmic mass.

This result was proved by introducing the notion of mass for the
Green’s function of the critical GIMS operator (see [30, 34, 35]). Indeed,
as in the case of the mass for the Yamabe-type problems, the Robin mass
is the constant term appearing after the logarithmic singularity in the
expansion of the Green’s function.
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In this work we will focus on the three-dimensional CR setting. With
this setting, there are fundamental differences compared to the Riemann-
ian setting. In fact, one does not have a Moser—Trudinger inequality with
the same conformal invariance properties as in the Euclidean space, un-
less the study is restricted to pluriharmonic functions P. For more in-
formation about the GJMS operators and their properties we refer the
reader to [11, 16, 19]. Hence, the right substitute for the critical GJMS
operator in this case is the P’-Paneitz-type operator. This operator was
first introduced on S?"*1 in [4] and defined as

P’y (Yo +Y50) =Y XY + Y0,

J J

where \; = j(j + 1)+ (j +n) and Yo, Yjo form an L*-orthonormal
basis of the L? pluriharmonic functions on S2**1 denoted by P. This
operator was denoted by Ap in [4] and referred to as a “conditional
intertwinor” because the operator intertwines with the conformal auto-
morphisms modulo functions orthogonal to P (see Proposition 2.6 be-
low). Moreover, as shown in [4], one has the following Moser—Trudinger
inequality:

1
7][ FP’de+][ de—ln][ el dv >0,
Q(TL + 1)' g2nt1 S2n+1 g2n+1

for F € PN W22(M). Its dual, also derived in [4], can be stated as
follows: for any G: S?"*! — R with G>0, Ge Llog L, and f,,, G dv=
1, we have

1)!
M][ (G—=1)P'r(G=1)dv < ][ Gn(G) dv.
2 S2n+1 S2n+1

The conditional intertwinor P’ :A’Q introduced in [4] is defined on P

and valued in P. In [10], the authors extended the construction of the
operator P’ from the standard sphere to a general three-dimensional
pseudo-Einstein CR manifold. In fact, the authors construct an explicit
differential operator Py (see Section 2 below) that coincides with Af, if

projected on P. In particular, we have Ag =P =1P) = P, where 7 is
the L2-projection on P, the completion of P under the L2-norm. This last

remark also shows another fundamental difference from the Riemannig
setting especially from a spectral point of view since the operator P



518 A. MaAALAOUI

is not elliptic or sub-elliptic and does not have an invertible principal
symbol. Instead, it can be seen as a Toeplitz operator.

In this paper we propose to study the notion of Robin mass in the
three-dimensional CR setting and relate it to the LHLS inequality. In-
deed, given an embeddable pseudo-Einstein manifold (M, T%°, 6), then

the P’ operator is well defined, and its Green’s function Gy takes the
form

Go(z,y) = —vsIn(de(z,y)) + O(1),
where 73 = # and O(1) is a bounded quantity when y — z.

Definition 1.2. Given a compact embeddable pseudo-Einstein mani-
fold (M, T*°M, ), the CR-Robin mass is defined by

mg(l‘) = 2}1_13(6*9(3:, y) + 73 ln(d9($7 y)))a

where dy is the horizontal quasi-distance induced by the Levi form Ly
and defined in Subsection 2.2.
The total mass of (M, T4°M, ) is then defined by

MQ(M) ;:/ me dva.
M

For example, an easy computation in the case of the standard sphere
(83, 71083 0y) yields
We define the space £L(M) by

L(M) := L' log(L")" (M) = {F: M — RT; / FIn(F)dvy < oo} )

M

On the Heisenberg group H, we let

L.(H) := { f:H — RT; fis measurable and compactly supported

and / fIn(f)dx < oo}.
H

We now fix a pseudo-Einstein structure (M, T%°M, ), such that Py is
non-negative and ker P = R and without loss of generality we can as-

sume that
V::/ 9/\d0:/ 0o N dbg.
M S8

We also let 0 = F 36. Notice that fr induces a pseudo-Einstein struc-
ture if and only if In(F') € P. We set 77 to be the orthogonal projection
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on P with respect to the L?-inner product induced by 6. We can then
define the operators

Ay = TPG/ and AgF = TF(FilAg).
Here the operator Ay is defined on P. In fact, using the expression (5)

below, we can take H*(M) N P as its domain. We will also write Vi for
the volume of M with respect to dvg,., that is,

VF:/ HF/\dQF:/ Fondo.
M M

Under the assumption that Py is non-negative and ker P; = R, here we
will make a very important convention that will be carried throughout
the paper:

Conventions.

Consider the operator Ag. Then we will let the operator AQ_1 act on all
functions in P with the convention that

1
Ager_lTu:Tu——/ udvg and A;lle.
Viiu

We will state below our main results, and when there is no confusion
we will drop the dependence of the total mass on the manifold M. We
have then the following result, which is the CR version of (2) proved
in [27].

Theorem 1.3. Consider an embeddable pseudo-Einstein compact 3-
manifold (M, T*°M,0) such that Ay is non-negative and ker Ag = R.
If my is constant and under the constraint of Ve =V, one has:
1
@) Mo~ Mo =2 [ Fi(F)du — — / FA;'rF dug,
4 Jm Vi

for all F € C™®(M) with F > 0. In particular, on the standard sphere
(83, 74083 0y) one has

4

with equality if and only if F=|Jy| with k€ Aut(S®), normalized to have
volume V.
Notice that the right-hand side of (3) is well defined for all F' € L(M).

Hence, even when F' is not smooth, one can make sense of My, without
going through the Green’s function Gy, by simply writing

1
Mo, (S?) — My, (S?) = E/ FIn(F) dvg — 7 FAS'TF dug > 0,
S3 S3

1
M@F:Ma%-ﬁ/ Fln(F)dvg——/ FAe_lTFd’Ug.
4 M Vv M
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This is a similar situation to the classical Yamabe energy, which can
be seen as the normalized total scalar curvature but for metrics with
conformal factor possibly in just H!(M). In the same spirit, My,, should
be seen as a functional rather than a geometric quantity, in the non-
smooth case.

As we will show in Subsection 3.1, if Zp(1) is the regularized Zeta
function of Ay at 1, then there exists a constant ¢ such that

My = 29(1) +c.
Therefore, the previous theorem can be reformulated as follows:

Corollary 1.4. Assume that (M,TY°M,0) is an embeddable pseudo-
Einstein manifold such that Ag is non-negative and ker Ag = R. If my
18 constant, then under the constraint Vp =V, we have

~ . 1
Zo (1) — Zp(1) = E/ Fln(F)dve — — | FA;'7TF dvy,
4 Ju Vi u
for all F € L(M). In particular, on the standard sphere (S3,T*°S3,6,)
one has

- - 1
(4) Zy, 53(1)—Zy, 53(1):E/ Fn(F)dve—— [ FA,'TFdvy >0,
’ ’ 4 Jgs V Jgs
with equality if and only if F = |Ji| with k € Aut(S3), normalized to
have volume V.
A truncated version of (4) was proved in [4, Proposition 3.5]. Indeed,

the authors prove the following Hersch-type result: if A\;(#) denotes the
kth eigenvalue of Ay, then

It is important to point out that inequality (4) is a characterization of
the extremals of the regularized Zeta function on the conformal class
of the standard CR sphere. To the best of our knowledge, this is the
first result of this kind in the CR setting with a clear link between the
spectral properties of the operator Ay and the LHLS inequality.

Next, we will deduce a result that can be seen as an Aubin-type result
as in [1] for the Yamabe problem and [23] for the CR-~Yamabe problem.
This result is the CR analogue of Theorem 1’ in [30].

Theorem 1.5. We define

M([0], M) := Fe[l(]\lﬁ;pr:VMgF(M).

Then under the assumptions of Theorem 1.3 we have



LHLS INEQUALITY ON CR MANIFOLDS 521

(i) M([0], M) < M([6o], S?).
(ii) If M([0], M) < M([60], S®), then the infimum is achieved.
Moreover, if M([0], M) is achieved by a function Fy, then the contact
form Op, has constant mass and the LHLS inequality holds, i.e., for all
F € L(M), such that V = Vg, we have
3 1 _
1/, FIn(F) dvg,,, — % /M FAgFlo 7F dvg,, > 0.
If in addition mgy € P, then 0p, is pseudo-Einstein.

Based on the work in [14] and [10], the assumptions that M is embed-
dable, P} is non-negative, and ker P; = R can be replaced by the non-
negativity of the Paneitz operator Py and that the conformal class [6]
carries a pseudo-Einstein structure with non-negative Webster curvature
but non-identically zero.

One is also hoping to have a positive mass type theorem as in [15],
stating that if M([0], M) = M([y], S?), then (M, 0) is CR-equivalent to
the standard sphere (S2,6p), but for now, this type of result is beyond
the work done in this paper and it needs a more refined blow-up analysis
of the functional J(-, M) defined below.

Acknowledgments. The author wants to express his thanks to Carlo
Morpurgo for his helpful comments on an earlier version of this paper.
Also, the author wants to extend his thanks and gratitude to the referees
for their comments and suggestions, which have led to this improved
version of this paper.

2. Preliminaries and setting

In this section we survey the main quantities and properties that we
will be using during our investigation.

2.1. Pseudo-Hermitian geometry. We will closely follow the nota-
tions in [10]. Let M be a smooth, oriented three-dimensional manifold. A
CR structure on M is a one-dimensional complex sub-bundle T%° C
TcM = TM ® C such that 729 N 7% = {0} for T%! := T1O, Let
H = ReT" and let J: H — H be the almost complex structure de-
fined by J(Z + Z) = i(Z — Z), for all Z € T"O. The condition that
TN T% = {0} is equivalent to the existence of a contact form 6 such
that ker @ = H. We recall that a 1-form 6 is said to be a contact form if
OAdf is a volume form on M. Since M is oriented, a contact form always
exists, and is determined up to multiplication by a positive real-valued
smooth function. We say that (M, T1°M) is strictly pseudo-convex if the
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Levi form dé(-, J-) on H® H is positive definite for some, and hence any,
choice of contact form 6. We shall always assume that our CR manifolds
are strictly pseudo-convex.

Notice that in a CR manifold, there is no canonical choice of the
contact form #. A pseudo-Hermitian manifold is a triple (M, T*YM, 0)
consisting of a CR manifold and a contact form. The Reeb vector field T’
is the vector field such that 6(T") = 1 and df(T,-) = 0. The choice of §
induces a natural L?-dot product (-, ), defined by

/f )0 A do.

A (1,0)-form is a section of Tz M which annihilates 7%!. An admissi-
ble coframe is a non-vanishing (1,0)-form 6! in an open set U C M such
that 0(T) = 0. Let ' := 1 be its conjugate. Then df = ih,70* A @' for
some positive function h;1. The function h,1 is equivalent to the Levi
form. We set {Z1, Z1,T} to the dual of (§1,0',0). The geometric struc-
ture of a CR manifold is determined by the connection form w;' and
the torsion form 7 = A1160' defined in an admissible coframe 6! and is
uniquely determined by

Aot =0t Awit +ONATL
wiT +wiy = dh,
where we use hi7 to raise and lower indices. The connection forms de-

termine the pseudo-Hermitian connection V, also called the Tanaka—
Webster connection, by

VZl = wll ® Zl.

The scalar curvature R of 6, also called the Webster curvature, is given
by the expression )
dwr' = RO' AOY mod 6.

Definition 2.1. A real-valued function w € C*°(M) is CR plurihar-
monic if locally w=Re f for some complex-valued function f € C*(M,C)
satisfying Z7 f = 0.
Equivalently ([24]), w is a CR pluriharmonic function if
Pyw = Vlvlvlw + iAHVlw =0,
for Vi := Vz,. We denote by P the space of all CR pluriharmonic
functions and let 7: L?(M) — P be the orthogonal projection on the

space of L? pluriharmonic functions, the completion of P under the L?-
norm. If S: L?(M) — ker ), denotes the Szegd kernel, then

r=8S+S+F,
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where F is a smoothing kernel as shown in [22]. In particular, one has
that 7 is a bounded operator from W*? (M) — W,P(M) for 1 < p < oo
and k € N (see [31]). In fact, this last property can be directly deduced
from the work [22], since the author provides an expansion of the kernel
of 7 that we will still denote by 7:

Theorem 2.2 ([22]). Assume that (M, T*°M) is a compact embeddable
strongly pseudo-conver CR manifold, then there exist F1,Gy € C®°(M x
M) such that

7(z,y) = 2Re(F1(—ip(z,y)) " + G1 In(—ip(z,y))),
with
Fy = ao(z,y) + ar(z,y) (—ip(x,y)) + f1(z, y)(—ie(z,y))?,

where T(x,y) is the distribution kernel of the operator T, f1 € C*°(M x
M), and ¢ is such that Im(p) > 0 and has the following expansion in
local coordinates near ro € M with x = x3+ iz, y = y3 +iw, and 6%3 is
transversal to the CR structure,

o(z,y) = —x3 + y3 + |z — w|?

+ (i(Zw — 2W) + c(—zx3 + wys) + ¢(—zz3 + Wys))
+ |l'3 - y3‘f(‘ray) + O(|(l‘7y)|3),
and f is a smooth real function such that f(0,0) = 0.

In particular, one can check that the first term of the expansion of 7
coincides with the real part of the Szegd projection in H.
The Paneitz operator Py is the differential operator

Po(w) := 4div(Psw) = Alw +T? — 4Im V' (A, V' f),

for Ay := V'V, 4+ V!V the sub-Laplacian. In particular, P C ker P,.
Hence, ker Py is infinite-dimensional. For a thorough study of the analyt-
ical properties of Py and its kernel, we refer the reader to [22, 7, 9]. The
main property of the Paneitz operator Py is that it is CR covariant [20].
That is, if 6 = e*0, then e* Py = Py. In [10], the authors actually write
a general formula for the conformally covariant operator Py ,, on mani-
folds of dimension 2n + 1 such that Py 1 = Py. The P’-operator is then
obtained by a limiting process from Py, as n — 1 as follows:

PQ’ = lim
n—1n — 1

Py pyp.

An explicit formula is then provided:
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Proposition 2.3 ([10]). Let (M3, T*°M, 6) be a pseudo-Hermitian man-
ifold. The Paneitz-type operator Py: P — C(M) has the following ex-
pression:
Pyf =4A%f = 8Im(V*(AasV7 f)) — 4Re(V*(RVa f))

(5) 8 4
+3 Re(VoR —iVP Aug) VO f — gfvw(vaR —iVPAug)
for feP.

The main property of the operator P is its “almost” conformal covari-
ance as shown in [5, 10]. That is, if (M, T1°M, 6) is a pseudo-Hermitian
manifold, w € C*° (M), and we set § = e, then

e*" Pi(u) = Py(u) + Pp(uw)

for all u € P. In particular, since Py is self-adjoint and P C ker Py, we
have that the operator P’ is conformally covariant, mod P+.

Definition 2.4. A pseudo-Hermitian manifold (M, T*°M, 6) is pseudo-
Einstein if
VoR—iVPA,p = 0.

Moreover, if 6 induces a pseudo-Einstein structure, then e“# is pseudo-
Einstein if and only if u € P. The definition above was stated in [10],
but it was implicitly mentioned in [20]. In particular, if (M3, TOM, )
is pseudo-Einstein, then P, takes a simpler form:

Pyf =447 f —8Im(V'(A11 V' f)) — 4Re(V (RV1f)).
To finish this part, we state the following result related to the Green’s
function Gy of the operator Ag = 7P}:

Proposition 2.5. Assume that (M?,T*°M, ) is a compact embeddable
pseudo-FEinstein CR manifold. Then the Green’s function Gy of Ag has
the following expansion for y close to x:

(6) Go(2,y) = —v3In(do(x, y)) + K(z,y),

where K(x,y) is bounded and dy is defined at the end of Subsection 2.2.
Proof: Using the notations in [8] (more precisely, equations (27) and

(29)), we define G = In(Gp), where G, is the Green’s function of the
conformal sub-Laplacian. Then we have

P)(G)(z,y) = 8727 (x,y) + Az, y),
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where A is a bounded function, smooth away from the diagonal. On the
other hand, we have

Py(G) = B(x,y),
where B(x, y) is also a bounded function smooth away from the diagonal.
Now, we can write G = 7(G) + G*+. In particular,

PG(GJ—) = B(Iay)
Using the sub-ellipticity of Py on P+ ([12, Corollary 4.1]), we have that

G* is bounded and smooth away from the diagonal. One then notices
that

Ao (Go = g7(0)) = Clawn)

Here, C(-,y) is a function in L?(M). Using the ellipticity of Ag on P as
proved in [9], we have

! 7(G) € HX(M).

Go— 32

Combining this last statement and the boundedness of G yields the
expansion (6). O

For the rest of the paper, (M, T1°M, ) will always be assumed to be
embeddable with P} non-negative and ker Pj = R.

2.2. The Heisenberg group. We identify the Heisenberg group H
with C x R ~ R3 with elements w = (2,t) = (z + iy,t) ~ (x,y,t) €
R x R x R and group law

w-w' = (z,t) ()= (z+ 2, t+t +2Im(zz")) Vw,w €H,
where Im denotes the imaginary part of a complex number and 2z’ is
the standard Hermitian inner product in C. The dilations in H are

Sx:H = H, 6x(2,t) = (A2, A%t) VA >0.

The natural distance that we will adopt in our setting is the Koranyi
distance, given by

du((z,1), (2, 1) = (|2 — 2/|* + (t — ' — 2Im(27))?) .
We denote by
N
O=dt+2 Z(ﬂﬁidyi — yidx;)
j=1

the standard contact form on H and by dvy the volume form associated
to ©. The Heisenberg group can be identified with the unit sphere in C2
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minus a point through the Cayley transform C: H — S\ {(0,0,0, —1)}
defined as follows:
2z 1—z|> - it)

C(z,t) =

(%) (1+|z|2+it’1+|z|2+it

On the unit sphere S® = {¢ € C? : |¢| = 1} we consider the distance
dSS(CaT/)Q :2|1_§ﬁ|7 CaU€C2~

With this definition of dgs, the relation between the distance of two
points w = (z,t), w’ = (2/,t') in H and the distance of their images C(w),
C(w') in S3 is given by

dotcto. 00 = ot ts) (i)

On S3, we consider the standard contact form

N+1

Oo =i (¢dC; —¢;dg),
j=1

and we denote by dvg the volume form associated to 6y. With this no-
tation we have that

(C71) 00 = || ®,
where |Je| = W is the Jacobian of C. For h € Aut(H), we can
parametrize their Jacobian |Jy| as follows:
C

|| + it + 2zw + A’
where C' > 0, \,w € C, and Re()\) > |w|?. We also recall that

Aut(S®) ={k; k=CohoC™', h € Aut(H)}.
Hence, the Jacobian of .J, can be parametrized as follows:
N
[1—w- ("

where C > 0, w € C?, |w| < 1, and ¢ € S3. We can now state an
important property which is satisfied by the operator Péo and is the
reason for the name “conditional intertwinor” introduced in [4]:

|Jn| =

| J| =

Proposition 2.6 ([4]). Letu € C®(S3)NP and k € Aut(S3). Then we
have

Tel(Pyu) ok = Pl (wo k) + %PQO (In(|Je])(w 0 ).
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We finish this section by this theorem regarding the pseudo-Hermitian
normal coordinates:

Theorem 2.7 ([17]). Let (M, 6) be a pseudo-Hermitian manifold. Given
p € M, there exist neighborhoods Uy, of p in M and V' of the origin of H
and a diffeomorphism ¥, : U, — V such that

(i) (T7H)"0=(1+01)6,
(i) (T~H*(OAdl) = (14 01)0 A dO,
where O1 1s a function satisfying |O1(z)| < Clz|. Moreover, if we let
U(p,q) = ¥,(q), then we have
U(p,q) = —¥(q,p) = ¥(p,q) "

Using the theorem above one can then properly set dy(p,q) =
du(0,%(p,q)) = |¥(p,q)|, where | - | is the Heisenberg norm. One of
the main properties of dy is the quasi-triangle inequality. That is, if
do(p,q) < 1 and dy(q,£) < 1, then there exists a constant C' > 1 such
that

dQ(pv T) < C(dQ(pv Q) + dt‘)(qv T))
3. Properties of the mass and proof of Theorem 1.3

First, we start by determining the change of the mass my under a
conformal change of the contact form 6 — 0p = Fz0.

Proposition 3.1. If p = F320, then

2 1
my, = mg(x) + 73 In(F(2)) — — A, '7F(z) + —2/ FAS'TF du,.
4 VF VF M

Proof: The proof of this proposition is similar to the one in the Rie-
mannian setting in [30, Lemma 2.1]. Nonetheless, we state it here for
the convenience of the reader. We recall that, based on our convention,
the Green’s function of the operator Ay has the following properties:

1
AQ,:DGG(xyilD = —V, for x ;é Y,
Go(x,y) + v3In(dg(x,y)) € L=(M),

| Gt duat) =0,
M
We then introduce the function
Hg(l', Y, Z) = GQ(CU, y) - Ga(zv y)

Then one has:
AgyHyg = 6y — 0.



528 A. MaAALAOUI

Now, notice that by definition of the Green’s function
Ay y(Hg, — Hy) =0.
Moreover, Hp,. — Hy is bounded. Hence, Hy,, — Hy = constant. Thus
Gop (2, y) = Gop(2,y) = Golz,y) — Go(2,y) + C.
Integrating with respect to dvg, (y) yields
Ay TF(2) — Ay 'TF(2) + CVe = 0.
Hence, C = %FAngF(z) — Ay '7F(x)). In particular,

Gop(2,y) = Gj(2,y) = Go(x,y) — Go(z,y) + VLFAEITF(Z) — Ay 'TF ().

We now integrate with respect to dvg,(z) to get

1
Gor(2,y) = Golw,y) = - A5 'TF(y)
1
V2
This last formula first appeared in [28], in the context of compact Rie-
mannian manifolds. It then follows that

2 1
mgF(x):mg(x)—l—Eln(F(m))——Ae_lTF(m)+—2/ FA ' TF dvg. O
4 Vi Ve u

/ FA; Tdeo——A 7F(z).

We also point out that a different proof of this result can be deduced
from Lemma A.1 in the Appendix. A direct consequence of the previous
proposition is

1
/ mgF dvg + ’Y3 F1n(F) dvg — V—/ FAe_lTF dvg.
M FJuM

In particular, if my is constant, then under the constraint Vp = V
one has

1
My, — My = B/ FIn(F)dvg — 7/ FA;ITdeg.
4 V
On the standard sphere (S3,6)), one has
1
Mg, — Mg, =2 [ Fin(F)dvy— — | FA;'tFdvy >0,
4 53 V SS

with equality if and only if F' = |Ji| with k& € Aut(S®) normalized to
have volume V. This follows from the LHLS inequality proved in [4] and
this finishes the proof of Theorem 1.3. In fact, this is also the CR version
of the spectral inequality in [27], as we will detail in the next section.
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3.1. The regularized Zeta function and the mass. In this section
we will establish a link between the total mass and the regularized Zeta
function leading to Corollary 1.4. We want to point out that in the Rie-
mannian case this link was established in [29, Section 5] for a general

pseudo-differential operator having a leading term of Ag% , where d is the
dimension of the manifold without any mention of the concept of mass.
In [30], the author introduced the mass. Both of these proofs rely on
the heat kernel estimates and an explicit expansion of the Green’s func-
tion of the fractional power of the operator. In our case, we avoid the
use of the heat kernel expansion since the operator Ay does not have
an invertible symbol as an operator in Wy (M) (but Ay is a generalized
Toeplitz operator which is invertible in the Toeplitz algebra [3]). There-
fore one cannot use the Volterra calculus and the heat kernel expansion
developed in [33]. Our proof relies on the non-commutative residue in-
troduced in [32].

We will be using the same notations as [33, 32]. We consider the
operator Py € Wy (M) with Schwartz kernel Ko € K°(M x M) such that
in a coordinate patch around z € M we have Ko(z,y) = —y3 In(dg(z,y))
(here we disregard the factor related to the Jacobian of the change of
coordinates for the sake of notation). Then we have

Mo = [ Tim (Gofan) = Ko(e. ) dup(e).

Therefore, since Ang — P, is a trace class operator,
My =TR(A,'7 — Ry).

We now consider the holomorphic family s — A, * defined in a neigh-
borhood of zero, where for R(s) > 0 we have

o
Aye = q(s)/ t75(Ag +r4+t)"dt,
0

where ¢(s) and r: P — ker Ay is the L2-orthogonal

= AT
projection. Notice that A, * is defined on P and can be extended by 0
to PL. We also have ord(A,°) = —4s.

Notice that with the previous notation lim,_,o+ A, *u = u — r(u) for
allueP. Sowelet T, = A,° @ 71 @ r. We will be using this family as
a gauge for A7 since, for R(s) > 0 and small, Ty A, ' is a trace class
operator.
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Recall that, [32, Proposition 3.17], TR(TsA4,'7) has a simple pole
at s = 0 and the residue at this pole is

Ress—o(TR(TsA, ' 7)) = — Res(4,'7) = —3V.
Similarly TR(TP) has the same residue at the pole s = 0. Hence,
1in% TR(Ts; A, 1) — TR(T: Py)
s—

(7) = lim TR(T; 4 '7) - (_753‘/) + (—753‘/) — TR(T,Pp)

= Zg(l) +c,
where v
= tim EBY) TR(T,P,)
S

s—0
is a constant that might depend on V. The last equality in (7) follows
from the fact that TSA(;lT = A;SAng. But

lim TR(T, 4, '7 — T.Py) = TR(45'7 = Py)) = M.
s—

Therefore,

Zo(1) = My —c.

4. Proof of Theorem 1.5(i)

The proof of Theorem 1.5 that we will be presenting here is an adap-
tation of the proof of Theorem 1’ in [30] to the CR setting. Hence, we
will only show the parts which present some specific differences due to
the different geometry.

We define the functional J(-, M): L(M) — R by

1
JEM) = | meFdvg+ 2 [ Fn(F)dvy — —/ FAS'TF duy.
M 4 Ju VrE Jum

In a similar way, for the Heisenberg group, we define the functional
J(,H): L.(H) = R by

sy =2 ([ winae- o [ [ @m s asay).

and we let

H = inf H).
ME V)= infI(fH)

We claim that
(8) M(H, V) = M([bo], 5°).
Indeed, from Theorem 1.3, we have that

M([60], S%) = Mo, (S?).
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The equality in (8) then follows from an easy computation starting from
the LHLS inequality in H, proved in [4, 18] and stated in the theorem
below.

Theorem 4.1. For any measurable function g: H — R such that g > 0,
Ji9(x) de = wg =272, and [;; gIn(1 + |z|?) dz < oo, we have
5[ w (A ) s@etdsdy < 2 [ ginGg)de 4 n2)

W3 JHxH |2y~ w3 Ju

with equality if and only if g = (|Jc| o h)|Jy| with h € Aut(H).

Next, we claim that
M([0], M) < M(H, V).
But, in order to show this, we need an intermediate localization lemma.

Lemma 4.2. Given ¢ > 0, and p € M, there exists § > 0 and a new
coordinate system in Bs(p) defined by a diffeomorphism ¢, such that

(¢~ H*(0 A dh) = O A dO,

and
—e do(p, q)
~ du(o(p), ¢(q))

e < e

)

for all ¢ € Bs(p).

Proof: First notice that, using Theorem 2.7, we have that for every p €
M there exists 6 > 0 and a diffeomorphism ¥: Bs(p) — V, where V is
a neighborhood of the origin in H, such that

(L7170 = (1+0(5)e,
and
(TH*(O A df) = (1+0(5))O AdO.

Now using Gray’s theorem, we can find new coordinate systems in H,
defined by a diffeomorphism ¢ such that

(®1)*(1+ 0(6))(© A dO) = © A dO.

Since (14 O(9))O is close to O for ¢ small enough, and ¢ = ® o ¥, then
given £ > 0 there exists § > 0 such that

. do(p, q) .
= Talow), (@) =
for all ¢ € Bs(p). O
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Lemma 4.3. Given ¢ > 0, there exists § > 0 such that, for F € L(M)
supported in Bs(p), there exists f € L.(H) compactly supported, such
that

|J(F,M)— J(f,H)| <eVp.
Similarly, for any f € L.(H), there exists F € L(M) such that F is
supported in Bs(p) and

(R, M) = J(f, H)| < eV,

Proof: Using the compactness of M and a covering argument, we can
always find § > 0 such that for every p € M, Bs(p) is in a coordinate
chart as described in Lemma 4.2. So we fix ¢ > 0. Taking § > 0 even
smaller if necessary, we can assume that

Go(pq) +v3n(|6(p)p(q) ') — ma(p)] < e.
Hence if F' is supported in Bs(p), taking U = ¢(Bs(p)), = = ¢(p),
y = &(q), and f(z) = F(p), we have

J(F M) =2 /U fi(fydvo =3 [ @) nllay™ D fw) duo(y) dvo (v
to [ P F(a) du(p) dusta)
F JMxM
—J(f.H) + ViF /M Pl 0)F(@)du(p) dun(a)
Hence,

|J(F7M) - J(faH)‘ <eVr.
In a similar way, the second assertion follows easily from the invariance
of the functional J(-,H) by the scaling

) For 5l 603,

where d, is the dilation in the Heisenberg group. So one can shrink the
support and then lift it to a function on M via the diffeomorphism ¢. [

Corollary 4.4. Let
Ms([0], M) := inf J(F, M).

FeL(M);Vp=V and supp(F)CB;s(p)
Then, one has

lim Ms([0], M) = M(H, V).

6—0
In particular,

M(0], M) < M(H, V).
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5. Proof of Theorem 1.5(ii)

5.1. Concentration and improved LHLS inequality. We state here
some useful results that will be brought into play in the main proof
of (ii). These results follow mainly from the expansion of the Green’s
function (6) and the convexity of the function ¢ — ¢In(¢). The proofs
then follow the same algebraic manipulations as in [30] and hence will
be omitted.

Proposition 5.1. There exists C > 0, depending on M and V, such
that if Vg =V, one has

1
7/ FA;'7Fdv < E/ FIn(F) dvg + C.
14 M 4 M

Moreover, for any >0, there exists C. >0 such that for all F € L(M)

|A; 7 F oo < (1+5)ﬁ/ FIn(F) dvg + C- (/
4 M M

dengl).
74

As was noted in the proof of Lemma 4.3, the functional J(-,H) is
invariant under the scaling (9), which leaves the volume or the L'-norm
invariant. This hints at a concentration phenomena that can happen
locally for the functional J(-, M). So we start by investigating the effect
of concentration on the functional J(-, M).

Definition 5.2. We say that a sequence (F})jeny € L'(M) is a con-
centrating sequence if there exists a sequence of points p; € M and
numbers §; — 0 such that

/ Fj d’l)g Z (175]')‘/}77..
Blij(pj) .

We then have this lower bound on the energy of concentrating se-
quences:

Proposition 5.3. Let (F});en be a concentrating sequence in L(M) with
constant volume V. Then
liminf J(F;, M) > M(H, V).
j—}OO
Since concentration tends to localize the problem in such a way that
it becomes similar to the Heisenberg case, one expects to obtain an im-

proved logarithmic HLS inequality in the case of absence of concentration
and this can be quantified by the following:
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Lemma 5.4. Fiz 0 < § < 1, then there exists C(5,M,0) > 0 such that
for any F € L(M) satisfying Vp =V and

/ Fdvy < (1 — (5)V,
Bs ()
for all x € M, we have

1
(1 —5)%/MFIH(F) dvg + C > V/MFAe_lTdeg.

5.2. Sub-critical approximation. The main idea of the proof of the
rest of Theorem 1.5 is to construct an adequate minimizing sequence and
show its convergence by discarding its concentration. Again, the steps of
the proof follow [30] but there are some technical difficulties specific to
the CR setting and the operator Ay that one needs to be mindful of. In
the Riemannian setting, the Fourier transform and manipulations of the
principal symbol of the operators used play a key role in the proof of the
convergence of the minimizing sequence. In the CR setting, this becomes
a bit challenging and we take a different approach more adapted to the
operator Ay. This approach relies mainly on the ellipticity of Ay when
restricted to P, as proved in [9].

We start by considering a sub-critical approximation of our original
functional:

1_ €
JE(F,M)z/ moquﬁﬁ/ Fln(F) dog— LN
M 4 M

FA ' "¢rFd
Vi /M 6 THA0

where ) is the first non-zero eigenvalue of Ay and ¢ > 0.

Lemma 5.5. There exists F. € C>°(M) that minimizes the functional J..
That is,

inf  J.(F, M) = J.(F., M).
reciiveny Tt M) = Je(Fe, M)

Proof: First notice that

1—
JE(F,M)Z/ mngvﬁE/ Fln(F)dvg—Q/ FA 'TF duy.
M 4 Ve Ju

Now using Proposition 5.1, we have

J(F,M)> 2B | Fln(F)dve — C(1—¢) + inf(me)V

4 M
B FIn(F)dv — C.
4 M

%



[9)3
w
(S8

LHLS INEQUALITY ON CR MANIFOLDS

Therefore, if (Fy)ken is a minimizing sequence for J;, then fMFkln(Fk) dvg
is bounded above, independently of k. To finish our argument, we use
the weak convergence result in [30, Lemma 2.11] with G(¢) = ¢In(¢) and
the sequence (Fg)ren, we have the existence of F. € L£(M) such that
Fy, — F. weakly in L'(M) and

/ F.1n(F;) dvg < liminf/ Fy In(Fy) dvg.
M k—oo Jym
Since F}, is bounded in £(M), we have from Proposition 5.1 that A, ' 7 Fy,
is uniformly bounded in LP(M)NP for all 1 < p < co. Now by ellipticity
of Ag on ’ﬁ7 we have that A, °7 is a pseudo-differential operator of or-
der —2¢. Hence, A, ' *7Fj, is uniformly bounded in W2*?(M). Taking
p> 2, we see that (Ay'"°7F})ren is compact in C(M). Therefore, we
can extract a convergent subsequence, that we still denote by (Fj)ren
such that A;liETFk — A;liETFE, since F, — F. weakly in L'(M).
Hence,

/ FyAy ' " rFydvg — | F.Ay' " 7F. dv,.

M M

Therefore,

lim J.(Fp, M) > J.(F-, M).
k—o0

Showing that F. is bounded below by a positive constant follows exactly
the same proof as in [30], hence we will omit it.

Now the Euler-Lagrange equation for the constraint minimization
of J. yields the equation
2(1 —e)A
my + E(ln(Fg) +1) - X LA ST = ),
4 v
where ). is the constant coming from the Lagrange multiplier. Therefore,

by ellipticity of Ay restricted to P and smoothness of my, we get the
smoothness of F;. O

At this stage, we have the required ingredients to finish the proof
of Theorem 1.5. The idea is to extract a convergent subsequence of F.
when € — 0. Notice that we have

lim J(F., M) = M([6], M).

So (F:)e>o is a minimizing sequence the convergence of which we need
to show. But since M([0], M) < M([f], S?), it follows from Proposi-
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tion 5.3 that (F:)e>o does not concentrate. We then combine Lemma, 5.4
and the boundedness of J(F., M) to get

/ F.1In(F.) dvy < C,
M

with C being independent of . This, combined with
J(1,M) > J.(F., M) > M([6], M),

yields the uniform boundedness of [,, FLAy =21 F. doy.
We now recall that F. satisfies the equation
3 2(1 - E)Ai —l—¢
(10) mg + Z(ln(Fg) + 1) - #A‘g TFE = Ag.
The Lagrange multiplier A can be obtained by multiplying (10) by F:
and then integrating:

)\EV:/ mngdvngE/ F.In(F.) dvg
M 4 M

2(1— )X
_20—9M 1/ FL Ay "7 F. dug + 2V,
v Ju 1

Hence, A. is uniformly bounded. Using Proposition 5.1, we have that
(A, 'F.). is uniformly bounded in C(M) N P. A bootstrap argument
for equation (10) provides us with the smoothness of F.. So if we set
U = Ag_lTFE, then one has

/ usAgu,. dvg < C.
M

Therefore, from the Moser—Trudinger inequality in [9], we have that u. is
uniformly bounded in W2:2(M) and e“s is uniformly bounded in LP(M)
for all 1 < p < oo. Since the family (A4,°). is uniformly bounded in
W22(M) NP, we have the uniform boundedness in W22(M) NP of
ve := A, “u.. Again, using the Moser—Trudinger inequality, we get that
eV is uniformly bounded in LP(M). But since

8(1—e)A{
FszeRfe 3V v€7

and R, is uniformly bounded in L*°(M), we have the uniform bound-
edness of F. in L2(M). So, using the regularizing effect of A, we see
that (A, ' "°TF.). is compact in C(M)NP. Therefore, we can extract a
convergent subsequence of (F;). that we denote by (F:, )ren such that
F., — Fyin C(M), and via a diagonal process we get that

Fo, M) = inf F,M). O
J(Fo, M) Feﬁ(z\%;vpzv(}( M)
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It is then easy to see that if M([f], M) is achieved by a function Fy,
then it satisfies the equation
mg + 4 (ID(F0> + 1) - VA TFO = )\0.
In particular, a bootstrapping argument yields the regularity of Fy and
if my € P, then so is In(Fy). Using Proposition 3.1, one sees that my,, is
constant. In fact, we have

M([9], M)
7 .
Appendix A. Geometric CR mass

mgFU

In this section we will add a geometric correction to the mass that
makes it independent of the point on the sphere. We start with the
following:

Lemma A.1.

_ _ Ffdvy  _
At f = Agtr(Ff) - fMVFA(, 7 (F) — a1 + as,
where ay = fM FAgV;(Ff) dﬂg, ay = fM F f dvg JMVEA; 7(F) dvg .
Proof: Recall that from our convention we have that
_ Jos fdve

AepAeplTFf =7f- MviFF
But Ag, = 7 (F~1Ay). Hence, one has

_ 7(F f dvg

AaAeFlTFfZT(Ff)——( )fé\fF =

Therefore,

_ _ deQF — 1 _
Ajlrpf = A r(Ff) - fMVFAG r(F) - v /M Ayt (F ) dve,

d
—|—fo UGF/ Ay TF do,,. O

We also recall here the scalar invariant related to the operator P,
namely, the @'-curvature. Indeed, we set

Qp = 2A,R — 4|A|* + R?.
Then for w € P and 6 = ¥ we have
1
Q= @ + Ph(w) + 5 Po(w?).
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. . . —/ ’
In our case, we are more interested in the quantity @y = 7Qj. For more
information about the Q’-curvature we refer the reader to [5, 10] and for

problems related to prescribing the @; we refer the reader to [9, 21, 26].
Lemma A.2. Assume that In(F') € P, then we have

1
TrQp, = Tr(F'Qp) + §A9F In(F).

Proof: Recall that under the conformal change 6 — 6 the Q'-curvature
changes as follows:

Lpin(F) + Q) = Qb F + = Po((n(F))?).

2 8
Thus,
,  F_, , 2
Q), = EPO In(F)+ FQy — ng((ln(F)) )-
Hence,

1
7Qy, = Tr(F'Q)) + §A9F In(F). O
Now define the geometric mass as in [34, 35|, by
No() = mo(2) = T A7 7Q)(a).

A direct substitution then shows that if In(F') € P, then

L ndvg — 2 1-2 hdv
Nop—Np = 2 Jas @ vo AglrF+—2 fﬂg L 9/ FAG'TF dug
Vr Vi M
V3 3 —1_y
— FIn(F)dvg — —— FA dvg.
v /M n(F) dvg avy |, T TQy dvg

In particular, on the sphere S3, since we have fs3 Qp dvg = 1672, we
have

Proposition A.3.

Nop (5%)(2)=Nay (5%) () = 22 / Fln(F) dvg—— / FA; v F duy > 0.
4VF M VF M
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