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A COMBINATORIAL APPROACH TO
NONINVOLUTIVE SET-THEORETIC SOLUTIONS OF
THE YANG-BAXTER EQUATION

TATIANA GATEVA-IVANOVA

Abstract: We study noninvolutive set-theoretic solutions (X,r) of the Yang—
Baxter equations in terms of the properties of the canonically associated braided
monoid S(X,r), the quadratic Yang-Baxter algebra A = A(k, X, r) over a field k,
and its Koszul dual A'. More generally, we continue our systematic study of non-
degenerate quadratic sets (X,r) and their associated algebraic objects. Next we in-
vestigate the class of (noninvolutive) square-free solutions (X, r). This contains the
self distributive solutions (quandles). We make a detailed characterization in terms
of various algebraic and combinatorial properties each of which shows the contrast
between involutive and noninvolutive square-free solutions. We introduce and study
a class of finite square-free braided sets (X, r) of order n > 3 which satisfy the min-
imality condition, that is, dimyx A2 = 2n — 1. Examples are some simple racks of
prime order p. Finally, we discuss general extensions of solutions and introduce the
notion of a generalized strong twisted union of braided sets. We prove that if (Z,r)
is a nondegenerate 2-cancellative braided set splitting as a generalized strong twisted
union of r-invariant subsets Z = X f§* Y, then its braided monoid Sz is a general-
ized strong twisted union Sz = Sx b* Sy of the braided monoids Sx and Sy. We
propose a construction of a generalized strong twisted union Z = X * Y of braided
sets (X,rx) and (Y, 7y ), where the map r has a high, explicitly prescribed order.
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1. Introduction

It was established in the last three decades that solutions of the lin-
ear braid or Yang-Baxter equations (YBE) on a vector space of the
form V®3 lead to remarkable algebraic structures. We will use the nota-
tionr: VRV =VeV, r? =r®id, and 23 = id ®r. These structures
include coquasitriangular bialgebras A(r), their quantum group (Hopf
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algebra) quotients, quantum planes and associated objects, at least in
the case of specific standard solutions; see [30, 36]. On the other hand,
the variety of all solutions on vector spaces of a given dimension has
remained rather elusive in any degree of generality. It was proposed by
V. G. Drinfeld ([11]) to consider the same equations in the category of
sets and in this setting numerous results were found. It is clear that a set-
theoretic solution extends to a linear one, but more important than this is
that set-theoretic solutions lead to their own remarkable algebraic and
combinatoric structures, only somewhat analogous to quantum group
constructions. In the present paper we continue our systematic study of
set-theoretic solutions based on the associated quadratic algebras and
monoids that they generate.

More generally, we study quadratic sets and their algebraic objects.
The notions of a quadratic set (X,r) and its related algebraic objects
were introduced by the author and studied first in [15]; see also [22, 17]
for more results on quadratic sets (X, r). We shall use the terminology,
notation, and some results from [15, 17, 21, 19, 22].

Definition 1.1 ([15]). Let X be a nonempty set (possibly infinite)
and let r: X x X — X x X be a bijective map. In this case we use
notation (X,r) and refer to it as a quadratic set. The image of (z,y)
under r is presented as
r(@,y) = (g, 2Y).
This formula defines a left action L: X x X — X and a right action
R: X xX—=XonXas: Ly(y) ="y, Ry(x) =2, forall z,y € X.
(1) (X,r) is nondegenerate if the maps £, and R, are bijective for
each x € X.
(2) (X,r) is involutive if r? = idxxx-
(3) (X,r) is square-free if r(x,x) = (z,z) for all z € X.
(4) (X,r) is quantum binomial if it is nondegenerate, square-free, and
involutive.
(5) (X,r)is a set-theoretic solution of the Yang—Baxter equation (YBE)
if the braid relation

7,127,257,12 — ’I”23’I“12T'23

holds in X x X x X, where 12 = r xidx and 723 = idx xr. In this
case we refer to (X,r) also as a braided set. A braided set (X,r)
with r involutive is called a symmetric set.

In this paper we always assume that r is nondegenerate. As a nota-
tional tool, we shall often identify the sets X*™ of ordered m-tuples,
m > 2, and X™, the set of all monomials of length m in the free
monoid (X).
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As in our previous works ([15, 17, 21, 19, 22]), to each quadratic
set (X, r) we associate canonically several algebraic objects (see Defini-
tion 2.4) generated by X and with quadratic defining relations naturally
determined as

xy =y'x’ € R(r) iff r(z,y) = (v, 2') and (z,y) # (y',z’) hold in X x X.

Note that in the case when X is finite, the set R(r) of defining relations
is also finite, and therefore the associated algebraic objects are finitely
presented.

We continue our systematic study of the close relations between the
combinatorial properties of the defining relations, i.e. of the map r, and
the structural properties of the associated algebraic objects.

In the first half of the paper we investigate nondegenerate quadratic
sets (X,r) of finite order, their quadratic graded algebras A, and the
monoid S(X,r). Section 2 contains preliminary material on quadratic
sets. In Section 3 we study nondegenerate quadratic sets (X, r), with 2-
cancellation. Proposition 3.10 provides upper and lower bounds for the
dimension dim A5 and shows that the upper bound is attained whenever
r is involutive. The main result of the section is Theorem 3.16. It im-
plies, in particular, that a square-free nondegenerate quadratic set (X, )
with |X| = n is a symmetric set if and only if its quadratic algebra A
has Hilbert series H4(z) = (1771’2)” The theorem improves an old result
of the author; see [18, Theorem 2]|. In Section 4 we pay special atten-
tion to square-free quadratic sets with cyclic conditions. We find some
new combinatorial results, see Theorem 4.7, and use them to show that,
surprisingly, a square-free quadratic set (X,r) of finite order |X| = n
which satisfies the cyclic conditions is a symmetric set if and only if
dimy Ag = (g), see Proposition 4.8. In Section 5 we study square-free
braided sets and the contrast between the involutive and noninvolutive
cases. We show that every square-free braided set (of arbitrary cardinal-
ity) satisfies the cyclic conditions. Theorem 5.5 characterizes the involu-
tive braided sets (X,r) in terms of various equivalent properties of the
algebra A, its Koszul dual A', and the monoid S(X,r). Corollary 5.6
provides a characterization of noninvolutive square-free braided sets. In
Section 6 we introduce quadratic sets (X, r) which satisfy the minimality
condition M, that is, dimy As = 2n — 1; see Definition 6.1. We first in-
vestigate (general) square-free 2-cancellative quadratic sets (X,r) with
minimality condition and prove Proposition 6.5. We make some initial
steps in the study of braided sets and, in particular, quandles with min-
imality condition M. Corollary 6.18 implies that every square-free self
distributive solution (X,r) (see Definition 6.6) corresponding to a di-
hedral quandle of prime order |X| = p > 2 satisfies the minimality



750 T. GATEVA-IVANOVA

condition M. In Section 7 we propose a construction which generates
noninvolutive extensions (Z,r) of braided (or symmetric) sets, where
the map r has high, explicitly prescribed order; see Theorem 7.2. In
Section 8 braided monoids S(X,r) and extensions of solutions are stud-
ied. We consider general extensions of braided sets. In Subsection 8.4
we introduce generalized strong twisted unions Z = X §*Y of nonde-
generate braided sets; see Definition 8.8. The main result of the section
is Theorem 8.13. Finally, in Section 9 we give a list of questions and
problems. Some of these are still open questions, other were posed in
earlier versions of our work and have stimulated recent results of other
authors.

2. Preliminaries

During the last two decades the study of set-theoretic solutions of the
Yang—Baxter equation and related structures has notably intensified; a
relevant selection of works for the interested reader is [11, 24, 12, 29,
15, 5, 6, 37, 40, 22, 18, 21, 19, 8, 41, 26, 3, 28, 38, 39, 4], and
the references therein. In this section we recall basic notions and results
which will be used in the paper. We shall use the terminology, notation,
and some results from [15, 17, 21, 19, 22].

Remark 2.1. Let (X,r) be a quadratic set, and let “o, and e* be the
associated left and right actions. Then
(1) The map r is involutive iff the actions satisfy:

(2.1) Y(u’) = wand (“0)* =v, Yu,ve X.

(2) r is square-free if and only if *z = z, and z* = x, Vz € X.
(3) If r is nondegenerate and square-free, then

t=%u = t=u < t* =u?,

(2:2) t=2z = t=2z < t* =2
Remark 2.2 ([12]). Let (X,r) be quadratic set. Then r obeys the YBE,
that is, (X,r) is a braided set iff the following conditions hold for all
x,y, 2 € X:

1: 2(¥2)="Y(""2), rl: (a¥)° = (z"*)",

zY Y,
W3: ()" 7 =),

Convention 2.3. In this paper by a solution we mean a nondegenerate
braided set (X,r), where X is a set of arbitrary cardinality. We shall
also refer to it as a braided set, keeping the convention that we consider
only nondegenerate braided sets. An involutive solution means a non-
degenerate symmetric set. In most cases we shall also assume that r is
2-cancellative but this will be indicated explicitly.
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2.1. Quadratic sets and their algebraic objects. Let X be a non-
empty set, and let k be a field. We denote by (X) and 4 (X), respectively,
the free monoid and the free group generated by X, and by k(X) the free
associative k-algebra generated by X. For a set F' C k(X), we denote
by (F) the two sided ideal of k(X) generated by F'.

For m > 1, the length of a monomial v = x1---x, € X™ will be
denoted by |u| =m.

As in our works [15, 16, 17, 22, 23, 19], we use the following.

Definition 2.4. To each quadratic set (X,r) we canonically associate
algebraic objects generated by X and with quadratic relations ¢t = R(r)
naturally determined as

zy =y'z" € R(r) iff r(x,y) = (v, 2') and (z,y) # (v',2') hold in X x X.

The monoid S = S(X,r) = (X; R(r)) with a set of generators X and a set
of defining relations R(r) is called the monoid associated with (X, r). The
group G = G(X,r) = Gx associated with (X,r) is defined analogously.

For an arbitrary fixed field k, the k-algebra associated with (X,r) is
defined as

A=Ak, X,r) =k(X)/(Ro) ~ k(X;R(r)),
where Rg = Ro(r) = {zy — 'z’ | 2y = y'2’ € R(r)}.
Clearly, the quadratic algebra A generated by X and with defining rela-
tions Ry (r) is isomorphic to the monoid algebra kS(X,r).

Definition 2.5. We shall call a quadratic set (X, r) injective if the set X
is embedded in G(X,r).

Recall that when (X,r) is a braided set, its monoid S = S(X,r)
is a graded braided monoid ([22]) and the group G(X,r) is a braided
group ([29]); see details in Section 8. Moreover, the associated quadratic
algebra A = A(k, X, r) is also called a Yang-Bazter algebra; see [32].

Remark 2.6 ([17, Proposition 2.3]). If (X,r) is a nondegenerate and
involutive quadratic set of finite order | X | = n, then the set (r) consists
of precisely (g) quadratic relations. Clearly, in this case the associated
algebra A = A(k, X, r) satisfies
1
2
Various equivalent conditions are given in Proposition 3.10.
Remark 2.7. Suppose (X,r) is a finite quadratic set. Then A is a qua-

dratic algebra generated by X and with quadratic defining relations $(r).
Clearly, A is a connected graded k-algebra (naturally graded by length),
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A =@, Ai, where Ay = k, A is generated by A; = Span, X, so each
graded component A; is finite dimensional. Moreover, the associated
monoid S = S(X,r) is naturally graded by length:

S= 1] Sm;

m>0
where Sp =1, 51 =X, S;, ={u e S| |ul =m}, Sp St C Syt

In the sequel, by a graded monoid S, we shall mean that S is generated
by S1 = X and graded by length. The grading of S induces a canonical
grading of its monoid algebra kS(X,r). The isomorphism A =2 kS(X,r)
agrees with the canonical gradings, so there is an isomorphism of vector
spaces A, = Spany Sp,.

Remark 2.8 ([16]). Let (X, r) be a quadratic set and let S = S(X,r) be
the associated monoid.

(1) By definition, two monomials w,w’ € (X) are equal in S iff w can
be transformed to w’ by a finite sequence of replacements, each of the
form

axyb —s ar(zy)b or axyb — ar~'(xy)b, where z,y € X, a,b € (X).

Clearly, every such replacement preserves monomial length, which
therefore descends to S(X,r). Furthermore, replacements coming from
the defining relations are possible only on monomials of length > 2, hence
X C S(X,r) is an inclusion. For monomials of length 2, xy = zt holds
in S(X,r) iff 2zt = r*(zy) is an equality of words in X? for some k € Z.

(2) Tt is convenient, for each m > 2, to refer to the subgroup D,, of the
symmetric group Sym(X™) generated concretely by the maps

(2.3) PHFL XM XM et —id o xr Xidxmoio1,  i=1,...,m—1.
One can also consider the free groups
Dp(r) = o (r" i=1,...,m —1),

where the r*t! are treated as abstract symbols, as well as various quo-
tients depending on the further type of r of interest. These free groups
and their quotients act on X™ via the actual maps r***! so that the image
of Dy (r) in Sym(X™) is Dy, (r). In particular, Da(r) = (r) C Sym(X?)
is the cyclic group generated by r. It follows straightforwardly from
part (1) that w,w’ € (X) are equal as words in S(X,r) iff they have
the same length, say m, and belong to the same orbit of D,,(r) in X™.
Clearly, in this case the equality w = w’ holds in the group G(X,r) and
in the algebra A(k, X, r).
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An effective part of our combinatorial approach is the exploration
of the actions of the group Do(r) = (r) on X2, the group Di3(r) =
er (r'2,r23) on X3, and, in particular, the properties of the corresponding
orbits. In the literature a Dy (7)-orbit O in X? is often called an r-orbit
and we shall use this terminology.

If r is involutive, the bijective maps 72 and r23 are involutive as well,
so in this case D3(r) is the infinite dihedral group

Ds(r) = D(r) = w(r 2,0 | (1) = e, () =),

Remark 2.9. In notation and assumption as above, let (X,r) be a finite
quadratic set S = S(X,r) graded by length. Then the order of S equals
the number of Do (r)-orbits in X2.

For positive integers i < n, the maps r**t!': X™ — X™ are defined
by (2.3). Recall that the braid group B, is generated by elements b;,
1 =14 =mn—1, with defining relations

bibj = bjb;, [i —j| > 1, bibiy1bi = biy1bibiy,

and the symmetric group S, is the quotient of B,, by the relations b7 = 1.
It is well known (and straightforward) that for every n > 3 the following
hold:

(1) The assignment b; — 7! extends to a (left) action of B,, on X™
if and only if (X, r) is a braided set.

(2) The assignment b; — 7+l extends to an action of S,, on X™ if
and only if (X, r) is a symmetric set.

3. Nondegenerate quadratic sets with 2-cancellation and
their quadratic algebras

3.1. Basics on quadratic algebras. Our main reference for this sub-
section is [34].

A quadratic algebra is an associative graded algebra A = ,~, 4;
over a ground field k determined by a vector space of generators V = A;
and a subspace of homogeneous quadratic relations R = R(A) CV V.
We assume that A is finitely generated, so dim A; < oo. Thus A =
T(V)/(R) inherits its grading from the tensor algebra T(V'). The Koszul
dual algebra of A, denoted by A', is the quadratic algebra T(V*)/(R*);
see [31, 32]. The algebra A' is also referred to as the quadratic dual
algebra to a quadratic algebra A; see [34, p. 6].

Following the classical tradition (and a recent trend), we take a com-
binatorial approach to study A. The properties of A will be read off a
presentation A = k(X)/(R), where by convention X is a fixed finite
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set of generators of degree 1, |X| = n, k(X) is the unital free associa-
tive algebra generated by X, and (R) is the two-sided ideal of relations,
generated by a finite set R of homogeneous polynomials of degree two.

A quadratic algebra A is a PBW algebra if there exists an enumeration
of X, X = {x1,...,z,}, such that the quadratic relations R form a (non-
commutative) Grobner basis with respect to the degree-lexicographic
ordering < on (X) extending z; < z3 < --+ < x,. In this case the
set of normal monomials (mod R) forms a k-basis of A called a PBW
basis and x1,...,xz, (taken exactly with this enumeration) are called
PBW-generators of A. The notion of a PBW algebra was introduced by
Priddy [35]. His PBW basis is a generalization of the classical Poincaré-
Birkhoff-Witt basis for the universal enveloping of a finite dimensional
Lie algebra. PBW algebras form an important class of Koszul algebras.
The interested reader can find information on quadratic algebras and, in
particular, on Koszul algebras and PBW algebras in [34].

There are various equivalent definitions of a Koszul algebra; see for ex-
ample [34, p. 19]. We recall one of them. A graded k-algebra A is Koszul
if A is quadratic and Ext’ (k, k) ~ A'. Tt is known that if (X,r) is a fi-
nite square-free involutive solution, then its quadratic algebra A(k, X, r)
is Koszul; see [24]. We shall prove that, conversely, if (X,r) is a (gen-
eral) square-free nondegenerate braided set and its algebra A(k, X, r) is
Koszul, then 7 is involutive. This follows from our more general result,
Proposition 3.12.

The following results can be used to test whether a quadratic algebra
is Koszul.

Fact 3.1. (1) ([35, Theorem 5.3]) Fvery quadratic PBW algebra is
Koszul.
(2) ([34, Corollary 2.2]) If A is a quadratic Koszul algebra, with Koszul
dual A, then their Hilbert series satisfy

(3.1) HA(Z) 'HA!(—Z) =1.

Note that (3.1) is a necessary but not a sufficient condition for
Koszulity of A [34].

3.2. Quadratic set with 2-cancellation and their quadratic al-
gebras. To proceed further, we require some cancellation conditions.

Definition 3.2 ([22, Definition 2-10]). A quadratic set (X, r) is 2-can-
cellative if for every positive integer k, less than the order of r, the
following two conditions hold:

i (x,y) = (2,2) = z=uy, rk(x,y) =(t,y) =z =t.
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The monoid S = S(X,r) has cancellation on monomials of length 2 if
and only if r is 2-cancellative; see [22, Proposition 2.11(1)]. Moreover,
every injective quadratic set (X, ) (see Definition 2.5) is 2-cancellative.
Note that if z,y, 2 € X, y # z, each of the equalities 7*(z,y) = (z, 2),
or r*(y,z) = (z,z) implies y = 2z in G(X, ).

Remark 3.3. (1) Every nondegenerate involutive quadratic set (X, r)
is 2-cancellative; see [22, Corollary 2.13]. Recall that when X is a
finite (nondegenerate) symmetric set, the monoid S = S(X,r) is
embedded in the group G(X,r) and therefore S is a monoid with
cancellation.

(2) nondegenerate braided set (X, r) may fail to be 2-cancellative; see
Example 3.6.

(3) There exist various examples of (noninvolutive) nondegenerate
braided sets (X, ), where r is 2-cancellative but the corresponding
monoid S(X,r) fails to be 3-cancellative.

We shall prove that if (X,r) is a finite square-free braided set, then
the monoid S(X, r) is cancellative iff r is involutive; see Proposition 5.4.

Notation 3.4. Denote by A,, the diagonal of X*™ m > 2:
Ay, = diag(X™) = {z™ |z € X }.
One has Az = (Az x X) N (X x Ag).

Notation 3.5. Suppose (X,r) is a quadratic set. The element (x,y) €
X2 is an r-fized point if r(x,y) = (x,y). The set of r-fived points in X>
will be denoted by F(X,r), that is:

(3.2) F(X,r)={zy € X[ r(z,y) = (z,9)}.

Examples 3.6. (1) [22, Example 2.14]. Let X = {z,y,2} and let
p = (z y z) be a cycle of length three in Sym(X). Define r(a,b) :=
(p(b),a), that is, (z,x) =" (y,2) =" (y,4) =" (2,9) =" (2,2) =7
(z,2) =" (z,2), (z,y) =" (z,z) =" (y,2) =" (z,y). It is easy to
check that (X,r) is a nondegenerate braided set (this is a permu-
tation solution).

Note that r(a,b) # (a,b), Va,b € X, so F(X,r) = (), and that
r is not 2-cancellative, since zx = yx in S. Moreover, (X,r) is
not injective, since in the group G(X,r) all generators are equal:
r=y ==z
(2) [22, Example 2.17]. Let X = {z,y, 2z} and let r be the map
(z
x

y) —" (2,2) =" (y,2) —" (y,9) — (z,y),
(x,2) —" (2,2) —" (y,z) —" (z,y) —" (z,2), 7r(z,2)=(z,2).
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The bijective map r is nondegenerate, L, = L, = L, = (z z y);
R: = Ry = R. = (x z), r is not 2-cancellative, conditions 11
and rl are satisfied, but (X, ) is not a braided set. Here F(X,r) =

{(z,2)}.
Lemma 3.7. Suppose (X,r) is a nondegenerate quadratic set (possibly
infinite). Then
(1) If X has finite order, then
(33) 0 < |F(X,r)| < [X].

(2) If (X,r) is square-free, then F(X,r) = Ag, the diagonal of X2. In
particular, if X has finite order, then |F(X,r)| = |X]|.
(3) Suppose (X,r) is nondegenerate and 2-cancellative. Then the fol-
lowing conditions hold:
(a) For everyye€ X there exists a unique x € X such that r(z,y) =
(z,y). In other words there exist a bijective map t: X — X
such that r(t(y),y) = (t(y),y), for every y € X.
(b) For every x € X there exists a unique y € X such that r(z,y) =
(z,y).
(¢) If X is finite, X = {x1,...,z,}, then

(34) F=F(X.r)={ay e X?[r(z,y) = (2,9)} = {2191, -, Tntn},

where y; € X, is the unique element with r(x;,y;) = (x4,Y:),
1 <i<n. In particular, |F| = |X]| =n.

Proof: (1) The equality r(z,y) = (*y,«¥) implies
(z,y) € F if and only if x = ¥y and 2¥ = y.

It follows from nondegeneracy that for each y € X there exists a unique
x € X, with ¥ = y. In general, it is possible that *y ## x, and in this
case r(z,y) = (“y,y) # (x,y). This implies (3.3).

(2) Suppose (X,r) is square-free. Then, by definition, Ay C F(X,r).
Assume zy € F(X,r). Then *y = x = *z, and hence y = x by nondegen-
eracy. This gives F(X,r) C Ag, and therefore F(X,r) = Ay. Moreover,
|F(X,r)| = |X| whenever X is a finite set.

(3) Assume (X,r) is 2-cancellative and nondegenerate. Suppose y € X.
Then, by nondegeneracy there exists a unique x € X such that z¥ =
y. Consider the equality r(z,y) = (*y,z¥) = (*y,y). Then by the 2-can-
cellation law, one has *y = x, and hence r(z,y) = (z,y), as desired. As-
sume now that r(z,y) = (z,y) for some z € X. Then r(z,y) = (*y,2¥) =
(z,y) implies z¥ = y = z¥, which by nondegeneracy gives z = z. This



NoNINVOLUTIVE YBE 757

proves part (3)(a). Part (3)(b) is analogous. Part (3)(c) follows straight-
forwardly from (3)(a) and (3)(b). O

Corollary 3.8. A nondegenerate quadratic set is square-free if and only
if for every pair x,y € X one has

T(.’E,y) = (x’y) =T =Y.

Remark 3.9. (1) Suppose (X, r) is a 2-cancellative nondegenerate qua-
dratic set of finite order |X| = n. One can apply the theory of (non-
commutative) Grobner bases. We enumerate X, as X = {21 < 23 <

- < x,} and consider the degree-lexicographic ordering < on (X).
Let O;, 1 < j < g, be the set of all nontrivial r-orbits. Each r-orbit O;,
1 < j < g, has length I; = |O;| > 2 and contains a unique mono-
mial z;t; € O;, which is minimal (in O,) with respect to the ordering <
on (X). Then the subset of defining relations determined by O;, namely
{zy —r(zy) | zy € O,}, reduces to exactly [; — 1 relations with explicit
pairwise distinct highest terms

xy—zit; =0, z,yeX, zyecO; zy> zit;.
The set of reduced relations R(r) is defined as

R(r) ={zy — zt; |zy € O;, xzy > zt;, 1 < j <gq}, and

RO =s= 3 0-0=( ¥ 6)-aza

1<j<q 1<j<q

There is an equality of sets Rg(r) = R(r) if and only if r is involu-
tive. The two sets Ro(r) and R(r) generate the same two-sided ideal T
of k(X). Hence the algebra A = A(k, X,r) = k(X)/(Ro(r)) has a fi-
nite presentation as A = k(X)/(R(r)). The set of reduced relations R(r)
is exactly the quadratic part of the (minimal) reduced Grébner basis
of I, denoted GR([) (with respect to the degree-lexicographic ordering <
on (X)). The set R(r) is linearly independent, so dim I = |[R(r)| = s.
In general, R € GR(I), and the reduced Grébner basis GR(I) may be
infinite. It follows from the theory of Grobner bases that the set A of
all monomials of length 2 which are normal modulo I (with respect to
the degree-lexicographic ordering < on (X)) projects to a basis of As.
For every integer m > 2 denote by A, the set of all monomials in X™
which are normal modulo I = (R(r)). Then

dimg A4, = [N | = |Sm]
= the number of all disjoint D,,(r)-orbits in X™.
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(2) The Koszul dual algebra A' has a presentation A'=k(&;,...,&,)/(RY),
where Rt consists of s 4 n relations and splits into two disjoint sets

R' =R§ UR{, where
Ry = {§& + &éyr | ajm —apxy €R}, |Ry| =s,

Ri = {&& | (i) € F(X, 1)}, Ri|=n.
There are equalities
(3.5) dim Ay =n? — 5, dim Ay =n? —s—n.

Suppose now that (X, r) is a nondegenerate square-free quadratic set (we
do not assume 2-cancellativity). Then F(X,r) = Ag and |F(X,r)| = n.
Moreover,

Ri ={&& |1<i<n}

Proposition 3.10. Let (X,r) be a nondegenerate quadratic set of finite
order | X| =n > 3, and let A = A(k, X,r) be its associated quadratic
k-algebra, naturally graded by length. Suppose that X2 contains exactly
q nontrivial r-orbits, O1,...,0q, |0j] =1; >2,1<j <q.
(1) If (X, r) is 2-cancellative, then the following conditions hold:
(a) X2 has ezactly n one-element r-orbits, that is, |F(X,r)| = n.

(b) The following inequalities hold:
1
36) 2n—1<dimgAs=n+q< n and n—1<¢g< n ,
2 2

where the upper bounds for dimy As and for q are exact for
all m > 3, and the lower bounds are exact whenever n =p > 2
is a prime number.
(2) Suppose |F(X,r)|=n. Then the following conditions are equivalent:
(a) The map r is involutive.
(

b) dimy As = (";1)
(c) a=(5)-
(d) dim Iy = [R(r)| = (3).
( ) dlmk A2 ( )
Each of these conditions implies that (X, r) is 2-cancellative.
(3) For every integer m > 2, dimy A,, =|Sy,| = the number of all dis-
joint D,,-orbits in X™.

o

Proof: (1) Suppose (X, ) is 2-cancellative. Part (1)(a) follows from Lem-
ma 3.7.
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(1)(b) The action of the cyclic group (r) on X? splits X? into disjoint
r-orbits . We shall analyze the possible number of orbits and their
lengths. It is clear that the map r is involutive iff every nontrivial or-
bit O(zy) has precisely two elements.

Let X = {x1,...,z,} be an arbitrary enumeration on X. By Lem-
ma 3.7, X2 contains exactly n elements fixed under r (see (3.4)), so there
are exactly n one-element r-orbits O(z;y;) = {x;y:}, 1 <i < n.

By assumption, the complement X2 \ F(X,r) splits into ¢ disjoint
orbits:

X\F(X,r)= |J 0, where |0;|=1; >2.
1<j<q
Then
X2\ F(X,r)|=n*—n= Z l;.
1<j<q
By the 2-cancellativity of r, a nontrivial orbit O does not contain distinct
monomials of the shape zu, xzv,u # v, or zu, yu,x # y, hence

2<0l=10;<n, V1<j<q

Therefore
2q < Z lj:nz—ngnq.
1<j<q

But 2¢ < n? — n is equivalent with ¢ < n(n —1)/2 = (}), moreover
n?—n < ng implies n—1 < ¢. This proves the right-hand side inequalities
in (3.6).

Recall that a,b € O; if and only if a = b in the algebra A or, equiva-
lently, in the monoid S. We argue with the number of distinct words of
length 2 in S which is the same as the number of all orbits

|52‘ :n—l—q.

One has A = Spany S, and since every set of pairwise distinct words
in S5 is linearly independent, we obtain

1
2n—1 <dimx Ay = |Sa] =n+qg<n+ (Z) = (n; ),
which proves the left-hand side inequalities in (3.6). (One may also use
the theory of Grobner basis for a detailed proof; see Remark 3.9.) We
shall discuss the exactness of the bounds after the proof of part (2).

(2) The equality dimy Ay = n+ ¢ implies the equivalence of (b) and (c).
The equivalence of (b) and (e) follows from (3.5).

Each w € X2\ F belongs to a nontrivial orbit O(w), and | X2\ F| =
n(n —1). It is clear that ¢ = (}) if and only if each nontrivial orbit has
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exactly two elements, which is equivalent to 72 = 1. Thus (a) and (c) are
equivalent. One has

k<X>2 = IQ D AQ, d1m(k<X>)2 = dlmIQ + dimA27

n? —dimAy =diml = Y (I, - 1) (Z z)

1<j<q 1<5<q

SO

and dim I = (Z) if and only if dim Ay = ("'QH), which gives the equiva-
lence of (b) and (d).

It follows from [22, Corollary 2.13] that every nondegenerate involu-
tive quadratic set (X, r) is 2-cancellative. Therefore each of the equiva-
lent conditions (a) through (d) implies that (X, r) is 2-cancellative.

Part (2) implies that the upper bounds in (3.6) are exact. If n =
p > 2 is a prime number, then by Corollary 6.18 every square-free
self distributive solution (X,r) corresponding to a dihedral quandle of
prime order |X|=p > 2 satisfies what we call the minimality condition:
dimy As = 2n — 1, which is equivalent to ¢ = n — 1; see Definition 6.1.
This proves the exactness of the lower bound, whenever n = p > 2 is a
prime number.

(3) The distinct elements of the monoid S = S(X,r) form a k-basis of
the monoid algebra kS ~ A(k, X,r). In particular, dim A4,, equals the
number of distinct monomials of length m in S which is exactly the
number of Dy, (r)-orbits in X™; see Remark 3.9. O

Corollary 3.11. Let (X,r) be a nondegenerate quadratic set of finite
order | X| =n > 3. Suppose one of the following two conditions holds:
1) |F(X,m)| =n.
(2) (X,r) is a square-free quadratic set.
Then the map r is involutive if and only if dimy Ay = ("'QH) In this case
(X, r) is 2-cancellative.

Proposition 3.12. Retaining the above notation, suppose that (X,r) is
a nondegenerate quadratic set of finite order | X| = n and |F(X,r)| =
n. Let A= A(k, X, r) be its associated quadratic algebra A=k(X)/(R(r)).
(1) If A is Koszul, then r* =id and |R(r)| = (3).
(2) In particular, if there exists an enumeration of X such that the set
of quadratic relations R(r) is a Grébner basis or, equivalently, A is
a PBW algebra, then (X,r) is involutive.
(3) In each of the cases:
(a) (X,r) is 2-cancellative, or
(b) (X,r) is square-free,
there is an equality |F (X, r)| = n.
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Proof: (1) Denote s := |R(r)|. Suppose 4 is Koszul, so its dual algebra A'
is also Koszul and their Hilbert series satisfy (3.1). By (3.5) one has

Ha(2) =14 nz+ (n? —5)2% + (dim A3)2> 4 - - - |
HA!(—Z) :1—n2+(n2_8_n)22_(dimAé)zS_i_”.

We replace these in (3.1) and compute the coefficient for 22 to yield:

(n? —s —n)z? —n?2% 4+ (n? — 5)22 =0,

which implies

(3.7) IR(r)| = s = (Z)

Each word zy € (X2 \ F(X,r)) belongs to a nontrivial r-orbit, so zy
occurs once in a relation in R(r). One has | X2\ F(X,r)| =n?—n = 2(}).
This, together with (3.7), implies that each nontrivial r-orbit O in X?2
has length |O| = 2, and therefore (X,r) is involutive. Clearly, in this
case R(r) = R(r).

(2) Assume now that there exists an enumeration of X, such that the
set of quadratic relations R(r) is a Grobner basis. Then A is a PBW
algebra (in the sense of Priddy), so A is Koszul and, by part (1), (X, ) is
involutive. O

Corollary 3.13. Let (X,r) be a nondegenerate quadratic set of finite
order | X|=n, let A= Ak, X,r) =k(X)/(R(r)), and let I = (R(r)) be
the corresponding ideal of k(X). Consider the following conditions:

(1) (X,r) is involutive.

(2) (X,r) is 2-cancellative.

(3) The set of fized points F(X,r) has cardinality n.

(4) The number q of nontrivial r-orbits in X? is q = (3).

(5) dim A, = ("F).

(6) dimI, = (3).

(7) The algebra A has ezactly () defining relations |R(r)| = (3).
(8) dim A} = ().

(9) The algebra A is Koszul.

The following implications hold.
=2, ), @), (5, (6), (8).
(2) = (3) and n—lﬁqﬁ(Z), 2n—1§dimA2§(n;—1).
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Assume (2) holds. Then
(1) = (@) == () <= (6) == (1) <= (8) (9) = (1.

Lemma 3.14. Suppose X = {x1, 2,22}, and (X, ) is a nondegenerate,
2-cancellative, and square-free quadratic set.

Then (up to isomorphism) there are exactly two nonisomorphic qua-
dratic algebras A®) corresponding to quadratic sets (X,r;), i = 1,2,
which satisfy the hypothesis. These are

1 .

AM = k(X : 2329 — o3, X3T1 — T1T3, T2k — T1T2),
2 .

A( ) = k<X L X3x2 — X1X3, T3T1 — T2L3, LT — $1$2>.

The algebras AY) and A®) are PBW algebras with GK dim A = 3 (in fact
these are binomial skew-polynomial rings). The quadratic set (X,r1) is
the trivial solution of the YBE. Up to isomorphism, (X, 12) is the unique
nontrivial square-free solution of the YBE of order | X| = 3.

Question 3.15. Let (X, r) be a 2-cancellative nondegenerate quadratic
set of finite order | X| = n. Suppose A = A(k, X,r) is PBW. (We know
that this implies 7% = 1.)
(1) Is it true that if (X, r) is square-free, then A has polynomial growth?
An equivalent question is:
(2) Is it true that if (X,r) is square-free, then A has finite global di-
mension?

This is so for | X| = 3; see Lemma 3.14. An affirmative answer would
imply that (X,r) is a solution of the YBE, and A satisfies all condi-
tions (1) through (8) in Theorem 3.16. We do not know of a counterex-
ample.

In [18] we study the close relation between square-free nondegenerate
symmetric sets (X,r) and a class of Artin—Schelter regular algebras.
Our result ([18, Theorem 2]) investigates quantum binomial quadratic
sets (X,r), that is, square-free nondegenerate involutive quadratic set,
in terms of various algebraic, homological, and numerical properties of
the algebra A(k, X, ). We have proven that each of these properties of A
is equivalent to the fact that (X,r) is a solution of the YBE. Our new
Theorem 3.16 is a similar but stronger result. We weaken the hypothesis,
assuming only that (X,r) is a square-free nondegenerate quadratic set
(we do not assume involutiveness of ) and give a list of similar algebraic
and homological properties of A each of which is equivalent to saying
that (X,r) is an involutive solution of the YBE (that is, a symmetric
set).
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Theorem 3.16. Let (X,r) be a square-free nondegenerate quadratic set
of finite order | X| = n. Let A be its associated quadratic algebra A =
k(X)/(R(r)). The following conditions are equivalent:

(1) The Hilbert series of A is

1

(1—2)"

(2) A is a PBW algebra with a set X = {x1,2a,...,x,} of PBW gen-
erators and with polynomial growth.

(3) A is a PBW algebra with a set X = {x1,22,...,2,} of PBW gen-
erators and with finite global dimension gldim A < oco.

(4) A is a PBW Artin-Schelter regular algebra.

(5) There exists an enumeration X = {x1,%2,...,2n} such that the
set

(3.8) Ha(z) =

N ={z{x§? 28" | a; >0 for 1 <i<n}
is a k-basis of A. We also have:
(6)

1 2
dimkAQZ(n;— ) and dimkA?,:(n;— )

dimy Ab = (Z) and  dimy Ay = (g)

(8) A is a binomial skew polynomial ring in the sense of [14].

(7)

(9) (X,r) is a square-free symmetric set, that is, an involutive solution
of the YBE.

In this case A is a Noetherian domain. Moreover,

-1
(3.9) GKdimA=n =gldim A, dimkAm:<n+m )7 m > 2.
m

Proof: We shall prove that each one of the conditions (1) through (9)
implies that (X, r) is involutive.

Note first that the hypothesis of the theorem implies |F(X, )| = n.
Then by Proposition 3.10, part (2), the map r is involutive iff dimy Az =

n+1

5 )

Each of the conditions (6), (7), and (9) implies straightforwardly that
(X, r) is involutive. Each of the conditions (2), (3), (4), (5), (8) gives that
A is a PBW algebra. Hence, by Proposition 3.12, (X, r) is involutive.
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Assume (1) holds. Then A and the algebra of polynomials P* =
k[z1,...,x,] have the same Hilbert series H4(z) = Hpn(z); see (3.8).
Therefore A and P™ have the same Hilbert functions

—1
dim Ay, = ha(m) = hpn(m) = (”“Lﬂ"z ) m>1.

In particular, dim A, = ("'QH), so r is involutive. Moreover, dimy As =

n+2

( dVV)e have shown that each one of the conditions (1) through (9) implies
that (X, r) is a square-free nondegenerate involutive quadratic set, that
is, (X, r) is a quantum binomial quadratic set; see Definition 1.1(4). Now
our result [18, Theorem 1.2] implies straightforwardly the equivalence of
conditions (1) through (9), the equalities (3.9), and the fact that A is a
Noetherian domain. O

The 3-generated PBW algebras from Lemma 3.14 are particular cases
of the class of PBW algebras described by Theorem 3.16.

4. Square-free quadratic sets with cyclic conditions

In this section we continue the study of square-free nondegenerate
quadratic sets (X,r), the associated algebra A(k,X,r), and the
monoid S(X,r). In a series of works (see [15, 22, 21, 7]), we have
shown that the combinatorial properties of a solution of the YBE (X, r)
are closely related to the algebraic and combinatorial properties of its
associated structures. Solutions satisfying some of the conditions defined
below are of particular interest.

Definition 4.1 ([22, 15]). Let (X,r) be a quadratic set.

(1) The following are called cyclic conditions on (X,r).
cl:Wlg=vz forallz,ye X; cl:z(Y) =2¥, forallz,y e X;
cd2: Vg =Yz forallz,ye X; c2:2¥) =2Y forallz,ye X.

(2) Condition Iri on (X,r) is defined as

Iri: (*y)* =y="(y"), foralazyelX.
In other words, Iri holds if and only if (X, r) is nondegenerate and
R.=L;' and L,=R,"
The cyclic conditions were introduced by the author in [13, 14] in
the context of binomial skew polynomial algebras and were crucial for

the proof that every binomial skew polynomial algebra defines canoni-
cally (via its relations) a set-theoretic solution of the YBE; see [24]. It
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is known that every square-free nondegenerate symmetric set (X,r) sat-
isfies the cyclic conditions cc and condition lri, so the map r is uniquely
determined by the left action: r(z,y) = (Lz(y), £y_1(x)); see [15, 22]. We
shall prove that every square-free nondegenerate braided set (X, r) (not
necessarily finite or involutive) satisfies the cyclic conditions cll and crl;
see Proposition 4.4. The main result of this section is Theorem 4.7.

4.1. Combinatorics in square-free quadratic sets with cyclic
conditions. We recall the following useful result.

Fact 4.2 (][22, Proposition 2.25]). Suppose (X,r) is a quadratic set.

(1) Any two of the following conditions imply the remaining third con-
dition:
(a) (X,r) is involutive.
(b) (X,r) is nondegenerate and cyclic.
(c) (X,r) satisfies lri.

(2) In particular, if (X, r) satisfies cll and crl, then (X, r) is involutive
iff condition lri holds.

Sketch of the proof: For convenience of the reader we shall sketch the
proof of (2). Assume Iri. We shall prove that r is involutive or, equiv-
alently, (2.1) holds. We apply first crl and Iri, and next cll and Iri to
yield:

W)y =""w) =u, () =" =v, Yu,veX.
Conversely, assume that (X, r) is involutive. We shall prove that Iri holds.
Let u,t € X. We have to show *(u') = v and (‘u)’ = u. By nondegener-
acy, there exist v,w € X such that ¢t = v = w*. Then we use crl, cll,
and (2.1) to yield:

t(ut) _ “v(u“v) _ “v(uv) =, (tu)t _ (w“’u)w“ _ (wu)w“ = . 0

Suppose (X,r) is a finite nondegenerate quadratic set S = S(X,r).
As we discussed in the preliminaries, for every integer m > 2, the
group D, (r) = o (r"™1, 1 <i < m — 1) acts on the left on X™. Each
element a € S can be presented as a monomial a = (1(s---(n, G € X.
Two words a,b € (X) are equal in S if they have the same length, say
a,b € X™, and belong to the same orbit of D, (r) = & (rit, 1 <i <
m — 1). Clearly, (X,r) is square-free if and only if D,,(r) acts trivially
on A,,, m > 2.

Corollary 4.3. Suppose (X,r) is a square-free quadratic set. Let x,y €
X, let m be an integer, m > 2. If ™ = y™ is an equality in S, then
T =y.
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Proposition 4.4. Let (X,r) be a square-free nondegenerate braided set
of arbitrary cardinality. Then (X,r) satisfies the cyclic conditions cll
and crl. Moreover, (X,r) is involutive iff condition lri holds.

Proof: Let a,z € X. Consider the Yang-Bazter diagram on monomials
of length 3 in X3.
TIQJ/ J/T12

(o) () (@) s () (a) (@)

It follows that r(%z, (@) z) = (?z, (®")z) and therefore, by Corollary 3.8,
(") = @z, which proves cll.

Similarly, a YB diagram starting with the monomial zza implies
r(z), 29) = (2", 2%), hence 2" =2, which proves crl. Now Fact 4.2
implies straightforwardly that (X, r) is involutive ff Iri holds. O

The action of the infinite dihedral group D on X3 is of particular im-
portance in this section. Assuming that (X, r) is a nondegenerate square-
free quadratic set we shall find some counting formulae and inequalities
involving the orders of the D-orbits in X3 and their number. As usual,
the orbit of a monomial w € X3 under the action of D will be denoted
by O = O(w).

Definition 4.5. We call a D-orbit O square-free if
ON(Ar x XUX x Ag) =0.

A monomial w € X? is square-free in S if its orbit O(w) is square-free.

Notation 4.6. Denote E(O) = ON ((A2 x X UX x Az)\Aj).

Theorem 4.7. Suppose (X,r) is a nondegenerate square-free quadratic
set of finite order.
(1) Let O be a D-orbit in X3. The following implications hold:
(a) ONA3 #0 < 0] =1.
(b) E(0) #0 = [0] > 3,
In this case we say that O is a D-orbit of type (b).
() ON(Aax XUX x Ay)=0=|0| >6.
Recall that in this case O is called a square-free orbit; see Defini-
tion 4.5.
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(2) The following two conditions are equivalent:
(a) (X,r) is involutive and satisfies the cyclic conditions cll and
crl.
(b) Ewvery orbit O of type (b) contains exactly three distinct ele-
ments.

Proof: Condition (1)(a) is clear.

(1)(b) Assume that E(O) # 0. Then O contains an element of the
shape w = zxy, or w = zyy, where xz,y € X, x # y. Without loss
of generality we can assume w = zzy € O. We look at a fragment of the
Yang—Baxter diagram starting with w:

w=wi = zTTY 3 g = x(Py)(xY) g = (I2y)(mmy)(xy) —
Note that the first three elements wq, ws, w3 are distinct monomials
in X3. Indeed, z # y implies r(zy) # 2y in X? (see Corollary 3.8),
S0 wy # wi. By assumption, (X, r) is square-free, so *x = z, and y # x,
implies *y # x, by nondegeneracy. Therefore r(x(*y)) # z(*y) and w3 #
wso. Furthermore, w3y # wi. Indeed, if we assume x = m2y = *(*y), then

by (2.2) one has *y = x, and therefore y = x, a contradiction. It follows
that |O] > 3.

(1)(c) Suppose O = O(xyz) is a square-free D-orbit in X 3. Consider the
set
01:{111|1§Z§6}g0

consisting of the first six elements of the Yang—Baxter diagram

v = 2Yz L (“yx¥)z = vy
vg = x(V2y?) (=) (=" 2) (a)* = v5
v =" (2)(2"%) (y*) (v 2)][(Fy) DN[(@¥)7] = ve

Clearly,
01 :U1UU3UU5, where Uj :{’Uj7 Vj+1 :7"12(’0]‘)}, j: 1,3,5.

We claim that Uy, Us, Us are pairwise disjoint sets, and each of them
has order 2. Note first that since v; is a square-free monomial, for each
j =1,3,5, one has v; # r12(v;) = v;41, therefore |U;| =2, j = 1,3, 5.
The monomials in each U; have the same tail. More precisely, v1 = (zy)z
and vy = r(xzy)z have a tail z; the tail of vs and vy is y*; and the
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tail of vy and wvg is (z¥)?. It will be enough to show that the three
elements z,y?, (z¥)* € X are pairwise distinct. But O(zyz) is square-
free, so y # z and by (2.2), y* # z. Furthermore vy = (®y)(z¥)z €
O(xyz), so a¥ # y and z¥ # z. Now by nondegeneracy one has

2t z= (2Y) £z a¥ty= (¥) £y
Therefore, the three elements z,y?, (z¥)* € X occurring as tails in Uy,

Us, Us, respectively, are pairwise distinct, so the three sets are pairwise
disjoint. This implies 6 = |O1| < |O|.

(2)(a) = (b) Suppose (X,r) is involutive and satisfies cll and crl. Let
O be an orbit of type (b). Without loss of generality we may assume
O = O(zxy). Then (since r is involutive) each arrow in diagram (4.1) is
pointed in both directions, i.e. the arrows have the shape +— or J.

P12

vl = TTY TTY = V1

TZSJ JTJS

(4.1) vy = z("yxY) z(PyzY) = va

v3=(* (")) (@) (@) = (Fy)ate’ s (P("y) (@ V) (@¥) = (*Ty) () () =vs

It is clear that the diagram contains all elements of O, hence |O| = 3.

(b) = (a) Suppose every orbit O of type (b) contains exactly three
elements. The diagram

V] = xTY TXY = U1
vy = a("ya?) £(yat) = vy
vy = ("y) (&™) (a¥) SEY) ) (@) = vy

contains three distinct elements of O, and therefore it contains the whole
orbit O.

The element 723 (v3) =% (®y)r((z"¥)(x¥)) belongs to © = {vy,vs, v3}. It
is clear that r?3(v3) # vy and r?3(v3) # v2, so 723(v3) = v3. This im-
plies that 7((z"¥)(z¥)) = (" ¥)(zY), hence (z"¥)(z¥) € F(X,r) = As.
Therefore

x

x ¥V =2aY VzycelX,
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that is, crl holds. An analogous argument proves cll (in this case we
work with a YB diagram with a left top element v; = zyy).

Notice that if there exists a pair (z,y) with 7%(zy) # 2y, then the
orbit O(zxy) contains (but is not limited to) the following four distinct
elements

v = TTY, vy = r®(vy) = ar(zy) = (*yaY),

vy =12 (ve) = ("Ty) (V) (@¥), va=71"(vs) = wr®(ay),
which contradicts (b). It follows that r is involutive. We have proven
(b) = (a). O
4.2. More on square-free quadratic sets with cyclic conditions.
We end up the section with new results on square-free quadratic sets

which will be used to describe the contrast between involutive and non-
involutive solutions of the YBE in the next section.

Proposition 4.8. Suppose (X,r) is a finite nondegenerate square-free
quadratic set with |X| = n and that satisfies cll and crl. Then (X,r) is
a symmetric set if and only if dimy Aé = (g)
Proof: By hypothesis, cll and crl hold. Assume dimy A} = (g) We
have to show that (X,r) is a symmetric set. We shall prove first that
(X, r) is involutive, and therefore it is a quantum binomial set; see Def-
inition 1.1(4).

As usual, we study the Ds-orbits O. Our assumption implies that
X3 contains exactly (’;) square-free orbits O®), 1 < s < (g) By Theo-
rem 4.7, part (1)(c), the length of each square-free orbit satisfies

(4.2) 09| =1,>6, VI<s< <Z>

Denote by W the set of all words w € X3\ Az which vanish in Aj}.
Note first that if y,b € X, y # b, the orbit O(yyb) C W contains the
three distinct monomials occurring in the following diagram

w=yyb —zs y(Uby") —pa2 (U0 y") = (B - o).

We shall call the word r23(yyb) = y(Yby®) the transition element for
the pair of words u = yyb,czz = 2 0o r®(u) € W. It is clear that
each pair y,b € X, y # b, determines uniquely the three elements yyb,
r23(yyb), czz = r'2 o 1?3 (yyb) € W.

Note that if (y,b) # (t,c), then the transition elements y(Yby®) #
t(*ct®). Indeed, the inequality is straightforward if ¢ # y. If t = y,b # c,
then by nondegeneracy one has ¥b # Yc = tc. So W contains n(n —
1) disjoint triples yyb, 723 (yyb), 1% o r23(yyb) = czz. Therefore |W| >
3n(n —1).



770 T. GATEVA-IVANOVA

Assume that (X, r) is not involutive, we shall prove that |W| > 3n(n—

1).

Clearly, there exist a pair z,a € X, & # a, such that 7?(x,a) # (z,a)
so the words wa, r(za), r?(xa) are distinct elements of X2. Then the
orbit O = O(zza) contains at least the set O of four distinct monomials
given below:

0 = {v; = zxa, va = r¥(zza) = 2(*ax?),
U3 7“12 o 7"23(’()1) — (xxa)(xaxa),

vy = (1?3)2(vy) = ar®(za)}.

Moreover, the set O contains the word vy = xr?(xa) which is square-
free, but is not a transition element for any triple yyb, r%3(yyb),r'? o
723 (yyb) = czz. This implies that
(4.3) |[W| > 3n(n—1).

The set X3 splits into the following disjoint subsets

X3:A3UWU( U O(“?)).

155(3)

This, together with (4.2) and (4.3), implies

n® =X = Qs+ W]+ ) (’)(S)|>n+3n(n—1)+6<§>:n3’
1<s<(5)

which gives a contradiction. It follows that r is involutive, hence (X, r) is
a quantum binomial set. Now our result [18, Theorem 1.2] implies that
(X, r) is a solution of the YBE, and therefore, it is a symmetric set. The
converse implication follows again from [18, Theorem 1.2]. O

Lemma 4.9. Let (X,r) be a finite square-free nondegenerate quadratic
set and let S = S(X,r). Suppose (X,r) satisfies the cyclic conditions cll
and crl. The following conditions are equivalent:

(1) (X,r) is involutive.

(2) S satisfies the following conditions:

(4.4) axx = byy holds in S, a,b,x,ye X = a=0b,xz=1y;

3)

xxc =yyd holds in S, c,djx,ye X = c=d, z=1y.

byy € O(azx), a,bjx,ye€ X = a=>b, x =y;
yyd € O(zzc), c,dyx,ye X —=c=d,x=y.
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Proof: The equivalence (2) < (3) is clear.

(1) = (2) Suppose (X,r) is involutive. Theorem 4.7 implies that, for
each a # x, the orbit O = O(azz) is of type (b) and O N (X x Ag) =
{azz}. In other words, there is no element of the shape byy # azxz
such that byy € O which gives the first implication in (4.4). Analogous
argument gives the second implication in (4.4).

(2) = (1) Conversely, assume that conditions (4.4) hold. We have to
show that r is involutive. By Fact 4.2 it will be enough to prove that
(X, r) satisfies condition Iri, that is,

(4.5) (‘z)! =2 and '(2') =z, Va,t€ X.

Let a,z € X. We consider the elements of the D-orbit O(azx) in X3
and deduce the following equalities of elements in S = S(X,r):

aar = (“z)(a")x

= (“2)(“")a"™ = (“x)("“x)(a"")

= (“x)(""(a™))(("2)"")
= ((az(am(am) )((az)(az(am))((ax)(am))
=b(("0)")((“0)"") where b= 9" (@)
= byy, where y = [(“x)“"".

We have obtained that, for a # = the following equalities hold in S

axx = byy, where y = [(“z)](@").
Now the first condition in (4.4) implies
y= (D) =

and

Gp =g ="y = (“(m))x,
(4.6)

Tx

z = [(“x)]@) = [(“(m))x](“m) = (*z)!, where t = a*¥).
Suppose t,x € X. By nondegeneracy there exists a; € X such that
t = af and, similarly, there exists a € X with a® = a1, hence t = a** for
some a € X. Then (4.6) implies (‘z)! = z. The second equality *(z') =
in (4.5) is proven by an analogous argument. Therefore (X, r) satisfies
condition Iri. O
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5. Square-free braided sets and the contrast between
the involutive and noninvolutive cases

Braided monoids were introduced and studied in [22]. For convenience
of the reader we recall basic definitions and results in Section 8. Recall
that if (X, r) is a braided set, then its monoid S(X,r) is a graded braided
M3-monoid. We denote it by (S, rg); see Definitions 8.1 and 8.2, in par-
ticular, S satisfies condition ML2. More details can be found in Section 8.

Notation 5.1. Let (X, r) be a nondegenerate quadratic set. Let a,z €
X and let m be a positive integer. We shall use the following notation

“a = (L])(a), o) = (RY)(a).
This formulae agree with the natural left and right actions of S upon
itself.
Remark 5.2. Suppose (X, r) is a quadratic set with cll and crl. Then
the following equalities hold in X:

™) (“’m)a

(5.1) a r="1%, =z,

for all a,z € X and all positive integers m.
The formulae in (5.1) are easy to prove using induction on m.

Proposition 5.3. Let (X,r) be a square-free nondegenerate quadratic
set satisfying the cyclic conditions cll and crl, and let S = S(X,r).
Then the following conditions hold:

(1) For every pair a,x € X and every positive integer m the following
equalities hold in S':

(52)  a-@™) = (")) @), @™)-a=("a)((@)™).
(2) Assume that (X,r) is a braided set. Then the following are equali-
ties in the braided monoid S':
(6.3) ™) = ("z)™,  (@™)" = (=)™,
for all a,x € X and all positive integers m.

(3) Suppose that (X,r) is a finite braided set, and let p be the least
common multiple of the orders of all actions L, and R, v € X,
s0 g =a=a"") VYa,x € X. Then the following equalities hold
in S:

a-(¥)=a-(("z)*)", (a")-a=("(2")" a, Va,zeX
(5.5) @) (") = (W")(a?), Vr,yeX.

_Cﬂ
=~
~—"
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Proof: (1) We shall use induction on m to prove the first equality in (5.2).

Clearly, for m = 1, one has ar = %z-a®. Assume a-(z¥) = ((“a:)k)~(a(“‘k)),

V1<k<m,and all a,z € X. Let a,z € X. Then

a- (@) = (a-a™)z=(("e)") - [(a“")a]= (") - (
= (")) @),

as claimed. For the last equality we have used (5.1).

This verifies the first equality in (5.2). An analogous argument verifies
the second equality in (5.2).

a=™

z) - (a*)*

(2) Assume that (X,r) is a braided set. Then (X,r) satisfies cll and
crl; see Proposition 4.4. We shall prove (5.3) using induction on m. The
base for induction is clear. Assume the formula is true for all K < m —1,
where m > 2 . We use the inductive assumption, ML2, and (5.1) to get

(@) =2((@™ 1) - z) = (@)@ Da) = (@)Y () = (o)™

This proves the first equality in (5.3). Analogous argument verifies the
second equality in (5.3).

(3) Assume now that (X,r) is a finite braided set and p is the least
common multiple of the orders of all actions. We use successively M3,
(5.3), and M3 again to obtain

a-(@?)="(a?) (@)= ("2)? - a=("a) - (("2)")* = a- (("2)")".

This gives the first equality in (5.4). An analogous argument proves the
second equality in (5.4). The equality (5.5) is straightforward. O

Proposition 5.4. Let (X,r) be a square-free nondegenerate braided set
of finite order |X| = n, let S = S(X,r) = (S,rs) be the associated
braided monoid, and let A = A(k, X,r). Let p be the least common mul-
tiple of the orders of all actions L, and R,, x € X. The following
conditions are equivalent:

(1) The equality axP? = ay? in S, for a,z,y € X, implies x = y.

(2) The equality (zP)a = (yP)a in S, for a,z,y € X, implies v = y.

(3) The monoid S is cancellative.

(4) The quadratic algebra A has Gelfand-Kirillov dimension GK dim A=

n.
(5) The solution (X,r) is involutive, that is, (X,r) is a symmetric set.
In this case S(X,r) is embedded in the braided group G(X,r)=(G,rg).

Moreover, both (S,rg) and (G,rg) are also (nondegenerate) involutive
solutions.
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Proof: The implications (3) = (1), (2), are clear.

(1) = (2) Assume (2?)a = (y?)a, where a,z,y € X. Then we use (5.2)
to obtain

(#)a = a(@®)?, (1)a = aly")P.
It follows that a(x®)? = a(y®)?, so by our assumption (1), % = y°.
Hence, by nondegeneracy, = y. The implication (2) = (1) is proven
analogously.

(1) = (5) Suppose condition (1) holds (hence (2) is also true). Proposi-
tion 5.3 implies the following equalities in S

a-(a¥) =a-((")*)" (") a= (") a, Va,xecX
It follows from (1) that
x=(("z)*), z=(“a%)), Va,zelX.

Therefore the braided set (X,r) satisfies condition Iri. By Fact 4.2(2),
(X,r) is involutive, so (X, r) is a nondegenerate symmetric set.

(5) = (3) It is known (see [12]) that if (X, ) is a nondegenerate sym-
metric set, then its monoid S(X,r) is embedded in the group G(X,r),
and therefore S is left and right cancellative.

The implication (5) = (4) is known; see [18, Theorem 1.2] or [24].

(4) = (1) Suppose A has Gelfand-Kirillov dimension GKdim A = n.
Assume, on the contrary, that condition (1) is not satisfied. Then there
exist three elements a,x,y € X, a # x,y such that

ax? = ay?, = H#vy.

This implies that az™P = ayMP, for all positive integers M, hence
GKdim A < n, a contradiction. O

The following result shows the close relations between various alge-
braic and combinatorial properties of a finite square-free solution (X, r),
the YB-algebra A = A(k, X,r), and its braided monoid S = S(X,r).
Each of these conditions describes the contrast between a square-free
symmetric set and a square-free noninvolutive braided set.

Theorem 5.5. Let (X,r) be a square-free nondegenerate braided set of
order | X| =mn. Let S = S(X,r) be its braided monoid, let A= A(k, X, )
be its graded k-algebra over a field k, and let A" be the Koszul dual algebra
of A. The following conditions are equivalent:

(1) The solution (X,r) is involutive, that is, (X,r) is a symmetric set.

(2) (X,r) satisfies lri.

(3) The Hilbert series of A is Ha(z) = ﬁ
(4) The quadratic algebra A is Koszul.
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(5) There exists an enumeration of X such that the set of quadratic
relations R(r) is a Grébner basis, that is, A is a PBW algebra.

(6) A is a binomial skew polynomial ring (in the sense of [14]) with
respect to an enumeration of X.

(7) dimy A = ("71).

(8) dimy Az = ("?).

(9) dim 4} = (2.

10) The algebra A has Gelfand—Kirillov dimension GKdim A =

(This means that the integer-valued function i — dimy A; is bounded

by a polynomial in i of degree n.)

(11) If axP = ayP? holds in S, a,z,y € X, where p is the least common
multiple of the orders of all actions L, and R, x € X, thenx = y.

2) The monoid S satisfies conditions (4.4).

(13) The monoid S is cancellative.

(14) A is a domain.

Each of these conditions implies that A is an Artin—Schelter regular al-

gebra of global dimension n.

Proof: Note first that (X,r) satisfies cll and crl, by Proposition 4.4.
Moreover, |F(X,r)| = n. It is known that a finite square-free nonde-
generate symmetric set (X, r) satisfies all conditions (2) through (14) in
the theorem, so (1) implies all conditions (2) through (14). These im-
plications have been published in various works of the author, but one
can find them all in [18, Theorem 1.2]. The remaining implications with
references to the corresponding results are listed below:

(1) = (2) : Fact 4.2
(1) <= (3) : Theorem 3.16
(6) = (5) = (4) : Clear, see Section 2
4= (1) : Proposition 3.12
(M=) : Proposition 3.10, part (2)
(8) <= (9) : Easy to prove,

we leave it to the reader
9= (1) : Proposition 4.8
(10) <= (11) <= (13) < (1) : Proposition 5.4
(12) = (1) : by Lemma 4.9
(14) = (13) : Clear
(1) = (14) : see [24]. O

Artin—Schelter regular algebras were introduced and first studied in [2].
The study of Artin—Schelter regular algebras, their classification, and
finding new classes of such algebras is one of the basic problems in non-
commutative geometry.
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Corollary 5.6 (Characterization of noninvolutive square-free braided
sets). Let (X,r) be a square-free nondegenerate braided set of order | X| =
n and denote S(X,r), A= A(k,X,r), and A" as in Theorem 5.5. Sup-
pose 12 # idxx x. Then the following conditions hold:
(1) (X,r) does not satisfy condition lri.
(2) The algebra A is not Koszul.
(3) The set of quadratic relations R(r) is not a Gréobner basis with
respect to any enumeration of X.
(4) A is not a binomial skew polynomial ring with respect to any enu-
meration of X.
(5) 2n— 1 < dimy As < (") — 1.
(6) dimy A3 < (n;2)
(7) 0 < dimy Ag < (g) and Aé =0, whenever dimy Ay = 2n — 1.
(8) GKdim A < n.

(9) Suppose p is the least common multiple of the orders of all ac-
tions L, and R,, © € X. Then there exist pairwise distinct ele-
ments a,x,y € X such that ax? = ay? holds in S.

(10) There exist x,y € X such that x # y, and aP = yP holds in the
group G(X,r).

(11) There exist a,b,x,y € X such that x # y, © # a, y # b, and the
equality axx = byy holds in S.

(12) The monoid S=S(X,r) is not cancellative. In particular, S(X,r) is
not embedded in the group G(X,r).

(13) The algebra A is not a domain.

Remark 5.7. The lower bound 2|X| — 1 < dimy Ay is exact, whenever
|X| = p, p is a prime number. More precisely, a Dihedral quandle (X, )
of prime order | X| = p satisfies condition M; see Lemma 6.16.

6. Square-free braided sets (X, r) satisfying the
minimality condition

6.1. Square-free 2-cancellative quadratic sets (X, r) with min-
imality condition.

Definition 6.1. We say that a finite quadratic set (X,r) satisfies the
minimality condition M if

(6.1) M : dimy Ay = 2|X] — 1.

Example 6.2. Every square-free self distributive solution (X, ), corre-

sponding to a dihedral quandle of prime order |X| = p > 2, satisfies the
minimality condition M; see Corollary 6.18.
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Let (X, r) be a square-free nondegenerate quadratic set of order | X| =
n. Assume that (X,r) is 2-cancellative. Let S = S(X,r) be its graded
monoid, let A = A(k, X, r) be its graded k-algebra over a field k, and let
A' be the Koszul dual algebra. Consider the action of D3 (1) = & (r'2,72%)
on X3. The following useful remarks are straightforward.

Remark 6.3. The following are equivalent:

(1) Each D3(r)-orbit in X3 contains a word of the type xzy, z,y € X
(and ztt, z,t € X).
(2) Ay =0.

Remark 6.4. Let (X,r) be a square-free nondegenerate quadratic set
of order | X| = n. Assume that (X,r) is 2-cancellative. Suppose O is a
nontrivial 7-orbit in X? of order |O| = n. Then

(1) For every z € X there exists y € X such that zy € O.
(2) For every y € X there exists € X such that zy € O.

Proposition 6.5. Let (X,r) be a square-free nondegenerate quadratic
set of order | X| = n, say X = {x1,...,2,}. Write S = S(X,r), A =
A(k, X,r), and A" as before (e.g. Theorem 5.5). Assume that (X,r) is
2-cancellative. Let O;, 1 < i < q, be the set of all nontrivial r-orbits
in X2 (these are evactly the square-free r-orbits in X2).

(1) The following three conditions are equivalent:
(a) (X,r) satisfies the minimality condition M; see (6.1).
(b) Fach nontrivial orbit O; has order |O;| = n.
(¢) The algebra A has a finite presentation A = k(X)/(Ro), where
Ro is a set of exactly (n — 1)? quadratic square-free binomial
relations:

(6~2) Ry = {xmym — T1T4, Tin—1Yin—1 — T1T4, ..., Ti2Yi2 — T1T; \
2 <i<n},
where x;; # yij, 1 < 1,7 < n, and the following two conditions
hold for every 2 <1i < n:
(c1) ZinYin > Tin—1Yin—1 > -+ > TiYiz > Ti1Yi1 = T1T4;
(c2) there are equalities of sets
{zj12<j<n}=X\{m}, {yyl2<j<n}=X\{zi}

In this case, after a possible re-enumeration of the orbits, one
has

Oi = O(aﬁl‘l)
={z1z; == Ty < TioYiz < - <Tin—1Yin—1 < TinVin}, 2 <1< n.
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(2) Moreover, each of conditions (1)(a), (1)(b), (1)(c) implies that
(a) Ay = 0, and in particular X* does not contain square-free
Ds(r)-orbits.
(b) GKdim A < 2.

Proof: Recall first that for an arbitrary quadratic set (X, r) the number
of distinct words of length 2 in S is exactly the number of Dy (r)-orbits
in X2, so one has

dim Ay = |Ss| = #(Do-orbits in X?).

(1)(a) & (b) Suppose the minimality condition (6.1) holds. Then X2
splits into exactly 2n — 1 orbits. More precisely, there are n one element
orbits, which are the elements of the diagonal As and n — 1 square-free
orbit O;, 1 <14 < n—1. Due to 2-cancellativity one has |O;| < n. At the
same time one has:

U o

1<i<n—1

Therefore |O;| =n, forall 1 <i<n-—1.

Conversely, suppose each nontrivial orbit O has length n, and let ¢ be
the number of square-free orbits @. There are exactly (n — 1)n square-
free words in X2, each one contained in some O, so n(n — 1) = ng, and
therefore ¢ = n — 1. Thus, the total number of disjoint orbits in X? is
n+(n—1) =2n—1. It follows that |S2| = 2n — 1 and dimk Ay = |Ss| =
2n — 1, so the minimality condition M holds.

n-—n=

= Z |O;| < n(n—1).

1<i<n—1

(b) = (c) Suppose each nontrivial Dy (r)-orbit O; in X? has order |O;| =
n, 1 <i<n-—1. It follows from Remark 6.4 that for each 1 <i<n-1
there exists a unique x € X such that x1x € O;. We re-enumerate the
orbits (if necessary), so that z1z; € O;. Let 1 < i < n — 1. We order
lexicographically the n (distinct) words in O;:

O; = {ZinYin > Tin—1Yin—1 > -+ > TioYia > Ti1Yi1 =: L1254}

Each two monomials in O;, considered as elements of S, are equal. This
information is encoded by the set R; of exactly n — 1 reduced relations
determined by O;:

Ri: TinVin = T1245 Tin—1Yin—1 = T1T45 - . ., TioYi2 = T1T;.

As discussed in Section 3 the set of defining relations R(r) is equivalent
to the set of reduced relations
R=[JR;
i
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and the corresponding “algebra-type” relations are exactly the n(n —
1) reduced relations Rg given in (6.2). It follows from the properties of
the orbits O; that the relations in Rg satisfy all additional conditions in

part (c).

(¢) = (b) The set of relations Ry splits into n — 1 disjoint subsets R;,
1 < i< n-—1. Note that the properties of the relations given in part (c)
imply that (X, r) is 2-cancellative. It is clear that a relation a = b € R;
implies that a, b belong to the same orbit O in X2. We denote this orbit
by O; (one has z1z; € O;). One can also read off from the properties
of R; that O; has exactly n-elements. Note that the sets Ro(r) and Rg
generate the same two-sided ideal I of k(I), so we get A =2 k(X)/(Ro).
It follows from the theory of Grobner bases that the ideal I has unique
reduced Grobner basis GR(I) (w.r.t <). Moreover, Ry is a proper subset
of GR(I) (we assume n > 3) and all additional elements of GR(I) \ Ry
are homogeneous polynomials of degree > 3. Therefore, the set of normal
monomials of length 2:

No = {z110, T123, . .., m1wn f U{zim; | 1 < i <n}
projects to a k-basis of Ay = kSs, so this again implies dimy As = 2n—1.

(2) Suppose (X, r) satisfies the minimality condition M. It follows from
the argument in part (1) that the normal basis A/ of A satisfies

N C{a$al |2<i<n,a>0,8>0}

This implies that GKdim A < 2.

We shall prove that Ag = 0. By Remark 6.3 it will be enough to
show that each Ds(r)-orbit in X? contains a word of the type zxy,
z,y € X (and ztt, z,t € X). Let a,b,c € X. Without loss of generality,
we may assume that a # b and b # c. Clearly, be € O(bc) C X2,
and by Remark 6.4 the (square-free) orbit O(bc) contains an element of
the shape at, t € X, thus bc = at is an equality in S5, so abc = aat
holds in S3. This implies that the Ds-orbit O(abc) in X3 contains the
monomial aat. It follows then that there are no square-free orbits in X3,
hence A} = 0. O

Let (X, r) be a quadratic set. A subset Y C X is r-invariant if r(x,y) €
Y xY, Vz,y € Y. In this case the restriction (Y, 7y ), where ry := |y y
is a quadratic set. A quadratic set (X, r) is decomposable if X =Y U Z is
a decomposition into nonempty disjoint r-invariant subsets. Clearly, if
|Y| > 2, then the restriction (Y,ry) inherits from (X, r) properties like
nondegeneracy, 2-cancellativity, or being square-free.



780 T. GATEVA-IVANOVA

Definition 6.6. We call a quadratic set (X, ) (left) self distributive, or
SD for short, if it satisfies

SD: r(z,y) = ("y,x), Vr,yeX.

Lemma 6.7. Suppose (X,r) is a finite square-free nondegenerate qua-
dratic set which is 2-cancellative and satisfies the minimality condi-
tion M. Let |X| = n > 3. Then (X,r) is indecomposable. Moreover,
if (X,r) is a self distributive quadratic set, then for every x € X the
permutation L, has exactly one fixed point, so

Ly(x) =z, L (y)#y, Vr,yeX y#uz.

Proof: By Proposition 6.5 (X,r) satisfies the minimality conditions iff
the set of square-free words of length 2, X2\ Ay, splits into n— 1 disjoint
Do-orbits O;, 1 < i < n—1, each of which contains n distinct monomials.

We shall prove first that (X, r) is indecomposable. Suppose X = YUZ
is a decomposition into nonempty disjoint r-invariant subsets, say |Y| =
k>2,|Z| =s>1, k+s=mn. Therestriction (Y, ry) is a nondegenerate,
square-free, and 2-cancellative quadratic set of order k < n. Let z,y € Y,
x # y, then the Dy-orbit O(xy) in X? is contained entirely in Y2, and
by the 2-cancellativity of (Y,ry), |O(zy)| < k < n. At the same time
O(zy) is a Da-orbit in X2, so O(zy) = O; for some 1 <i < n—1, and
by Proposition 6.5 |O(zy)| = |O;] = n, a contradiction.

Suppose now that (X, ) is a self distributive quadratic set with mini-
mality condition. Let x,y € X, z # y. If we assume that £, (y) = y, then
r(zy) = yx and r?(zy) = r(yxr) = Yoy, hence (due to 2-cancellativity)
Yy = x. It follows that O(zy) = {zy,yx}, so |O(zy)| = 2 < n, in contra-
diction with Proposition 6.5. O

It follows from Corollary 6.18 that every square-free self distribu-
tive solution (X, r), corresponding to a dihedral quandle of prime order
|X| = p > 2, satisfies the minimality condition M. We do not know ex-
amples where (X, r) is a nondegenerate, square-free, and 2-cancellative
quadratic set of order n > 3 which satisfies the minimality condition M,
but (X, r) is not a solution of the YBE.

Example 6.24 gives a square-free braided set (X, r) which is indecom-
posable (and injective), but does not satisfy the minimality condition M.

Lemma 6.8. Suppose (X,r) is a square-free self distributive quadratic
set of finite order |X| < 5. If (X,r) is 2-cancellative and satisfies the
minimality condition M, then (X,r) is a braided set.
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More precisely, (up to isomorphism) either

(1) (X,r) is the quadratic set corresponding to the dihedral quandle of
order 3, or

(2) (X,r) is the quadratic set corresponding to the dihedral quandle of
order 5.

Sketch of the proof: Our assumptions imply that (X, ) is nondegener-
ate and L,(y) # y, Vo,y € X, x # y; see Lemma 6.7. The state-
ment is straightforward for |X| = 3. If |X| = 4, then, Vo € X, the
map L, = (y1 y2 y3) is a cycle of length 3. Then a single r-orbit of
length 4 determines each map £, uniquely, which in turn determines r
and all r-orbits in X2 uniquely. A combinatorial argument shows that
a 2-cancellative square-free quadratic set (X,r) with |X| = 4 and the
minimality condition does not exist. Assume |X| = 5. Then each map £,
is either of the shape (a) £, = (y1 y2 ys ya), a cycle of length 4, where
yi 2,1 <i<4,or(b) L, = (y1 y2)(ys ya), a product of disjoint trans-
positions where y; # x, 1 < ¢ < 4. Using a combinatorial argument one
shows that if some £, = (y1 y2 Y3 y4), then (X, r) is not 2-cancellative. It
follows that only case (b) is possible. Then using an argument similar
to the proof of Proposition 6.21 one shows that (X,r) is a braided set
isomorphic to the dihedral quandle of order 5. O

6.2. Some basics on indecomposable injective racks.

Lemma 6.9. Suppose (X,r) is an SD quadratic set.
(1) If (X, r) is 2-cancellative, then
(a) (X,r) is nondegenerate.
(b) Pz =z, Vz € X, so (X,r) is square-free.
(c)Vz=xe%y=y, z,ycX.
(2) (X,r) is involutive iff (X,r) is the trivial solution.
(3) (X,r) is a braided set iff the condition laut holds:

laut(z,y, 2) : “(Yz) = Y(%2), Va,y,z€ X.

Self distributive braided sets are closely related to racks. We recall
some basics on racks; see [1].

Definition 6.10 ([1]). A rack is a pair (X,>), where X is a nonempty
set and >: X x X — X is a map (a binary operation on X) such that
(R1) The map ¢;: X — X, ¢ — i >z is bijective for all ¢ € X, and
(R2) iv(jrk)=(i>j)> (i>k).

A quandle is a rack which also satisfies i > = 4, for all i € X.

A crossed set is a quandle such that j>¢ =4, whenever i>j = j.
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Remark 6.11. Suppose (X,r) is an SD quadratic set. Define >: X x
X — X as x>y := Ty. It is clear that (X,p) is a rack iff (X,r) is a
nondegenerate braided set. Moreover, (X,r) is a square-free braided set
iff (X,>) is a quandle.

Conversely, every rack (X,>) defines canonically a nondegenerate SD
braided set (X, ), where r(z,y) = (z>y,y). Moreover (X, r) is square-
free iff (X,>) is a quandle. It follows from Lemma 6.9 that every
rack (X,r) which is 2-cancellative is a quandle. Moreover (X,r) is a
crossed set.

To simplify notation and terminology, a self distributive nondegener-
ate braided set (X,r) will be referred to as a rack and if, in addition,
(X, r) is square-free, it will be also referred to as a quandle. Under this
convention we shall keep our usual notation and shall write “*y”, instead
of “x>y”. In this case there is an equality of maps:

r =Ly, VreX.

The inner group Inn(X) of a rack X is the subgroup of Sym(X)
generated by all permutations £, x € X. A rack (X, r) is faithful if the
map X — Inn(X),  — L, is injective. In fact, X is indecomposable if
and only if Inn(X) acts transitively on X.

Example 6.12 (Dihedral quandles). Let n be a positive integer. Over
the ring Z/nZ of integers mod n define x>y = 22 —y. This is a quandle
known as the dihedral quandle of order n. This is an Alexander quandle;
see for example [33]. If we assume that n is odd, we can identify the
elements of this quandle with the conjugacy class of involutions of D,
the dihedral group of order 2n. Classification of Alexander quandles of
prime order p can be found for example in [33]. These are particular cases
of affine racks. Let X be an abelian group and let g be an automorphism
of X. Then zvy = (1 — g)(x) + g(y) is a rack, an affine rack over X.

The following results are extracted from [25].

Fact 6.13. Suppose (X,r) is a finite SD braided set, and assume that
the corresponding rack (X,») is indecomposable. Then
(1) (X,) is faithful iff it is injective; see [25, Lemma 2.10].
Clearly, in this case the solution (X,r) is also injective.
(2) Suppose X ={x1,...,2,}. Then all permutations L;, i € X, have
the same order m. Moreover, the equalities xi" = x3" hold in Gx
for all 1 <i,5 <n; see [25, Lemma 2.18].
(3) For all x € X the permutation L, has exactly 1 + ko fized points,
where ko is the number of elements j € X such that O(1,j) has
2 elements; see [25, Lemma 2.25.3).
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Remark 6.14. Suppose that (X, r) is an indecomposable quandle of or-
der |X| > 3, and every nontrivial r-orbit O C X? has order 3 < |0] <
|X|. Then
(1) For every x € X the permutation £, has a unique fixed point,
namely x.
(2) Moreover, if £2 =id, Vz € X, then X has odd order | X| = 2k + 1.
In this case £, is a product of k disjoint transpositions.

6.3. Quandles with minimality condition M.

Corollary 6.15. Suppose (X,r) is a 2-cancellative SD braided set of
finite order n = |X| > 3, and assume that L2 = id Vz € X.

If (X,r) satisfies the minimality condition M (hence X is indecom-
posable), then

(1) X has odd order n =2k + 1, and
(2) each L., v € X, is a product of k disjoint transpositions.

The following result is well known to experts.

Lemma 6.16. If (X,r) is a dihedral quandle of prime order |X| = p,
then each nontrivial r-orbit O in X? has length ezactly p.

Proof: Let x,y € X, © # y. Then, by definition, r(z,y) = 2z — y, ).
One proves by induction that

r(@,y) = ((k +1)a — ky, kz — (k - 1)y).

But all maps 7" are bijections and (k+ 1)z — ky =  if and only if k = 0,
mod p, which implies that the 7-orbit O(z,y) in X? has size p. O

Recall that the dihedral quandles and the Alexander quandles are
well known for decades. A classification of Alexander quandles of prime
order p can be found for example in [33]. The particular proof of Lem-
ma 6.16 was kindly provided to us by Leandro Vendramin.

Definition 6.17. If (X, r) is a dihedral quandle of prime order | X| = p,
it is called an Alexander quandle. It can be identified with the set of
reflections of a regular p-gon (elements of the dihedral group Dsy,).

Corollary 6.18. Suppose that (X,r) is a square-free SD solution, cor-
responding to a dihedral quandle of order |X| = p > 2, where p is a
prime number. Then (X,r) satisfies the minimality condition M.

6.4. Concrete examples of quandles. We have applied our results
on square-free solutions (X, r) to find various examples as solutions on
the following natural problem.
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Problem 6.19. Consider the following data: (a) A set X of odd car-
dinality n = 2k + 1; (b) a cyclic permutation rg € Sym(X? \ Ay) of
order n

O: (llbl —r a2b2 —rg " T anbn —ro albl,

where a; # b;, 1 <19 <n, a; # aj, by # b;, whenever ¢ # j, 1 <4,j <n.
Find an extension 7: X x X — X x X of rg (equivalently, find all
maps L., x € X, explicitly), so that

(1) (X,r) is a 2-cancellative square-free SD quadratic set (we do not
assume (X, r) is a solution);
(2) £2 =1id,Vz € X.

Analyze the quadratic set obtained. In particular, decide (a) whether
this data determines an SD solution of the YBE? (b) If moreover, n
is a prime number and the quadratic set (X, r) satisfies the minimality
condition M, does this imply that (X, r) is a braided set?

Remark 6.20. In earlier versions of this paper Problem 6.19 was posed
for the case when (X, r) is a 2-cancellative square-free self distributive
braided set, with £2 = id; see [20, Problem 6.4.1]. Under the strong as-
sumption that (X, r) is an SD braided set this problem has been solved
in [9, Proposition 6.2]. It is interesting and more difficult to consider
Problem 6.19 in its present version; see also Problem 9.3 in Subsec-
tion 9.1.

We give some concrete examples. The first illustrates a solution of
Problem 6.19 on a quadratic set (X,r) of order 5.

Proposition 6.21. Let X be a set of order | X| = 5. To simplify notation
we set X = {1,2,3,4,5} as it is often used for racks. Suppose (X,r) is
a quadratic SD set, so r(z,y) = (*y,z), v,y € X, and L2 =id, Vx € X.
Suppose (r) has an orbit of length 5, say:

(6.3)  O(12): 54—, 35—, 23 —, 12—, 41 —», 54.

Then the following conditions hold:

(1) The orbit (6.3) determines the maps L;, 1 € X (and r) uniquely,
so that (X,r) is a nondegenerate 2-cancellative quadratic set with
minimality condition. In this case the left actions are:

Li=(24)(35), Lo=(13)(45), Ls=(25)(14),
L£,=(15)(23), L£5=(34)(12).

X2 splits into four r-orbits of length 5: O(14), 2 < i <5, and
five one-element orbits for the elements of the diagonal As.

(6.4)
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(2)

(6.5)

3)
(4)

Consider the degree-lezicographic ordering < on (X), induced by
the ordering 1 < 2 < 3 <4 <5 on X. The set of defining rela-
tions R(r) reduces (and is equivalent) to the following set of sizteen
quadratic relations:
R={54=12 41=12 35=12 23=12

53=14 45=14 32=14 21=14

52=15 43=15 31=15 24=15

51=13 42=13 34=13 25=13}.

Moreover, (X,r) is a braided set isomorphic to the dihedral quandle

of order 5. The solution (X, r) is also injective.

Let A = Ak, X,r) = k(X;R) 2 k(X)/(I) be the associated qua-

dratic algebra graded by length. The ideal I is generated by the set
Ro={u—v|u=veR} Ck(X).

It is not difficult to find that the reduced Grébner basis GB(Ry)
contains four additional relations:

GB(Ro) = Ro U {155 — 122, 144 — 122, 133 — 122, 1222 — 1112}.

It follows that A is standard finitely presented.

A is left and right Noetherian.

GKdim A = 1; A} = 0.

The monoid S is not cancellative, S satisfies the relations (6.5)
and the following relations derived from the Grobner basis GB(Ry)

155 =122, 144 =122, 133 =122, 1222 =1112.

The group G(X,r) satisfies the relations (6.5) which (only in the
group case) give rise to the following new relations in G:
55 =44 = 33 =22 =11.

We have deduced these relations straightforwardly from the Grébner
basis (without using the theory of racks). Of course, they agree with
Fact 6.13.

Sketch of the proof: Our assumption £2 = id, Vo € X, and (6.3) imply
that the permutations £;, 1 < ¢ < 5, are products of disjoint cycles of
the shape

f,l = (2 4)01, LQ = (1 3)0’2, £3 = (2 5)0‘3,
[/4 = (1 5)0‘4, £5 = (3 4)0’57

where for each 1 < i < 5, o; is either a transposition, or o; = idx.
However, we assume that (X, r) satisfies the minimality condition and
therefore by Lemma 6.7, L,(z) = z, L,.(y) # vy, Yo,y € X, y # .
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Therefore the maps £,,, x € X, are uniquely determined and satisfy (6.4).
Tt is not difficult to check that (X, ) is a braided set, isomorphic to the
dihedral quandle of order 5. One uses routine techniques of computation
with Grobner bases to verify the remaining properties of (X, r) listed
above. O

Corollary 6.22. Suppose (X,r) is a 2-cancellative SD quadratic set
of order |X| =5 and L2 = id, Vo € X. The following conditions are
equivalent:

(1) Lu(y) #y, Yo,y € X, £ y.

(2) (X,r) satisfies the minimality condition.

(3) (X,r) is a braided set.

(4) (X,r) is isomorphic to the dihedral quandle of order 5.

Example 6.23. Suppose (X,r) is an SD quadratic set of order 9. As-
sume that (£;)? = 1, V2 € X, and that the map r has a concrete orbit
of order 9, say:

O(98): 98 —», 79 —», 67 —», 56 —», 45

(6.6) — 34 —,. 23 —,. 12 —,. 81 —,. 98.

Then the orbit (6.6) determines the permutations £,, € X, uniquely,
so that (X, 7) is a nondegenerate 2-cancellative braided set with £2 = 1,
x € X. More precisely,

(1) (X,r) is a braided set iff the left actions satisfy

Lg=(16)(25)(34)(78), Ls=(19)(27)(36)(45),
Lr=(14)(23)(58)(69), Le=(12)(38)(49)(57),
L5 =(18)(29)(37)(46), Ls=(17)(26)(35)(89),
L3=(15)(24)(68)(97), Ly=(13)(48)(67)(59),
L1 =(28)(39)(56)(47).

(2) In this case the nontrivial r-orbits of X? are:

0(12), 0(13), O(15), O(16), O(18), O(19) six orbits of order 9,
0(14), O(41), O(36), O(63), O(29), O(92) six orbits of order 3.

Moreover, (X, r) decomposes as a union of three r-invariant subsets
X=X1UXoUX3, X;={1,47}, X>,={3,6,8}, X3={2,59},
and r induces maps
X1 X Xg— X3x X — Xox X3 — X7 x Xo.

Each (X;,7;), 1 < i < 3, is an SD solution whose quandle is iso-
morphic to the dihedral quandle of order 3.
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Next we give an example of an indecomposable square-free so-
lution (X, r) of order | X| = 4 which fails to satisfy the minimality con-
dition M.

Example 6.24. Suppose (X,r) is a square-free quadratic SD set of
order | X| = 4, so r(z,y) = (*y,z). We again simplify notation setting
X = {1,2,3,4}. Suppose L4 is not involutive and (r) has an orbit of
length 3, say:

(6.7) O(24): 43 —», 24 —, 32 —, 43.

The orbit (6.7) determines the maps £;, i € X (and r) uniquely, so
that (X, r) is a 2-cancellative solution. More precisely,

(1) (X,r) is a braided set iff the left actions are:

Ly=(234), Ly=(143),
L3=(124), L4=(132).

(2) In this case X? has four r-orbits of length 3 (it is easy to write
them explicitly), and four one-element orbits for the elements
of diag(X?).

(3) We consider the degree-lexicographic ordering < on (X) induced by

the ordering 1 < 2 < 3 < 4 on X. The set of defining relations :(r)

reduces (and is equivalent) to the following set of eight quadratic
relations:
R={43=24 32=24 42=14 21=14
41=13 34=13 31=12 23=12}.

(4) Let A= A(k, X,r) = k(X;R) 2 k(X)/(I) be the associated qua-
dratic algebra graded by length. The ideal I is generated by the
set

(6.8)

Ro={u—v|u=veR} Ck(X).
It is not difficult to show that the reduced Grobner basis GB(Ry)
contains four additional relations:
GB(Ro) = Ro U {244 — 133, 224 — 122, 1444 — 1222, 1333 — 1222}.

It follows that A is standard finitely presented.
(5) The set N of normal (mod I) monomials, which projects to a k-
basis of A satisfies:

N D X U{12,13,14,24} U {112,113,114,122,124, 133,144}
uf{1k2m™ k>1,m>3}u{z" |z e X, k> 2}.

(6) dimy Ay =8 > 2|X| — 1.
(7) GK dimA = 2.
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(8) (X,r) is indecomposable and injective, but (X, r) does not satisfy
the minimality condition M.

(9) The monoid S satisfies the relations (6.8) and also the following
relations derived from the Grobner basis

244 =133, 224 =122, 1444 =1222, 1333 = 1222.

In particular S is 3-cancellative, but S is not cancellative.

(10) The group G(X,r) satisfies the relations (6.8) which (only in the
group case) give rise to the following new relations in G: 444 =
333 =222 =111.

7. A class of special extensions

Remark 7.1. Let (X,r) be a quadratic set. A permutation 7 € Sym(X)
is an automorphism of (X,r) (or an r-automorphism for short) if (7 x
T)or =ro (7 x 7). The group of r-automorphisms of (X,r) is denoted
by Aut(X,r).

In the hypothesis of the following theorem (X,rx), (Y,ry) are most
general disjoint braided sets. No restrictions like nondegeneracy or 2-can-
cellativeness are imposed.

Theorem 7.2. Let (X,rx) and (Y,ry) be disjoint braided sets and let
Z =XUY. Suppose o0 € Sym(X), o # 1, 7 € Sym(Y), 7 # 1. Define a
bijective map r: Z X Z — Z X Z as follows
r(y,z) = (o(2),7(y)); rlz,y) = (7(y),0(x)), VereX yeY.
r(r1,x2) = rx(x1,22), Vai,ze € X,
Ty, y2) =ry(y1,y2), Yy, y2 €Y.

Then (Z,r) is a quadratic set which satisfies the following conditions:

(1) (Z,r) is nondegenerate iff both (X,rx) and (Y,ry) are nondegen-
erate.
(2) (Z,r) is 2-cancellative iff
(a) both (X,rx) and (Y,ry) are 2-cancellative, and
(b) the maps o and T (considered as permutations) are products
of disjoint cycles of the same length q. Clearly, in this case
o] = |7l = ¢.
(3) Suppose conditions (2) are satisfied. For each pair x € X, y €Y,
consider the r-orbit O(zy) = {r*(zy) | k > 0} in Z2.
(a) Ifqis even, g = 2m, then |O(zy)| = q. In this case the order |r|
of the map r is the least common multiple of the three orders,
lem(|rx|, |ry], q)-
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(b) If q is odd, ¢ = 2m + 1, then |O(zy)| = 2q. In this case the
order |r| of r is the least common multiple lem(|rx/|, |ry|,2q).

(4) The quadratic set (Z,r) is a regular extension of (X,rx) and
(Y,ry), in the sense of [22] if and only if 0> = 72 = 1. More-
over, (Z,r) is involutive iff
(a) o2 =72=1, and

b) (X,rx) and (Y,ry) are involutive.

(
(5) (Z,r) obeys the YBE if and only if the following conditions hold:
(a) o0 € Aut(X,rx) and 7 € Aut(Y, ry).

(b) The left and the right actions satisfy the following conditions.

,CO.Q(Z.) =L, RO'2(J,') =R, hold in (X,Tx), Ve e X,

(71) ,CTz(y) = ,Cy, RT2(y) = Ry hold in (Yv, Ty), Yy €Y.

In this case (Z,r) = (X, rx)i*(Y,ry) is a generalized strong twisted

union of X and Y ; see Definition 8.8.
Proof: Parts (1), (2), (3), and (4) are easy, and we leave their proof
to the reader. We shall prove part (5). Assume (Z,r) obeys the YBE.
We shall prove conditions (a) and (b). Consider diagram (7.2), where
a €Y, y,z € X. This diagram contains elements of the orbit of the
monomial ayz € Z3 under the action of the group D3(r). All monomials
occurring in this orbit are equal elements of S

ayz ri2 rlay)z = (“ya¥)z = o(y)7(a)z
ar(yz) = a(Y2y°) (a(y)r(r(a)z)=(a(y))(o(2))7*(cx)
(7'2) 12 T12
r(a(Yz))y” = o(Y2)T(a)y* (“Wo(2))(0(y) ) ()
o("2)o(y") 7 (@)
Therefore,
r121237T12(QY2) = ro3r12T23(QY2), VaeY, y,ze X,

< (o xo)orx(yz) =rxo(ocxo)(yz), Vy,ze€X,

= 0 € Aut(X,rx).
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Similarly, a diagram starting with an arbitrary monomial of the
shape zaf, where x € X, a, 8 € Y, shows that

r1are3ri2(xaB) = razriaras(zaf), Vre X, a,B€Y,
<~ (rx7)ory(af) =ryo(r x7)(af), Va,B€Y,
7 Aut(Y,ry).

We have proven (a). Next we shall prove (7.1). Consider the following
diagram:

Tay 1 T(a)o(x)y
x(::;)f(a) T(a)("(’”g;:a(x)y)
””U(yr):"(y)T(a) U((”(g”’y))g(z)(o(x)y)
””U(y)::a)a(x”(y))

The following implication holds:
r12793T12(TQY) =Togriaras(Tay), Vr,ye X, aey,
o ((“@y))=%(o(y)) and o(z"W))=0(z)¥, Vaz,ycX.
But o € Aut(X,rx), so it follows from (7.3) that
(o) = o(("y) = " Do(y) = T D(o(y), VeyeX.
The map o: X — X is bijective, hence
(@*(@) , = Tz, Vx,z€e X,
which is equivalent to
Ly2(z) = Ly holds in (X,rx), VrelX.
Similarly, the equalities
(0(2)) W) =0 (a") = (o(x))", Va,ye€X,
are equivalent to
Ro2(y) = Ry holds in (X,rx), VyeX.

This proves the first two equalities in (7.1). An analogous argument
proves the remaining equalities in (7.1). We have shown that if (Z,r)
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obeys the YBE, then conditions (a) and (b) hold. Conversely, assume
that conditions (a) and (b) are satisfied. The above discussion implies
easily that (Z,r) is a solution of the YBE. This proves part (5).

It is clear that our construction gives a particular case of a generalized
strong twisted union (Z,r) = (X,rx) * (Y, ry); see Definition 8.8. [

One may apply the results of Theorem 8.13 and get more information
on the braided monoid S(Z,r) and the braided group G(Z,r).

To construct concrete extensions via automorphisms, and also for
some kind of classification of this type of extensions, it may be prac-
tical to use results from [10].

Clearly, if (X,r) is a trivial solution, then Aut(X,r)=Sym(X) and
for every o € Sym(X) there is an equality L,2(,) = £, = idx. Hence
we have at our disposal an easy method to construct nondegenerate
2-cancellative square-free braided sets (Z,r), Z = X UY, where the
order of the map r may vary as 2 < |r| < |Z|.

Corollary 7.3. Let (X,rx) and (Y,ry) be disjoint trivial symmetric
sets. Suppose that | X| = m, |Y| = n, and that m < n. Let Z = X U
Y. Suppose 0 € Sym(X), T€Sym(Y). Definer: ZxZ — ZxZ as follows

r(xy,x2) == rx(x1,22) = (22, 21), V1,29 € X,
T(y1,v2) =1y (Y1, ¥2) = (Y2, 91),  Vy1,52 €Y,
r(x,y) = (T(y),O'(I')), T(yvx) = (CT(JS‘),T(y)), Vr € X, RS Y.

(1) (Z,r) is a nondegenerate square-free braided set.

(2) Moreover, (Z,r) is 2-cancellative iff the permutations o and T are
products of disjoint cycles of the same length ¢ < m. In particular,
|o| = |7| = q. In this case, either
(a) q is even and |r| = q, or
(b) q is odd and |r| = 2q.

Example 7.4. Let X = {z1,22,23}, Y = {y1,y2,y3} be disjoint sets
and let (X,rx), (Y,ry) be trivial solutions. Set o = (1 3 x3) €
Sym(X), 7=(y1 y2 y3) € Sym(Y). Define r: Z x Z — Z x Z as follows
r(y,x) = (0(1’),7‘(y))7 r(m,y) = (T(y)va(‘r))v Vee X, yeY;
T(-’L‘i,ﬂfj) = ($j7$i)a r(yiayj) = (yj7y2)7 1 S 17] S 3.
Then (Z,r) is a nondegenerate square-free braided set of order |Z| = 6
and Z = X g* Y. We also have that (Z,r) is 2-cancellative and the
order of r is |r| = 6 = |Z|. The algebra A = A(k, Z, r) satisfies dim Ay =
2(3;1) +3 = 15. A more detailed computation shows that the associated
graded algebra A does not have a finite Grobner basis with respect to
any ordering of Z.
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8. The braided monoid S(X,r) and extensions of
solutions

8.1. The braided monoid S(X,r) of a braided set (X, ). In [22]
we introduced the notion of a braided monoid analogously to the term
braided group in the sense of [40, 29]. We recall some definitions and
results from [22].

To each braided set (X,r) with § = S(X,r) we associate a matched
pair (S, S) with left and right actions uniquely determined by r, which
defines a unique braided monoid (S,rg) associated with (X, ). This is
not a surprise given the analogous results for the group G(X, r) (see [29]),
but our approach is necessarily different. In fact we first construct the
matched pair of monoids which is a self-contained result and then con-
sider the map rg: S x S — S x S; see [22, Theorem 3.6]. We prove
(see [22, Theorem 3.14]) that rg is bijective and obeys the YBE (as
would be true in the group case). Moreover, we show that (S,rg) is a
graded braided monoid.

The reader should be aware that due to the possible lack of cancel-
lation in S the proofs of our results for monoids are difficult and nec-
essarily involve different computations and combinatorial arguments. In
general, the results can not be extracted from the already known results
for the group case. Nevertheless, the monoid case is the one naturally
arising in this context. Both the monoid S(X,r) and the quadratic alge-
bra A = A(k, X,r) over a field k are of particular interest. The theory
of general braided monoids (S,rg) gives interesting classes of braided
objects. However it seems that the approach to these is different and
more difficult from the approach to braided groups (equivalently, skew
braces). We recall some basic definitions.

Definition 8.1 ([22]). The pair (S,T) is a matched pair of monoids if
T acts from the left on S by (Je and S acts on T' from the right by e()
and these two actions obey

MLO:%1=1, 'wu=w, MRO:1%=1, a'=aq,

ML1 : (@), = o(by), MRI1 : o) = (a%)?,

ML2 : “(u.v) = (“u)(““v), MR2: (a.b)" = (a’*)(b%),
forall a,b € T, u,v € S.

Definition 8.2 ([22]). An M3-monoid is a monoid S forming part of a
matched pair (S, S) for which the actions are such that

M3 : “vu’ = uwv
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holds in S for all u,v € S. We define the associated map rs: S x S —
SxS by rg(u,v) = (“v,u”). A braided monoid is an M3-monoid S where
rg is bijective and obeys the YBE.

Fact 8.3 ([22, Theorems 3.6 and 3.14]). Let (X,r) be a braided set and
S = S(X,r) the associated monoid. Then

(1) The left and the right actions ( Je: X x X — X and el ): X x X —
X defined via r can be extended in a unique way to a left and a
right action

(e: SxS—S and o ):5x85—8,

which make S a strong graded M3-monoid. In particular, (S,rg) is

a set-theoretic solution of the YBE. The associated bijective map rg

restricts to r.

(2) Moreover, the following conditions hold:

(a) (S,rs) is a graded braided monoid, that is, the actions agree
with the grading of S: |*u| = |u| = |u®|, for all a,u € S.

(b) (S,rs) is a nondegenerate solution of the YBE ift (X,r) is
nondegenerate.

(c) (S,rs) is involutive iff (X,r) is involutive.

Suppose (X, r) is a noninvolutive solution. The set X is always em-
bedded in the braided monoid (S,rg). Moreover, in contrast with the
group G(X, ), the monoid S preserves more detailed information about
the solution (X, r). In particular, there is an equality « = v in S if and
only if |u| = |v] = m and u and v are in the same D,, (r)-orbit in X™. In
general, this is not true in G(X,r), where a great portion of information
about (X, r) is lost.

Corollary 8.4. Suppose (X,r) is a self distributive braided set, S =
S(X,r), and G = G(X,r). Then

(1) The braided monoid (S,rs) is a self distributive solution.
(2) The braided group (G,rg) is self distributive.

8.2. General extensions of braided sets.

Definition 8.5. Let (X,rx) and (Y, ry) be disjoint quadratic sets. Let
(Z,r) be a set with a bijection r: Z x Z — Z x Z. We say that (Z,r)
is a (general) extension of (X,rx), (Y,ry)if Z = X UY as sets and
r extends the maps rx and ry, i.e. rx2 = rx and rjy: = ry. Clearly,

in this case X, Y are r-invariant subsets of Z. We have that (Z,r) is a
YB-extension of (X,rx) and (Y,ry) if r obeys the YBE.
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Remark 8.6. In the assumption of the above definition, suppose (Z, )
is a nondegenerate extension of (X,rx), (Y,ry). Then the equalities
r(z,y) = (*y,zY), r(y,x) = (Yo, y”) and the nondegeneracy of r, rx, ry
imply that

Yr,zv € X and *y,y* €Y, forallze X, yeY.
Therefore, r induces bijective maps

prY xX —XxY and o: X xY —Y xX|
and left and right “actions”
(8.1) Ye: Y x X — X, o%:Y x X — Y, projected from p,
(8.2) Xe: X xY — Y, o :XxY — X, projected from o.

Clearly, the 4-tuple of maps (rx,ry,p,o) uniquely determine the ex-
tension r. The map r is also uniquely determined by rx, ry, and the
maps (8.1), (8.2).

We call the actions (8.1) and (8.2) projected from 7y, x and 7 xxy
the associated ground actions.

Lemma 8.7. Suppose (Z,r) is a nondegenerate braided set which splits
as a disjoint union Z = X UY of two r-invariant subsets X and Y.
Denote by (X,r1) and (Y,r2) the induced sub-solutions. The following
conditions hold:

(1) The assignment o — “e = L, x evtends to a left action of the
associated monoid Sy on X and induces a left action of Gy on X.
The assignment o — % = Ry x extends to a right action of the
associated monoid Sy on X and induces a right action of Gy on X.

(2) The assignment v — “e = Ly extends to a left action of the
associated monoid Sx on'Y and induces a left action of Gx on'Y.
The assignment © — % = Ry extends to a right action of the
associated monoid Sx on'Y and induces a right action of Sx on'Y.

(3) Moreover, if the braided set (Z,r) is injective (that is, the natural
map Z — Gz is an embedding), then each of the assignments
in part (1) extends to an action of Gy on X, and each of the
assignments in part (2) extends to an action of Gx on'Y.

Recall that in [22] a (general) extension (Z,r) of (X,rx), (Y,ry) is
called a regular extension of (X, rx) and (Y, ry) if r is bijective, and the
restrictions 7|y« x and 7 x xy satisfy

(rom)yxx =idjyxx, (ror)xxy =idxxy,
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but r is not necessarily involutive on X x X, neither on Y x Y. Regular
extensions of arbitrary braided sets were introduced and studied in [22],
where the theory of matched pairs of monoids was applied to character-
ize regular extensions and their monoids. A regular extension (Z,r) of
two involutive solutions is also involutive. The extensions constructed in
Section 7 are not regular.

In this paper we have a particular interest in noninvolutive nonde-
generate braided sets (Z,r), and it is natural to search for methods
proposing constructions of new solutions using already known braided
sets. We have shown in Section 7 (see Theorem 7.2) that one can con-
struct new noninvolutive solutions (Z,r) with a prescribed orders |Z]
and |r| using general (nonregular) extensions of well-known involutive
solutions. So it is natural to study general extensions (Z,r), possibly
not reqular (in the sense of [22]). In notation and assumptions as above,
let (Z,r) be a nondegenerate braided set which is an extension of the dis-
joint braided sets (X,rx), (Y,ry). Denote S = S(X,rx), T = S(Y,ry),
U = S(Z,r). It follows from Fact 8.3 that U = S(Z,r) has the struc-
ture of a graded braided monoid (U,ry) with a braiding operator 7
extending r. Moreover, (U,ry) is an extension of the disjoint braided
monoids (S, rg) and (T,rr), and one can apply the theory of matched
pairs of monoids to give more detailed description of the behaviour of
the matched pairs (S,T), (T,S), (U,U), etc, in the spirit of the results
n [22]. We propose an explicit construction: generalized strong twisted
unions of braided sets.

8.3. Generalized strong twisted unions of nondegenerate
braided sets. Theorem 7.2 gives a method to construct a new type
of extensions of braided sets. The properties of these extensions moti-
vate our Definition 8.8 of generalized strong twisted unions of solutions
which is a generalization of the notion of a strong twisted union of solu-
tions; see [22, Definition 5.1]. According the old definition, the notion of
a strong twisted union is restricted only to regular extensions. Note that
a strong twisted union (Z,r) of solutions (X,ry) and (Y,ry) does not
necessarily obey the YBE, but if (Z,7) = X 1Y is (a regular) extension
of symmetric sets and obeys the YBE, then (Z,r) is also a symmetric
set (r2 =1).

In our new setting, if (X,rx) and (Y, ry) are symmetric (or braided)
sets with |X| > 2, |Y| > 2, we construct extensions (Z,r) which are
braided sets (satisfy the YBE), but the solution r» may have order > 2;
see for example Section 7 and the results therein.
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Definition 8.8. Suppose (X, rx) and (Y, ry) are disjoint quadratic sets.
We call an extension (Z,r) a generalized strong twisted union of (X,rx)
and (Y,ry), and write Z = X i* Y, if the ground actions satisfy

[e3

Y Y
stul : “ & =%, stu2:z * =z,

(8.3)

B B
stud: ¥ a="a, stud:a”®

= am,
forall z,y € X, o, €Y.

We define a generalized strong twisted union of more than two qua-
dratic sets analogously to [21, Definition 3.5]. Let (Z,r) be a nonde-
generate quadratic set of arbitrary cardinality, let X;, ¢ € I, be a set
of pairwise disjoint r-invariant proper subsets of Z, where I is a set
of indices, |I| > 2. We say that (Z,r) is a generalized strong twisted
union of X;, i € I, and write Z = i, X, if Z = [J;c; X; and for each
pair i,j € I, 7 # j, the r-invariant subset X;; = X; U X is a generalized
strong twisted union, X;; = X; 1" X;. In the particular case when I is a
finite set, say I = {1 < i < m}, we write X = X3 f* Xop* - - 1* X,

Lemma 8.9. Suppose (X,r) is an SD nondegenerate braided set, i.e.
r(z,y) = (*y,z), Yo,y € X (so (X,») is a rack). If (X,r) decomposes
as a union of disjoint r-invariant subsets X = J,c;<,, Xi, then X is
a generalized strong twisted union of racks, X = X1 ¥ Xo b* -+ 1* X,n,
where for 1 < i <m, (X;,r;) is the corresponding subsolution.

Lemma 8.10. Let (Z,r) be a nondegenerate quadratic set which splits
as a disjoint union Z = X UY of its r-invariant subsets (X,rx), (Y,ry),
so Z is an extension of X and Y. Suppose x,y € X, a € Y. Each two
of the following conditions imply the third:

(1) Ula,y,a): *(Va) ="4(""=),

(2) laut(a,y,x) : “(Yx) = Y(“x),
(3) stul(a,y,z): 'z =z

Let (Z,r) be a nondegenerate braided set which splits as a disjoint
union Z = X UY of two r-invariant subsets X and Y, and let Gz =
G(Z,r). Denote by (X,rx) and (Y,ry) the induced subsolutions. Due
to the nondegeneracy of r, each of the sets X and Y is invariant under
the left action of Gz on Z. Similarly, X and Y are invariant under the
right action of Gz on Z. (We call such sets G-invariant.) Let & € Y and
let L, be the corresponding left action on Z. Denote by L, x, a € Y,
the restriction of £, on X. The restrictions Ry|x, L)y, and R,y are
defined analogously for z € X and a € Y.
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Proposition 8.11. Suppose (Z,r) is a nondegenerate braided set which
splits as a disjoint union Z = X UY of two r-invariant subsets X andY .
Denote by (X,r1) and (Y,r2) the induced subsolutions. The following
conditions hold.

(1) Lojx € Aut(X, 1) if and only if

(V) ="Y(%z) and *(z¥) = (“2)"Y, Vz,ye X.
(2) Rax € Aut(X,r1) if and only if

(V)® = W (2%) and (2¥)* = (), Vr,ye X.
(3) The following implications hold

stul - ' z="z, YacY, z,yc X < Lox €Aut(X,r1), Yacy,
stu2:x'“=z% YaeY, z,yc X <= Rajx €Aut(X,r1), Vaey,
stud : ’”Ba:‘”a, VeeX, a,BeY <= Ly €Aut(Y,r), VreX,
stud : a%:a”, VeeX, a,BeY <= R,y €Aut(Y,rp), VreX.

(8.4)

Proof: (1) By definition, L, x € Aut(X,rx) iff
(‘CQ\X X ‘Coc|X) or=ro (£a|X X ‘Ca\X)a

so part (1) follows straightforwardly from the equalities in X2 given
below:

(Lajx X Lajx o7)(@,y) = (*("y), (=),

ro (Lapx % Lapx)(@,y) = (("y), (“2)Y), aeY zyeX.
Part (2) is analogous.
(3) We shall prove the first implication
(8.5) stul : *z="z, VaecY, z,y € X < Lo x €Aut(X,r), Vaey.

Recall first that the braided set (Z,r) satisfies conditions 11, 1r3; see
Remark 2.2.

stul = L, x € Aut(X,r1). Assume stul holds in Z. This is condition (3)
of Lemma 8.10. Note that (Z,r) satisfies 11, and therefore condition (1)
in Lemma 8.10 is also satisfied. Hence, by Lemma 8.10 the remaining
condition (2) also holds. This gives

“(Vr)="Y("z), YacVY,z,yeX.
We shall prove
(8.6) V) = (“2)"Y), VYaeV, zyeX.
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We use Ir3 and stul to deduce the following equalities:

(al‘)(a v) — (azy)(scy) : by 1r3,

(@ ") (z¥) =2(z¥)  : by stul,

("‘z)(a v = (O‘x)(ay) : by stul,
which imply (8.6). Hence L, x € Aut(X,r), Va €Y.

Ly x € Aut(X,r1) = stul. Suppose L, x € Aut(X,r1), so by part (1)
of our proposition

o

(Yx) = Y("x), Vr,yeX,

which is exactly condition (2) of Lemma 8.10. Condition (1) of Lem-
ma 8.10 holds (this is 11), and therefore the remaining condition (3) of
Lemma 8.10 is also satisfied, but this is exactly stul. We have proven
the equivalence (8.5). An analogous argument proves the remaining three
equivalences in (8.4). O

Lemma 8.7 and Proposition 8.11 imply straightforwardly the follow-
ing.

Corollary 8.12. Suppose (Z,r) is a nondegenerate injective braided set
which splits as a disjoint union Z = X UY of its r-invariant subsets X
and Y. Let (X,r1) and (Y,r2) be the induced subsolutions (so (X,r1)
and (Y,re) are also injective). Then (Z,r) = X §* Y is a generalized
strong twisted union if and only if the following four conditions hold:
(1) The assignment x — ,Cx|y extends to a group homomorphism
£X|yl Gx — Aut(Y, Ty).
(2) The assignment © — Ry extends to a group homomorphism
Rx‘y: Gx — Aut(Y, Ty).
(3) The assignment o — Ly x extends to a group homomorphism
£Y|X : Gy — Aut(X, ’I“).
(4) The assignment o — Ry x extends to a group homomorphism
Ry‘X : GY — Aut(X, T‘).
Theorem 8.13. Suppose (Z,r) is a nondegenerate 2-cancellative braided
set which splits as a generalized strong twisted union Z = X §* Y of its
r-invariant subsets X andY . Let (X,rx) and (Y,ry) be the induced sub-
solutions, S = S(X,rx), T =S(Y,ry), U = S(Z,r) in usual notation.

Let (S,rs), (T,rr), (U,ry) be the corresponding braided monoids; see
Fact 8.83. Then the following conditions hold:
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(1) The braided monoid (U,ry) has a canonical structure of a gener-
alized strong twisted union

(U7 TU) = (Sv TS') h* (T» TT)7

extending the ground actions of the generalized strong twisted union
Z=XgY.

(2) Let (Gz,ra,) be the associated braided group. Suppose furthermore
that (Z,r) is injective, so X and'Y are also embedded in Gz, and
let G1 and Gy be the subgroups of Gz generated by X and Y,
respectively. Then G1 and G2 are rg,-invariant and the braided
group (Gz,rc,) has a canonical structure of a generalized strong
twisted union

(Gz,ra,) = (G1,71) 0" (Ga,72),

where 11 is the restriction of rq, on G1 x Gy and rq is the restric-
tion of ra, on G2 x Ga.

Proof: (1) It follows from Fact 8.3 that U = S(Z,rz) has the structure
of a graded braided monoid (U, ry) with a braiding operator ry extend-
ing r. Moreover (U,ry) is a (general) extension of the disjoint braided
monoids (S,rg) and (T, rr). We have to show that the four stu condi-
tions are satisfied; see (8.3). We shall use induction on lengths of words
to prove

(8.7) stul : “'a = Ya, YueT, abeS.

Step 1: First we prove (8.7) foralla € S, b=y € X, u=a €Y by
induction on the length |a| of a. Condition stul on Z gives the base for
the induction. Assume (8.7) is true for allu € Y, b€ X, and all a € S
with |a| < n. Suppose a € S, |a|=n+1,u=a€Y,b=y € X. Then
a = tc, where ¢ € S, |¢] = n, t € X, and the following equalities hold
in U:
a="2"(tc) = (“"t)(@)'¢: by ML2
(8.8) = (*t)(®)¢ . by stul and TH

= (*t)(*¢) : by stul and IH,

ay

where TH is the inductive assumption. Also:

g = %(tc) = (“t)(®)e: by ML2

(8.9) = (“t)(*c) : by stul and IH.

Equalities (8.8) and (8.9) imply ®’a = ®a, and therefore
(8.10) “a=%, YaeS VyeX, acy.
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Step 2: We use induction on the length |u| of u € T to prove
(8.11) wo =g, VaeS,ueT, yeX.

Condition (8.10) gives the base for the induction. Assume (8.11) holds
foralla € S,y € X, and all uw € T with |u| < n. Let a € S, y € X,
and u € T, |[ul =n+1. Then u = av, v € T, |v| =n, a € Y, and the
following equalities hold in U:

Wy = (@) g = (@")g . by MR2

= (@) g)
=“*(Ya) : by stul and IH
= (Ot’U)a = ua.

This proves (8.11).

Step 3: Finally, we prove (8.7) for all a,b € S, u € T, by induction on
the length |b| of b. The base of the induction is given by (8.11). Assume
(8.7) holds for all b € S with |b] <n. Let b=cy,c€ S, |¢| =n,y € X.
We have:

b

b, — (W), — (u),

= (g : since u® € T and by IH
="a : by IH.

The remaining stu conditions (see (8.3)) are proven by a similar argu-
ment. We have proven part (1).

Each of the parts (1) and (2) should be proved separately, although
we use similar arguments since, in general, the braided monoids U, S,
and T are not embedded in the corresponding braided groups.

Sketch of proof of (2): Note that every element a € G can be presented
as a monomial

(8.12) a=C0G (¢ GEZUZT

By convention we consider a reduced form of a, that is, a presenta-
tion (8.12) with minimal length n. Bearing this in mind, we prove (8.3)
in Gz using an argument similar to our argument for monoids, but at
each step we use induction on the length n of the reduced form of the
corresponding words a, u, b. O

Corollary 8.14. Retaining the notation of Theorem 8.13, suppose (Z,r)
is a 2-cancellative SD braided set (that is, (X,>) is a rack), which de-
composes as a union of disjoint r-invariant subsets Z = X UY . Then Z
18 a generalized strong twisted union of racks Z = X §*Y. Moreover,
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(1) The braided monoids (U,ry), (S,rs), (T,rr) are self distributive
and U is a generalized strong twisted union

(U, TU) = (S, Ts) h* (T, TT).
(2) Let (Gz,ray,) be the associated braided group and suppose (Z,r) is
injective, so X andY are also embedded in Gz. Let Gy and G be
the subgroups of Gz generated by X and Y, respectively. Then G
and Gy are g, -invariant and the braided group (Gz,rq,) has a
canonical structure of a generalized strong twisted union

(Gz,ra,) = (G1,71) 0" (Ga,72),
where 11 is the restriction of rq, on G1 X Gy and rq is the restric-
tion of ra, on G2 x Ga.

8.4. “Local” conditions sufficient for a generalized strong twisted
unions of nondegenerate braided sets to be also a braided set.

Definition 8.15 ([22]). Given a quadratic set (X,r) we extend the
actions “e and e” on X to left and right actions on X x X as follows.
For z,y,z € X we define:

(y,2z) == (‘”yfyz) and (z,y)° = (xyz7yz).

The map r is called, respectively, left and right invariant if

12: 7("(y,2)) = “(r(y,2)), 12: r((2,9)*) = (r(z,y))°
hold for all z,y,z € Z.

Conditions 12 and r2 give a more compact way to express 11, rl, Ir3,
since the following implications hold:

12 <= 11,1r3; 12 <= rl,Ir3.

Remark 8.16 ([22]). Let (X,r) be a quadratic set. Then the following
three conditions are equivalent:

(a) (X,r) is a braided set.
(b) (X,r) satisfies 11 and r2.
(¢) (X,r) satisfies r1 and 12.

Notation 8.17 ([22]). When we study extensions it is convenient to
have a “local” notation for some of our conditions, in which the specific
elements for which the condition is being imposed will be explicitly in-
dicated in lexicographical order of first appearance. Thus for example
11(z,y, z) means the condition as written in Remark 2.2 for the specific
elements z, y, z. Similarly r2(z,y, z) has the same meaning for the
elements x, y, z exactly as appearing as in Definition 8.15.
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In this section we consider triples in the set Z3 such as, for example

za(wa

(z, o, y) :

(My) = y), a,x,y€ .

Finally, we use this notation to specify the restrictions of any of our
conditions to subsets of interest. For example

(XY, X) = {ll(z,a,y), Ve,y € X, « € Y}
12(X,Y, X) := (r(z, o)’ =r((z,a)?),Vz,y € X, a € Y.

The following result gives a necessary and sufficient condition so
that a (general) quadratic set which is a generalized strong twisted
union (Z,r) = (X,r1) t* (Y,r2) of two disjoint braided sets is also a
braided set.

Proposition 8.18. Suppose a nondegenerate and injective quadratic
set (Z,r) is a generalized strong twisted union of two disjoint 2-can-
cellative braided sets (X,rx) and (Y,ry). Then (Z,r) obeys the YBE iff
the following hold:

(1) Conditions (1) through (4) in Corollary 8.12 are satisfied.
(2) The actions satisfy the following four mixed conditions

(8.13)  U(X,Y,X), r2X,Y,X), UY,X,Y), r2Y,X,Y).

Proof: The proof is routine and an experienced reader may skip it.

Assume (Z,1) obeys the YBE. Then, by Remark 8.16, conditions 11
and r2 (and r1 and 12) are satisfied for any triple (a,b,c) € Z3. In partic-
ular, the mixed conditions (8.13) hold, which proves (2). By assumption
the braided set (Z,r) is a strong twisted union Z = X §* Y, so the
hypothesis of Corollary 8.12 is satisfied, which implies (1).

Assume now that (1) and (2) are satisfied. We have to show that
(Z,r) is a braided set. Recall that the YB-diagram starting with the
triple (a,b,c) € Z* shows that

r2923p12(a b, ¢) =r®r12r23(a, b, c) <= rl(a, b, c), 12(a, b, c)

<:>11(a7b7 C); r2(a7 b7 C), va? ba ceZ.

There is nothing to prove if (a,b,c) € X3, or (a,b,c) € Y3, since by
hypothesis (X,rx) and (Y, ry) are braided sets.

Our argument uses the presentation of the set Z3\ (X3 UY?3) as a
union of six disjoint subsets

P\ (XPUYy) =X xXxY)U[Y x X xX)U(X xY xY)
U xYxX)UX xY xX)U(Y x X xY).
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Clearly, (Z,r) obeys the YBE iff each of the sets on the right-hand side
of the above equality satisfies simultaneously the mized conditions 11
and r2 (or equivalently, r1 and 12). Analyzing with details each of the
corresponding six cases we note that condition (1) implies

(a) 11(X, X,Y) and r2(X, X, Y);

(b) 11(Y, X, X) and r2(Y, X, X);

(¢) II(X,Y,Y) and r2(X,Y, X);

(d) 1(Y,Y, X) and r2(Y,Y, X).
(In fact (1) encodes exactly these eight (mixed) conditions.)

Condition (2) gives the missing mized conditions (8.13) not encoded
in (1). O

9. Questions
9.1. Some open questions.

Question 9.1. Let (X, r) be a square-free nondegenerate quadratic set
of finite order | X| = n. Suppose its associated algebra A = A(k, X,r) is
a PBW algebra. (We know that these assumptions imply that r? = 1
and (X, r) is 2-cancellative; see Section 3.)

(1) Is it true that the algebra A has polynomial growth?
An equivalent question is:
(2) TIs it true that the algebra A has finite global dimension?

This is so for |X| = 3; see Lemma 3.14.

For each n > 3 an affirmative answer of (1) or (2) would imply that
(X,r) is a solution of the YBE, and all conditions (1) through (8) in
Theorem 3.16 are satisfied. A counterexample would also be interesting.

Question 9.2. Suppose (X,r) is a square-free 2-cancellative quadratic
set of finite order |X| > 3.

(1) Is it true that, if (X,r) is self distributive and satisfies the mini-

mality condition dim As = 2|X| — 1, then (X, ) is a braided set?
Our assumptions imply that (X, r) is nondegenerate and L, (y) #
y, Va,y € X, x # y; see Lemma 6.7.

(2) In particular, is it true that if (X, r) is a self distributive quadratic
set of prime order |X| = p and satisfies the minimality condi-
tion dim As = 2|X| — 1, then £2 =idx, Vz € X?

(3) What can be said about a (general) square-free 2-cancellative qua-
dratic set (X,r) if its Koszul dual algebra satisfies A5 = 0? In
particular, study the braided sets (X, r) for which A} = 0.
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It follows from Corollary 6.22 and Lemma 6.8 that the answers to (1)
and (2) are affirmative whenever 3 < |X| < 5. In this case (up to isomor-
phism) there are two SD quadratic sets with 2-cancellation and satisfying
the minimality condition, namely:

(a) (X,r) is the quadratic set corresponding to the dihedral quandle
of order 3, and

(b) (X,r) is the quadratic set corresponding to the dihedral quandle
of order 5.

Clearly, each of those is a braided set.

Problem 9.3. Consider the following data: (a) A set X of odd car-
dinality n = 2k + 1; (b) a cyclic permutation o € Sym(X? \ Ay) of
order n

O: a1by —,, a2bs —py - —5y by —>p, a1b1,

where a; # b;, 1 <9 < n, a; # aj, by # b;, whenever ¢ # j, 1 <4,j <n.
Find an extension r: X x X — X x X of ry (equivalently, find all
maps L, x € X, explicitly), so that
(1) (X,r) is a 2-cancellative square-free SD quadratic set (we do not
assume that (X,r) is a solution);
(2) £2 =1id, Vz € X.

Analyze the obtained quadratic set. In particular, decide (a) whether
this data determines an SD solution of the YBE and (b) if moreover, n =
p is a prime number and the quadratic set (X, r) satisfies the minimality
condition M, whether this implies that (X, r) is a braided set.

9.2. Questions posed in a previous version of this work which
have been recently answered. Various questions on braided sets
posed in [20] were recently answered in [9]. We give an account of some
of our previous questions.

Question 9.4 ([20, Question 5.8]). (1) For which integers n this lower
bound is attainable, that is, there exists a braided set (X, r), | X| =
n, satisfying the minimality condition M?
(2) Classify the square-free solutions (X,r) satisfying the minimality
condition M.
A complete answer is given in [9].

Conjecture 9.5 ([20, Conjecture 5.10]). Let (X, ) be an arbitrary finite
nondegenerate braided set with 2-cancellation. Then the monoid S(X,r)
is cancellative if and only if r is involutive.

Theorem 5.5 of [20] (which is Theorem 5.5 of the current paper) con-
firms this conjecture in the case when (X, ) is an arbitrary square-free
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nondegenerate braided set of order |X| = n. It was shown in [27, The-
orem 4.5] that the conjecture is true for arbitrary finite nondegenerate
set-theoretic solution (X, r) of the Yang-Baxter equation.

Questions 9.6 ([20, Questions 6.3.1]). The following questions refer to
finite square-free solutions (X, r) which are 2-cancellative.

(1) Is it true that if a dihedral quandle (X, r) satisfies the minimality
condition M, then its order | X| is a prime number? - Confirmed
in [9].

(2) Suppose (X,r) is an indecomposable quandle such that the cor-
responding solution (X,r) satisfies the minimality condition M.
Does this imply that the quandle (X, r) is simple? - Yes, see [9].

(3) Which of the known simple quandles satisfy the minimality condi-
tion M? - Answer: the dihedral quandles of prime order p; see [9].

(4) Study general square-free noninvolutive, braided sets (X, r) which
are not self distributive. - This is an ongoing project.

Our results in Section 7 (see Theorem 7.2) and Corollary 7.3 give
a method for constructions of new noninvolutive solutions (Z, )
with prescribed orders |Z| and |r|. In this case (Z,r) is a general-
ized strong twisted union Z = X * Y of involutive (or noninvolu-
tive) disjoint solutions (X,rx), (Y,ry).

(5) Classify the square-free noninvolutive, braided sets (X,r) whose
quadratic algebra satisfy GK dim A(k, X, r) = 1. Some answers are
given in [9, Example 5.1].

(6) Classify the square-free, noninvolutive braided sets of small orders.
In particular, classify the square-free, noninvolutive, and not SD
braided sets (X, r) of small order.

(7) Find examples of indecomposable (not SD) finite square-free solu-
tions.

(8) Find examples of indecomposable (not SD) square-free solutions
which satisfy the minimality condition M.

A complete classification of (general) square-free nondegener-
ate solutions (X, r) satisfying the minimality condition M is given
by Cedd, Jespers, and Okniriski; see [9, Theorem 5.5 and Corol-
lary 5.6]. The classification is made in terms of the so called derived
solution (X, 7).

Remark 9.7. We have shown that if (X,r) is a finite nondegenerate
square-free braided set, where 7 is not involutive, then the monoid S =
S(X,r) is not cancellative (even if (X, r) is 2-cancellative). This gives a
negative answer to Open Question 3.24 in [22]: Is it true that if (X,r)
is a 2-cancellative braided set, then the associated monoid S(X,r) is
cancellative?
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