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MEAN DIRECTIONALLY CURVED LINES ON

Abstract

SURFACES IMMERSED IN R*

Luis FERNANDO MELLO

The notion of principal configuration of immersions of surfaces
into R3, due to Sotomayor and Gutierrez [16] for lines of curvature
and umbilics, is extended to that of mean directional configuration
for immersed surfaces in R%. This configuration consists on the
families of mean directionally curved lines, along which the second
fundamental form points in the direction of the mean curvature
vector, and their singularities, called here H-singularities.

The concepts of H-singularities and periodic mean directionally
curved lines are studied here in detail. Also the notion of principal
structural stability of immersions of surfaces into R3 is extended
to that of mean directional structural stability, for the case of sur-
faces in R%. Sufficient conditions for immersions to be mean direc-
tional structurally stable are provided in terms of H-singularities,
periodic mean directionally curved lines and the asymptotic be-
havior of all the other mean directionally curved lines.

1. Introduction

Principal curvatures, principal direction fields, their integral foliations
and umbilic singularities are classical topics of the theory of surfaces im-
mersed in R3. Nevertheless the global behavior for a large class of these
geometric objects has been understood only recently with the introduc-
tion, by Gutierrez and Sotomayor, of the notion of structural stability
and genericity, originated from differential equations and dynamical sys-
tems. Their original works [16] and [10] are also presented in [11].

The global behavior of other geometric structures of the theory of
surfaces immersed in R3, such as asymptotic lines [4] and lines of mean
curvature [7], is still the subject of current works.
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General aspects of the curvature theory for surfaces in R* are pre-
sented in the works of Forsyth [3], Wong [18], Little [12] and Asperti [1].

The ideas of Gutierrez and Sotomayor have also been applied to some
aspects of this theory. Such as the description of generic singularities of
asymptotic lines [5], the study of principal lines on minimal surfaces [8],
and the analysis of generic singularities of lines of curvature, [9] and
[15]. Recently the global behavior of lines of axial curvature on surfaces
immersed in R* was studied by Garcia and Sotomayor [6].

The main feature of this paper is the study of the global generic
structure of mean directionally curved lines on surfaces immersed in R*.
Along these lines the second fundamental form points in the direction of
the mean curvature vector. A review of properties of the first and second
fundamental forms, the ellipse of curvature and related geometric objects
is presented below. Afterwards, the main conclusions and the structure
of this paper are formulated.

In this paper immersions are assumed to be C'°°. Nevertheless the
results can be adapted for C” immersions, > 4. Let a: M — R* be an
immersion of a smooth and oriented surface into R*, which is endowed
with the euclidean inner product (-, ) and oriented by a once for all fixed
orientation. Denote respectively by TM and NM the tangent and the
normal bundles of o and by T,M and N,M the respective fibers, i.e.,
the tangent and the normal planes at p € M. Let {Ny, Na} be a frame
of vector fields orthonormal to a.. Assume that (u,v) is a positive chart
of M and that {a,,a,, N1, Nz} is a positive frame of R*. In such a
chart (u,v) the first fundamental form of «, I, is given by

I =1, = (da,da) = Edu® + 2F dudv + G dv?,

where E = (ay, a), F = {aw, a,) and G = (a,, ). The second funda-
mental form of «, I1,, is defined in terms of the N M-valued quadratic
form

II =11, = {d®a, N\) Ny + (d*a, No)Ny = 111 o Ny + 15,4 No,
where
II; = I1; o = e; du® + 2f; dudv + g; dv?,

€ = <auuaNi>7 fz = <auv7Ni>7 and gi = <a'uv7Ni>7 for i = 1,2.
The following functions are associated to « (see [12]):

1. The mean curvature vector of «

H=H,=H N+ HyN,,
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where
FEg;, — 2F f; + Ge;
2(EG — F2) ’

H;=H;,= fori=1,2.

2. The normal curvature of a

E(fi192 — fag1) — F(e192 — e2g1) + G(e1 f2 — ez f1)
2(EG — F?)

3. The resultant A of Il , and 115,

€1 2f1 g1 0
o 1 €9 2f2 g2 0
CAEG-F2) |0 e 2fi g1
0 e 2f2 g2

4. The normal curvature vector of a defined by n: TM — N M, where

II(p,v
n(p,v) = F&.

kN =kN,o =

A=A,

The image of the unitary circle S* of T,M by n(p): T,M — N,M
describes an ellipse in N, M called ellipse of curvature of  at p and de-
noted by e4(p). This ellipse may degenerate into a line segment, a circle
or a point. The center of the ellipse of curvature is the mean curvature
vector H and their area is given by 7 |kx(p)|. The map 7(p) restricted
to S, being quadratic, is a double covering of the ellipse of curvature.
Thus every point on the ellipse corresponds to two diametrically opposed
points on the unitary tangent circle. The ellipse of curvature is invariant
by rotations in the tangent and normal planes.

A point p € M is called a minimal point of « if H(p) = 0 and it
is called an inflection point of a if A(p) = kn(p) = 0. It follows that
p € M is an inflection point if and only if its ellipse of curvature is a
radial line segment.

Based in the above results we have: from any well-defined continuous
choice of points on the ellipse of curvature, continuous tangent direction
fields may be constructed on M. If the construction fails for special
points we say that they are singular points of the direction field. Consider
the following construction.

The line through the mean curvature vector H(p) meets the ellipse of
curvature £,(p) at two points. This construction induces two orthogonal
directions on T, M. Making this construction for all p € M we define two
direction fields on M, called H -direction fields. The singularities of these
fields, called H -singularities, are the points where either H = 0 (minimal
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points) or at which the ellipse of curvature becomes a radial line segment
(inflection points). The set of H-singularities will be denoted by S(«).

A mean directionally curved line is a regular curve ¢: (a,b) — M
which at each of its points is tangent to an H-direction and it contains
any regular curve with this property which intersects it. The mean
directionally curved lines and their singularities are assembled into the
mean directional configuration.

In this work, the notion of principal structural stability of immersions
of surfaces into R? is extended for the mean directional configurations of
the case R*. Sufficient conditions are provided to extend to the present
setting the Theorem on Structural Stability for Principal Configurations
due to Gutierrez and Sotomayor [11]. Two local cases, treated in detail
here, are essential for this extension: H-singularities with their separa-
trix structure and closed (i.e., the cycles or periodic) mean directionally
curved lines.

This paper is organized as follows:

In Section 2 we analyse the differential equation of mean directionally
curved lines in an arbitrary chart. It is shown that this differential
equation fits into the class of quadratic or binary differential equations.

Section 3 is devoted to the analysis of H-singularities. For this pur-
pose the differential equation of mean directionally curved lines is writ-
ten in a Monge chart. The H-singularity condition is explicitly stated in
terms of the coefficients of second order jet of the two functions which
represent the immersion in a Monge chart. The condition of stability at
H-singularity is expressed in an invariant form involving the third order
jets.

In Section 4 the derivative of first return map along a mean direc-
tionally curved cycle is established. It consists of an integral involving
geometric functions along the cycle.

In Section 5 the results presented in Sections 3 and 4 are put together
to provide sufficient conditions for mean directional structural stability.

In Section 6 we analyse the case where the surface M is immersed
in $3. In this case H-singularities only appear at inflection points.
A correspondence between mean directionally curved lines on M and
lines of mean curvature on ¢~!(M) is established, where ¢: R? — S3 is
the stereographic projection. Furthermore it is shown that, for surfaces
in $3, the quartic differential equation of lines of axial curvature factors
into the quadratic differential equation of mean directionally curved lines
and the quadratic differential equation of asymptotic lines.
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2. Differential equation for mean directionally curved
lines

The differential equation of mean directionally curved lines is given
by

(2.1) n=pH,

where p € R. Eliminating g in (2.1) we have a quadratic differential
equation of the form

(2.2) A(u,v) du?® + 2B(u,v) dudv + C(u,v) dv* = 0,
where

(2.3) A= A(u,v) = (e192 — e2g1)E + 2(eaf1 — e1 f2) F,
(2.4) B = B(u,v) = (fi92 — faq1)E + (e2/1 — e1 f2)G,
(2.5) C =C(u,v) =2(f192 — faq1)F + (e2g1 — €192)G.

The H-singularities are determined by A = B =C =0 in (2.2). But
it is immediate that the equation EC = 2F B — G A holds.
We have established the following proposition.

Proposition 2.1. Let a: M — R* be an immersion of a smooth and
oriented surface into R*. With the above notations we have:
1. The differential equation of mean directionally curved lines is given
by (2.2).
2. The H-singularities of o are given by A = B =0, where A and B
are defined in (2.3) and (2.4) respectively.

Proposition 2.2. A(p) = B(p) =0 if and only if p is either a minimal
point or an inflection point of M.

Proof: It is enough to prove the proposition for the isothermic coordi-
nates where £ = G = A? and F = 0. In this case equation (2.2) has the
form

Ay (u,v) du® + 2B (u,v) dudv — Ay (u,v) dv? =0,
where

Ay =e1g92 — eagi,

and

By = fi(e2 + g2) — faler + g1).
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Thus
0=A1f1 + Big1 = (e1 + ¢1)(f192 — fain)

and

0=Aifo+ Bigz = (e2 + 92)(f192 — faqn).
If figo — fog1 # 0 then e; + g1 = es + go = 0 and this implies that
H(p) =0, i.e., pis a minimal point. If figo — fag1 = 0 then e; fo—eaf; =
e192 — €291 = fig2 — fag1 = 0 and this implies that p is an inflection
point. The reciprocal is immediate. O

From the Proposition 2.2, S(a) = S1(a) U Sz(a), where S; () is the
set of minimal points of M and Sy («) is the set of inflection points of M.

The differential equation (2.2) is also obtained equivalently by

(2.6) Jac{Jac(II1,115),I} =0,
where o)
Jacl ) = 5da o)

Equation (2.6) suggests the definition of the quadratic form

J = Ja = Jac(IIhIIz)

= (e1fa — eaf1) du® + (e192 — eag1) dudv + (f1g2 — fog1) dv?.

Denote by A1(p) and A2(p), with A1(p) < A2(p), the extreme values of J
as w ranges on the unitary circle of T,,M. These extreme values are the
roots of

A% —2kyA+ A =0.
In fact, for w = a% +b%, J(w, w) restricted to I (w,w) = 1 is stationary
if and only if, for some (Lagrange multiplier) A,

(2.7) %(J(w,w)):)\%(l(w,w)) and %(J(w,w)):)\%(l(w,w)).

Performing the differentiation and eliminating a and b, A will satisfy the
above equation. Thus the unitary vectors e (p) and tes(p), at which
the extreme values A1 (p) and A2(p) are attained, are well defined. They
are mutually orthogonal for p outside the set S(«), at which A\i(p) =
A2(p). Now, performing the differentiation of (2.7) and eliminating A
gives that, in the chart (u,v), the components a and b of +e;(p) and
+eo(p) satisfies

A(u,v)a® 4 2B(u,v)ab + C(u,v)b? = 0,
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i.e., the differential equation of mean directionally curved lines (2.2). We
define Iy () = R(%ep) and Ly (o) = R(+tes).

If p ¢ S() then (B2 — AC)(p) > 0. This implies the existence of two
orthogonal solutions of the differential equation of mean directionally
curved lines (2.2). Thus in a neighborhood of this point there exist two
families of orthogonal curves. Under the orientability hypothesis it is
possible to extend these lines to the whole M. Each family defines a fo-
liation, denoted by Fy () and fr () respectively, on the surface without
the H-singularities. The foliation F () (fu(«)) is associated to Ly ()
(lg(a)). Each isolated H-singularity defines an isolated singularity of
both foliations.

The mean directional configuration of an immersion a: M — R* is
the triple

H(a) = {5(a), Fu(a), fu(a)}.

It synthesizes the qualitative properties of the foliations Fg(«) and
fu(a) and represents the way their lines approach the H-singularity
set. It is a natural analog of the principal configuration of an immer-
sion a: M — R3.

3. Mean directional configurations near H-singularities

Let p € M be an H-singularity. We say that p is a transversal H -sin-
gularity if

d(A, B)
B, ) (p) #0,

where A and B are defined in (2.3) and (2.4) respectively. This condition
means that the curves A = 0 and B = 0, whose intersection defines the
H-singularities, are regular and meet transversally at p. It follows that
transversal H-singularities are isolated.

Consider the surface M in a Monge chart, i.e., the surface M is the
graph of the map a(u,v) = (u,v,S(u,v), R(u,v)), where S and R are
C* functions defined on a neighborhood U C R? of (0,0) with the
conditions

J(A,B)(p) =

S5(0,0) = R(0,0) = S,(0,0) = R,(0,0) = S,(0,0) = R,(0,0) = 0.
For each point a(u,v) € M the tangent plane Ti,(,, )M is generated by
{au(u, U) = (1v 0, Su(uv U)a Ru(u’ U))v av(u’ U) - (Oa L, S, (uv U)v Rv(u’ U))}

and the normal plane N, )M is generated by {Ny, Ny}, where
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Nl = (_Suv _Sv7 la 0)
and

N2 = (_Ru(l + Sv2) + SuSy Ry,

- Rv(l + Suz) + SuSvRv; _SuRu - SvRv7 1 + Su2 + Sv2)~

Therefore
E = <au7au>7 F= <au»av>a G= <avaav>;
€; = <a'UU7Ni>7 fl = <au'uaNi>7 9i = <avvaNi>7
where
N.
Ni = *Z )
(| V|
fori=1,2.

Write the Taylor’s expansion of the functions S and R near (0,0)

520 o S02 2, G 3 d 2 b 2 C 3
1 - o = = = = 4
(3 ) S(u,v) —2 u°+s11uv+ D) [ —|—6u +2u ’U—|—2U’U +6U +O( ),

(3.2) R(u,v)= %u2+r11uv+%v2+%u3+§u2v+ §uv2+gv3+0(4).

Thus the coefficients of the first and the second fundamental forms in
a Monge chart are given by

E=1+0(2), F=0(2), G=1+0(2),

e1=sz0+tau+dv+0(2), f1=s11+du+bv+0(2), g1 =sp2+bu+cv+0(2),

ea=roo+au+dv+0(2), fo=r11+du+bv+0(2), go=ro2+but+cv+0(2).
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Define
J = 802720 — 520702,
K = s02a + r20b — s20b — 020,
= S2d + r20¢ — $20C — T02d,

= s11(7r20 + r02) — T11(S20 + S02),

=2 2 ©
|

511(@ +b) — ri1(a +b) + (ro0 + r02)d — (S20 + 502)d,

P = 811(5+ d) — 7’11(6 + d) + (7"20 + 7’02)b — (520 + 802)

b.
The differential equation of mean directionally curved lines (2.2) in a
Monge chart has the form

(3.3) C(u,v) dv* + 2B(u,v) dudv + A(u,v) du?® = 0,
where
Clu,v)=J+ Ku+ Lv+ Q1(u,v),

B(u,v) = M 4+ Nu+ Pv + Qa(u,v),

A(u,v) = —J — Ku — Lv + Q3(u,v),

and @1, Q2 and Q3 are of order O(2).
From (3.3) the condition for (0,0) to be an H-singularity is that

J = 502120 — 520702 = 0
and

M = s11(re0 + 702) — r11(820 + S02) = 0.

Consider the tangent projective bundle PM = {T'M — {0}/{v = rw,
r # 0}} of M. The natural projection is given by 7: PM — M. We
put p = dv/du and ¢ = du/dv. Thus PM can be parametrized by
charts (u,v;p) and (u,v;q). On PM consider the surface W defined by
the differential equation of mean directionally curved lines. In coordi-
nates (u,v;p) this surface is defined by T-1(0) where, from (3.3),

(34) T(u,v;p)=(J+ Ku+ Lv+ Ql)p2
+2(M + Nu+ Pv+ Qz2)p — (J + Ku+ Lv + Qs).

If (0,0) is an H-singularity then (0,0;p) € W, for all p. Furthermore
the surface W is smooth in a neighborhood of the p-axis if and only
if (0,0) is a transversal H-singularity, according to [11] and [2].
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Suppose that (0, 0) is a transversal H-singularity. In this case consider
the following vector field on W
(3.5) X(u,v;p)=(Tp(u,v;p), pTp(u, v p), —(Tu(u, v;p) + pTo(u, v;p))).
The vector field X has generically either one or three singularities on
p-axis, which are of type saddle or node, according to [11].

Proposition 3.1. Suppose the case where K = 0. With the above con-
struction p € M is a transversal H-singularity if and only if

(3.6) NL #0.
Proof: The condition of transversality is given by 2(KP — NL) # 0,
which is equivalent to (3.6). O

Proposition 3.2. Suppose the case where K = 0. Consider a transver-
sal H-singularity as above. Then we have:

1. If
N _1[/P)°

. R (i R |

(3.7 7”3 (L> +1],
then the H-singularity is of type S1 (see Figure 1).
2. If
1| /P\* N

. — — 1 — 2N # L

(3.8) 5 (L> +1| > 7 >0, AL,

then the H-singularity is of type So (see Figure 1).
3. If
N
(3.9) =<0,
then the H-singularity is of type Ss (see Figure 1).
Proof: The singularities of the vector field X (3.5) on the p-axis are given
by
¢(p) = Tu(0,0;p) + pT,(0,0; p) = 0.
But
0= v(p) :p{Lp2+2Pp+2N7L ,

whose roots are

Po 07

_ =P (PY 2N
=7 L L
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_ =P J(P\ 2N
b2 =7 L L

The Jacobian matrix of the vector field X at (0,0;p) is given by

and

2N 2(Lp+ P) 0
2Np 2p(Lp+ P) 0
* * —(3Lp? +4Pp+ 2N — L)

Therefore the Jacobian determinant of X at pg = 0is JX(0) = 2N (L —
2N). Thus, we have

1028 () 2v)
L? L L)
The vector field X has:

1. One singularity which is a saddle if (3.7) holds. In fact, in this

case we have
2N > Py’ +1
L L ’

and this implies that JX (0) is negative and the only singular point
of X is a saddle.

2. Three singularities which are one node and two saddles if (3.8)
holds. In fact, in this case there are two possibilities at pg = 0:

(a) If
2N
1>—>0
> >0,
then JX(0) is positive and the origin is a hyperbolic node.
(b) If
& >1
L )

then JX(0) is negative and the origin is a saddle.
As any singular point of X can be taken to the origin by appro-
priate change of coordinates, the analysis above imply that one of
the singularities of X, that in the middle, is a node and the other
two are saddles.

3. Three singularities which are three saddles if (3.9) holds. In fact,

in this case we have
2N

L
and this implies that JX(0) is negative and the origin is a saddle.
The singularities p; and py are also saddle points.

<0,
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The local configurations of the H-singularities S7, So and S3 illus-
trated in the Figure 1 are obtained by projection onto the uv-plane of
the local configurations of the above singularities, according to [11].

Type S1 Type Sz Type S3

FI1GURE 1. H-singularities of S-type.
O

Remark 3.3. The index i = 1,2,3 of §; denotes the number of sepa-
ratrices of the H-singularity. These are mean directionally curved lines
which approach of the H-singularity and which separate regions of differ-
ent patterns of approach to it. Figure 1 shows the local mean directional
configuration of three different types of H-singularity denoted by S1, Sa
and S3 and called H -singularity of S-type.

Proposition 3.4. Suppose that p € M is an H-singularity with H(p) =
0 and kn(p) #0. Then (3.1) and (3.2) can be written as
A

I B NN - éQ 9 2, €3
(3.10) S(u,v)fQ(u v)+6u +guvt guvt + v +0(4),

— Ci — —
(3.11)  R(u,v) = Cuv + %u?’ + §u2v - %qu + 203 +O(4).
Proof: Through an appropriate rotation in the normal plane it is possible
to write ro9 = 792 = 0. This implies that s1; = 0. Through an appropri-
ate rotation in the uwv-plane it is possible to write b = —a. Substituting
these expressions in (3.1) and (3.2) the proposition is proved. O
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From (3.10) and (3.11) we have

J =0,
K =0,
L =—-A(c+d),
M =0,
N =—-C(a+V),
P =—-C(c+ad).

Proposition 3.5. Suppose that p € M is an H-singularity which is an
inflection point and that H(p) # 0. Then (3.1) and (3.2) can be written
as

A
(3.12) S(u,v) = §(u2+v2)+Buv+O(3),
a3, dy G 5 Ty
(3.13) R(u,v) = gY + UV E Suw + &Y + O(4).

Proof: Through an appropriate rotation in the normal plane it is possible
to write rog = rg2 = r11 = 0. Through an appropriate rotation in the
uv-plane it is possible to write b = a. Substituting these expressions
in (3.1) and (3.2) the proposition is proved. O

From (3.12) and (3.13) we have

J =0,
K =0,

L = A(d—e),
M =0,

N =2(aB — Ad),

P = B(c+d) — 2Aa.

Remark 3.6. As a consequence of Propositions 3.1, 3.2, 3.4 and 3.5 we
have the description of H-singularities of S-type in terms of the coeffi-
cients of third order jets.
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4. Mean directionally curved cycles

In terms of geometric invariants, here is established the formula of the
first derivative of the first return map of a periodic mean directionally
curved line, called here mean directionally curved cycle. This first return
map, denoted by m, is called holonomy in foliation theory and Poincaré
map in dynamical systems.

A mean directionally curved cycle is called hyperbolic if the first de-
rivative of the first return map at the fixed point is different from one.

Let v: I — M be a mean directionally curved cycle of the folia-
tion fp(«), parametrized by arc length s and of length L. We take
{T1(s) =+/(s),T2(s)} an orthonormal frame of 1% M, {N1(s),Na(s)}
an orthonormal frame of N, M such that {T1,T5, N1, N2} be a posi-
tive frame of R*. We choose the frame {NN;(s), Na(s)} with the following
properties

1n(v(s), T1(s)) = a(s)Hi(s) N1 (s)

and

1(v(s), Ta(s)) = b(s) Hi(s) N1 (s)-

This means that the functions a and b are linked by a relation of the
form a + b = 2.

The tangent projection of the vector field 4”(s) along v is given by
kq(s)T>(s). Define the geodesic curvature of v by kq(s) = (v"(s), Ta(s)).
Now the normal component of v”(s) is given by n(v(s),Ti(s)). Define
the geodesic torsion vector by 74 = 741N1 + 742Nz and the normal
torsion of the frame {Ny, No} by 7, = (N7, Na).

In a similar way as in the case of surfaces in R? (see [17, p. 131]), we
will obtain a system of equations of the Darbouzx frame
{T1(s),Tx(s), N1(s), Na(s)} associated to 7:

Ti(s) = kg(s)Ta(s) +1(7(s), T1(s)) = kg(s)T2(s) + a(s) Hi(s)Ni(s);
= —kg(8)T1(8)+74(5)=—kg(5)T1 () +74,1(5)N1(5) +7g,2(5) Na(5);
= —a(s)Hy1(s)T1(s) — 74,1(5)Ta(s) + Tn(s)Na(s);

Here H = H{N; is the mean curvature vector.
At the point (s), the intersection of the surface M with the hyper-
plane generated by {T%(s), N1(s), Na(s)} is a curve T, tangent to T5(s)
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at y(s). This curve can be parametrized by
[s(t) = 7(s) +tTo(s) + Vi(s, t) N1(s) + Va(s, 1) Na(s)
and its curvature is given by n(y(s), T»(s)). Thus we have the following

expressions

Vi(s,t) = %L& + A(s,t)% +0(4)

and

_ 3
Va(s,t) = B(s,t)g +0(4),

with A(s) = A(s,0) and B(s) = B(s,0).

Lemma 4.1. Let v be a mean directionally curved cycle of the folia-
tion fr(a), parametrized by arc length s and of length L. We take the
orthonormal positive Darbouz frame along yv. Then the expression

b(s)H(s) t3

(4.1) a(s,t) =~(s) +tTa(s)+ [ 5 2+ A(s,t)g + 0(4)] Ni(s)

_ 3
+ {B(s,t)g + 0(4)] Na(s),
defines a local chart of M, L periodic in s, in a neighborhood of .

Proof: The lemma follows from the Inverse Function Theorem applied
to the map

a(s,t,v1,v2) = Y(8) + tTa(s) + v1.N1(s) + vaNa(s),

which defines a tubular neighborhood of ~. O

Differentiation of the equation (4.1) gives that

E(s,0) = G(s,0) =1, F(s,0)=0,
(42) e(s,0)=a(s)Hi(s),  fi(s,0)=7g1(s), g1(s,0)=b(s)H1(s),
€2(5,0)=g2(5,0) =0, fa(s,0)="74.2(s).
We note that
kn(s) = kn(s,0) = m9,2(s)(a(s) — b(s)) Hi(s)

and

A(s) = A(s,0) = —(7y.2(5))*als)b(s) (H1(s)).
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Since Hi(s) # 0 and (a(s))? + (b(s))? # 0, for all s € [0, L], we have that
Tg,2(8) # 0, for all s € [0, L].

Lemma 4.2. Let vy be a mean directionally curved line and consider the
chart (s,t) given in (4.1). Then the orthonormal frame {Ny, No} of the
normal bundle satisfies the following equations

(4.3)  (N1)i(s,0) = =751 (5)Ti(s) — b(s) H1(s)Ta(s) + ajy(s) Na(s)
and
(4.4)  (N2)i(s,0) = =74,2(s)T1(s5) — aia(s)Ni(s),

where a3y(s) = a3y(s,0) = ((N1):(s,0), Na(s,0)) is the normal torsion
of the frame {N1, N2} associated to the mean directionally curved line
orthogonal to vy at the point v(s).

Proof: In a chart (s,t) the following equations hold
_ glF—flG le—glE

(N)e = "pa—Fz &+ po— pz 0+l
and
92F — f2G foF — g2 0
(Ng)y = TG F? Qs + G F? a; — ad,Ny.
Using (4.2) the lemma is proved. O

Direct calculation shows that the following equations hold

Ei(s,0) = —2k,, Fi(s,0) = Gi(s,0) =0,
(e1):(s,0) = Té’l — Tg2Tn — kgHi(a + b),
(f1)e(s,0) = (bHy) + koo + 7—972@?27

(91):(s,0) = A,

(€2)e(s,0) = 7170 + 7';,2 - aHla:fz,

(f2)e(5,0) = kgTg,2 — Tg7la?2a
(92):(5,0) = B — bHya3,.
Lemma 4.3. The function B introduced in (4.1) is given by

(4.5) B = 2(Ha), + Hiady(a+b) = 1y 170 — 7y .
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Proof: In the coordinates (s,t) we have
Egg — 2Ff2 + G@Q
Hsy =
2(EG — F?)
Differentiating Hs and using the above equations, the lemma is
proved. O

Theorem 4.4. Let v be a mean directionally curved cycle of the foli-
ation fg(a), parametrized by arc length s and of length L. Then the
derivative of the first return map is given by

(4.6)

ds|.

) /L als) ((Ha2)i(s) + Ha(s)ad(s)) = 75,1()7(s)
2 Jo

7'(0) = exp | = )

Proof: The derivative of the first return map satisfies the following linear
differential equation

d (dt)_ 1 A dt

ds \dty) ~ 2B ot dty’

Therefore

L
—A4(s,0)
/ _ t\2y
(4.7) 7' (0) = exp [/0 5B(s,0) ds} ,
where the functions A and B are given in (2.3) and (2.4). Using (4.2),
(4.3) and (4.4) we have

(4.8) 2B(s,0) = —2H1(s)74.2(s)(a(s) + b(s)),

and

(4.9)  Ai(s,0) = Hy(s) [a(s)B(s) = b(s) (g (5)7u(s) + T;’z(s))} .

Substituting (4.5), (4.8) and (4.9) in (4.7) the theorem follows. O

Remark 4.5. The corresponding formula for the first derivative of the
first return map when 7 is a mean directionally curved cycle of the
foliation Fy () is given by

(4.10)

ds

1 e [00) (Ha)els) + Hi(8)aty(5)) = T (5)7a(s)
J

Tg,2(8)
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Proposition 4.6. Let a: M — R* be an immersion of a smooth and
oriented surface into R*, and let v be a mean directionally curved cycle
of the foliation frg(«), parametrized by arc length s and of length L.
Consider a chart (s,t) as in the Lemma 4.1 and consider the deformation

(4.11)  Be(s,t) = B(e,8,t) = a(s,t) + € {Mt?’] 5(t)Na(s),

where 6 = 1 in neighborhood of t = 0, with small support and a # 0.
Then v is a mean directionally curved cycle of B, for all € > 0 small,
and 7y is a hyperbolic mean directionally curved cycle for B, € # 0.

Proof: From direct calculation with the deformation g, it follows that ~y
is a mean directionally curved cycle for all 3., and at ¢ = 0 we have

2(H2)1(5,0) = 7917 + 7y 5 — 2H1a, + B + eaty 2.

Therefore, assuming a # 0, it results that

L (a(s))?7y0(s L
i(lnﬂ'(O)) = %/o st i/@ (a(s))?ds #0. O

de —0o

5. Mean directional structural stability

Let I(M,R*) be the space of the immersions of M into R*, where M
is a compact, smooth and oriented surface, endowed with the Whitney
topology.

Lemma 5.1. Let M be a surface which is the graph of the map a(u,v) =
(u,v, S(u,v), R(u,v)), as in the Section 3. Suppose that (0,0) is an
H -singularity. We call Bqp the immersion

2 2

with (a,b) € V., where V is a neighborhood of (0,0) and (u,v) € U. Then
there exists D C U a compact disc on which

ap(u,v) = 38((6(’1, f)) (u,v;0,0) # 0,

b b
Bla;u,v;a,b) = u,v,S(u,v —|—gu2—|—7v2,R u,v) + auv + —u? ),
2

where C' and B are obtained from the differential equation of mean di-
rectionally curved lines of Bap.

Proof: The differential equation of mean directionally curved lines of (G,
is given by

C(u,v;a,b)(dv)? + 2B(u,v; a,b) dudv + A(u,v;a, b)(du)* = 0,



MEAN DIRECTIONALLY CURVED LINES 433

where
C =C(u,v;a,b) = [2(f192 — fag1)F + (e2g1 — 6192)G} (u,v;a,b)
and

B = B(u,v;a,b) = {(flg2 — fag1)E + (e2f1 — €1f2)G} (u,v;a,b).

The form of A(u,v;a,b) is not important here.
Without loss of generality we have:

1. If the H-singularity is a minimal point then through an appro-
priate rotation in the normal plane it is possible to consider the
frame { N7, Na}and the principal axes of the ellipse of curvature as
being parallels. This implies that es = go = f1 = 0 and fag1 # 0.

2. If the H-singularity is an inflection point then through an appropri-
ate rotation in the normal plane it is possible to consider the ellipse
of curvature on Nj-direction. This implies that e; = fo = go = 0,
g1 # 0 and e; + g1 #0.

From extensive calculation we have

o(C,B
a0(070): ( >(O70§070):(€2+91)(€1 +gl+f2)7é0
d(a,b)
Therefore there exists D C U a compact disc on which

ap(u,v) = 88((60;, f)) (u,v;0,0) # 0.

This ends the proof. O

Lemma 5.2. Let M be a surface which is the graph of the map a(u,v) =
(u, v, S(u,v), R(u,v)). Suppose that (0,0) is an H-singularity and let Bqp
be the immersion

b b
B(a;u,v;a,b) = (um, S(u,v) + %uZ + 5112, R(u,v) + auv + §u2> ,

with (a,b) € V, where V is a neighborhood of (0,0) and (u,v) € U. Let
D C U be a compact disc on which

aO(u, U) 7& 07
as in the Lemma 5.1.
Call Vo, = V(D) C V the set of the pairs (a, b) for which all H-sin-
gularities of the immersion (B4, with (u,v) € D, satisfy the transversality

condition. There is a small p > 0 such that the intersection of V,; with
the disc of radius p has full Lebesgue measure.
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Proof: The set
Sap = S(Bap) = {(u,v;a,b) € R? x R?/C(u,v;a,b) =0 = B(um;a,b)}

is the locus of points where the immersion (3., has H-singularities. Here
C and B are the coefficients of the differential equation of mean direc-
tionally curved lines of 3.
At transversal H-singularities S,; is a smooth surface, since at these
points
o(C, B)
O(u,v)
Now we prove that if (a,b) is close to (0,0), the surface S, is regular
even at non transversal H-singularities.
From the Lemma 5.1, there exists D C U a compact disc on which
9(C, B)
d(a,b)

£0

ap(u,v) = (u,v;0,0) # 0.

This shows that there exists a neighborhood V,, = {|(a,b)| < p} such
that if (u,v) € D and (a,b) € Vy;, then

d9(C, B)
d(a,b)

(u,v;a,b) # 0.

This concludes the proof of the smoothness of S,,. Now the lemma is
a consequence of Sard’s Theorem, by the identification of V,; with the
regular values of the orthogonal projection of Sy, to the ab-plane. O

Theorem 5.3. The set o € I(M,R*) of immersions such that all H-sin-
gularities are of S-type is open and dense in I(M,R*).

Proof: The conditions imposed to the immersion « near an H-singularity
of S-type depend on the derivatives of order three and are open, so it
implies that this set is open.

If the transversality condition holds for an H-singularity, a small per-
turbation on the parameters of the coordinate chart defines an H-singu-
larity of S-type. Thus it is enough to consider H-singularities for which
the transversality condition holds.

The set of H-singularities of an immersion « is compact, therefore
it can be covered by a finite number of Monge charts. Using the lo-
cal Lemma 5.2, which can be globalized by a standard argument, the
theorem is proved. O
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An immersion « is said to be mean directional stable if it has a neigh-
borhood V(«), such that for any 5 € V(a) there exists a homeomor-
phism h: M — M mapping S(«) onto S((), mapping Fg(«) onto Fy ()
and mapping fg(«) onto fy ().

Consider the subset ¥ C I(M,R*) of immersions a defined by the
following conditions:

1. All H-singularities are S-type (Section 3).
2. All mean directionally curved cycles are hyperbolic (Section 4).

3. The limit set of every mean directionally curved line is contained
in the set of H-singularities and mean directionally curved cycles.

4. There are no connections or self connections of H-singularity sep-
aratrices (Section 3).

Theorem 5.4. The set Y is open in I(M,R*) and every o € ¥ is mean
directional stable.

Proof: We take on the projective bundle PM, as in Section 3, the
surface W, defined by the differential equation of mean directionally
curved lines (2.2). In coordinates (u,v;p) this surface is defined by
W = T71(0), where T, (u, v;p) = C(u,v)p* + 2B (u,v)p + A(u, v). This
surface is regular under the H-singularity hypothesis. The restriction of
the natural projection m: PM — M to W, is a double covering outside
the preimage of the set S(«).

On PM we define the involution I(u,v;[du : dv]) = (u,v; [dv : —du])
which amounts to a rotation of lines by an angle w/2. The surface W, is
invariant under I. On W~ S(a)) we define the vector field X,,, which
in the coordinates (u,v; p) has the form X, = (To)p, P(Ta)p, —(Ta)u +
p(T,)y)). This vector field has an unique regular extension to 7=1(S(«)).

We consider the induced line field I,X,. Thus it is obtained a
transversal pair {X,, [, X} on W, — 77 1(S(a)). Therefore we have
defined a net outside 7= 1(S(c)), with the following properties: this net
is invariant under I and by 7 projects to the net (Fy(«), fr(a)).

With the above constructions this situation is connected with the
case of the principal line fields and their canonical regions [11]. Thus
the construction and continuation to a small neighborhood V(&) of « of
canonical regions follow also from the openness and unique continuation,
for B near «, of singularities and of cycles due to the hyperbolicity of
these elements in the fields of the pair {X,, [.X,}. This leads of the
openness of ¥ and gives uniquely a correspondence between H-singu-
larities, separatrices, cycles and their intersections for {X,, I. X, } and



436 L. F. MELLO

{X3, . X3} The extension of this correspondence to a topological equiv-
alence H : W, — W3 which, by projection, gives the topological equiva-
lence h: M — M between H(«) and H(() is carried out as in the case of
nets of asymptotic lines on surfaces immersed in R?, according to [4]. O

6. A special case

Let a: M — S3 be an immersion of a smooth and oriented surface
into 3. Consider the natural inclusion i: S3 — R* and the composi-
tion o = i o v still denoted by «. Assume that (u,v) is a positive chart
of M and that {ay, o, N1, No} is a positive frame of R*, { Ny, No} be-
ing a frame of vector fields orthonormal to «, where Ny (p) € 7,5 and
Ns(p) is the inward normal to S3, for all p € M. Thus Ny = —a.

In such a chart (u,v)

62:E7 f2:F and 92:G7

where E/, F' and G are the coefficients of the first fundamental form of «.
It follows that II, = I. Now
I 1L 11, 1nL

T Mt NeE N N

This implies that the ellipse of curvature is degenerate as a line segment
on Ny =1, for all p € M. In classic literature, this type of points are
called semiumbilics and this result has been already obtained in [14].
We have

Egg — 2Ff2 + GGQ
Hy =

2(EG — F?)

for all p € M. It follows that H(p) # 0, for all p € M. So, if p is an
H-singularity of M then p is an inflection point of M. In this point the
ellipse of curvature becomes a point.

As an example consider the following construction. Let ¢: R® — S3 C
R* be the stereographic projection given by

1
T l4w

:]_,

o(x,y, 2)

($7 y’ Z? w)’

where w = 1(2? + y? + 2% — 1). We recall that ¢ is conformal.

Let a: M — R? be an immersion of a smooth and oriented surface M
into R3. Assume that (u,v) is a positive chart of M and that {c,, a,, N}
is a positive frame of R?, where

oy Ny
[l A o |
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is the normal vector field to . Let & = ¢ o a be the stereographic
projection of M in S? and let @ = i o @ be the immersion of M into R,
where {@,, a,, N1, Na} is a positive frame of R*, being

_dp(N)

[ldo(N)|

and N, the inward unitary normal to S3.
From extensive calculation

E=(1+w)%E,

Ny =

= (1+w)7?F,

F
G=(1+w)G,

e1 = (14+w)"2[(1 +w)e + Et],
fi=0+w) (1 +w)f + Fi],

g1 = (1 +w)?[(1 4+ w)g + G,

€y = E7
fQZF, and
g2:éu

where the expressions without (with respectively) bar are associated to «
(& respectively), and t = («, N is the support function of a.

Lines of axial curvature on surfaces immersed in R?* are lines along
which the second fundamental form points in the direction of principal
axes of the ellipse of curvature. The differential equation of lines of axial
curvature is given by [6],

(6.1) Jac(lln—H||2,I) —0,

which is a quartic differential equation.

Asymptotic lines on surfaces immersed in R* are lines along which
the second fundamental form points in the direction of the tangent lines
to the ellipse of curvature. The differential equation of asymptotic lines
is given by

(62) Jac([[l,llg) =0.
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Remark 6.1. Through the above construction lines of principal curvature
of a are carried over into asymptotic lines of &, lines of mean curvature
of «v are carried over into mean directionally curved lines of @ and umbilic
points of « are carried over into inflection points of &. These results are
also presented in [12] and [13].

Examples of immersions 5 € 3 can be obtained from the Remark 6.1.
Consider the set ¥ of immersions of surfaces into R? where every a € ¥
is mean curvature structurally stable, according to [7]. Thus if a € ¥
then & € 3, where @ =i o ¢ o « is as above.

Let a: M — R* be an immersion of a smooth and oriented surface
into R%. The quartic differential equation (6.1) can be written as the
product of two quadratic differential equations if the image of the sur-
face M by « is contained into R3, according to [6]. We have the following
theorem.

Theorem 6.2. Let a: M — S3 be an immersion of a smooth and ori-
ented surface into S3. Consider the natural inclusion i: S — R* and
the composition o = io« still denoted by a. Then the quartic differential
equation (6.1) can be written as

(6.3) Jac{Jac(II1,I),I} Jac(I11,I) =0,

where the first expression in (6.3) is the quadratic differential equation of
mean directionally curved lines (2.6) and the second one is the quadratic
differential equation of asymptotic lines (6.2).

Proof: From the coefficients of the first and the second fundamental
forms listed above write the product Jac{Jac(IIy,I), I} Jac(II1,I) and

compare the result with Jac<||77 - H|]?, I). The theorem is proved. O
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