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PRONORMALITY, CONTRANORMALITY AND
GENERALIZED NILPOTENCY IN INFINITE GROUPS

LEONID A. KURDACHENKO AND IGOR YA. SUBBOTIN

Abstract

This article is dedicated to some criteria of generalized nilpo-
tency involving pronormality and abnormality. Also new results
on groups, in which abnormality is a transitive relation, have been
obtained.

1. Introduction

There is a variety of very practical characterizations of nilpotency in
finite groups. However, we are losing a majority of them at the transi-
tion to infinite groups. In this case, these characterizations are forming
the bases for distinct definitions of new classes of infinite generalized
nilpotent groups. On the other hand, for every concrete characteriza-
tion of finite nilpotent groups it is very interesting to determine the
limits in which these characterizations are still valid; or more generally
to define the boundaries in which a certain characterization leads to a
certain class of generalized nilpotent groups. One of the most suitable
classes on which many different characterizations of nilpotency have been
extended is the class of finitely generated soluble groups. The main rea-
son for this is the famous Robinson’s Theorem (see, for example, [RD 2,
Theorem 10.51]) proving that if every finite factor-group of a finitely gen-
erated soluble group G is nilpotent, then G is nilpotent. Among other
“good” classes we can mention the class of Chernikov groups and the
class of minimax groups. These classes are not far from finite groups be-
cause they satisfy very strong finiteness conditions. Nevertheless, there
are some classes of infinite groups, which are far enough from finite
groups and satisfy some distinct criteria of generalized nilpotency such
that locally nilpotency, hypercentrality, the normalizer condition, and
so on. The class of (locally nilpotent)-by-finite groups and the class
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of FC-groups serve as such examples. Recall, that a group G is called
an FC-group, if the conjugate class ¢ = {x9 | g € G} is finite for
each element x € G. The class of FC-groups is unique in some certain
sense: many fundamental properties (particularly concerning with some
criteria of nilpotency) of finite groups have been naturally extended to
FC-groups. For example, we can mention the following results.

If every subgroup of an FC-group G is subnormal, then G is nilpo-
tent (see, for example [SH 2]).

If an FC-group G is a direct product of its Sylow p-subgroups for
all prime p, then G is hypercentral.

If an FC-group G satisfies the normalizer condition, then G is
hypercentral.

If every mazximal subgroup of an FC-group G is normal, then G is
hypercentral.

If G is an FC-group and |G, G| < Fratt(G), then G is hypercentral.

Last three statements are consequences of the following well-known
fact.

If for an FC-group G the factor-group G/((G) is residually nilpo-
tent, then G is hypercentral.

Therefore it is natural to find such generalizations of the class of
FC-groups, on which these and other conditions of hypercentrality could
be extended.

Let G be a group. Put FC(G) = {z € G | 9 is finite}. It is easy to
see that FC(G) is a characteristic subgroup of G. The subgroup FC(Q)
is called the F'C-center of G. A group G is an FC-group if and only if
G =FC(G).

Starting from the F'C-center we can construct the upper F'C-central
series of a group G:

(1)=Co<Cr < <Ca<Cap1 <+ <0,
where C1 =FC(G), Cot1/Co=FC(G/C,), a <, and FC(G/Cy)=(1).
The last term C., of this series is called the upper FC-hypercenter.

If Cy = G, then the group G is called FC-hypercentral; if v is finite,
then G is called FC-nilpotent.
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Consider extensions of the criteria listed above on FC-nilpotent or
FC-hypercentral groups.

Let G be a group, every subgroup of which is subnormal. Then G
is locally nilpotent (see, for example, [LS, Theorem 2.5.1]). Therefore
if G is F'C-hypercentral, then G is hypercentral. Note that there ex-
ists an F'C-nilpotent non-nilpotent group G, every subgroup of which
is subnormal [SH 1]. For some subclasses of F'C-hypercentral groups
the situation looks much better: if, for example, G is a periodic F'C-hy-
percentral group with all subgroup subnormal, then G is nilpotent (it
follows from the main result of the paper [MW]); if G is a torsion-free
group with all subgroup subnormal, then G is nilpotent [SH 3].

Let G be a group satisfying the normalizer condition. Then G is
locally nilpotent [PB]. Therefore if G is FC-hypercentral, then G is
hypercentral. Groups with the normalizer condition can be characterized
with the help of the concept of the ascending subgroup. Recall, that a
subgroup H of a group G is called ascending if there is an ascending
series

H:HOSHISSHQSHO(+1SSH’Y:G

such that H,, is a normal subgroup of Hoy1 for all a < 7. Tt is well-
known that a group G satisfies the normalizer condition if and only if
every subgroup of G is ascending [BR, Theorem 4.13]. The dual to the
idea of an ascending subgroup is the concept of a descending subgroup.
Let H be a subgroup of a group G. We construct the normal closure
series in the following way.

Put Hy = HY. If for an ordinal o the subgroups Hg have been already
constructed for all 8 < «, then put H, = Ng<oHpz whenever a is a limit
ordinal. If oo — 1 exists and K = Hq_1, then put H, = H¥. There
is an ordinal v such that H,, = H.1. In other words, H% = H~. A
subgroup H is called descending, if the last term of the normal closure
series coitncides with H.

Both ascending and descending subgroups are generalizations of sub-
normal subgroups. With the help of these concepts we obtain the fol-
lowing conditions of hypercentrality for a group.

Theorem A. Let G be a group every subgroup of which is descending.
If G is FC-hypercentral, then G is hypercentral.

A subgroup H is contranormal in a group G if H® = G [R 1]. The
following criterion of nilpotency of finite groups involves contranormality.
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A finite group is nilpotent if and only if it has no proper contra-
normal subgroups.

Further we will also consider criteria of (locally) nilpotency involving
pronormal and abnormal subgroups. These subgroups introduced by
P. Hall and R. W. Carter respectively in the study of nilpotency in finite
groups. Pronormal subgroups play the main role in generalizations both
normality and Sylow properties (see for example, the survey [BB] and
papers [FJ, [C], [P, [M], [R 2], [W], [KS 1], [KS 2], [KS 3], [SK],
[deFKS], [SE]). Recall that a subgroup H of a group G is pronormal
in G, if H and HY are conjugate in (H, H9) for each element g € G.
A subgroup H of a group G is abnormal in G, if g € (H,HY) for each
element g € G.

We will also obtain some generalizations of the following criteria of
nilpotency of finite groups:

A finite group is nilpotent if and only if all its pronormal subgroups
are normal.

Note that in the class of locally nilpotent groups all pronormal sub-
groups are normal [KS 3]. It is easy to see that the condition: “every
pronormal subgroup of a group G is normal” is equivalent to the con-
dition “G has no proper abnormal subgroups”. It follows from the fact
that a normalizer of a pronormal subgroup is an abnormal subgroup
(see some elementary properties of pronormality and abnormality listed
at the beginning of Section 3). So we come to the following criterion:

A finite group is nilpotent if and only if it has no proper abnormal
subgroups.

As many others these criteria could be extended on FC-groups (see
Proposition 3.4).
The following theorem is one of the main our results.

Theorem B. Let G be a group, A a normal abelian subgroup of G such
that A < FC(G) and G/A is an FC-group.
(1) If every pronormal subgroup of G is normal, then G is hypercentral.

(2) If G does not include proper contranormal subgroups, then G is
hypercentral.

(3) If G does not include proper abnormal subgroups, then G is hyper-
central.

For periodic groups these results could be straightened significantly.
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Theorem C. Let G be a periodic group, the FC-center of which in-
cludes a G-invariant subgroup H such that G/H is a hypercentral group.

(1) If every pronormal subgroup of G is normal, then G is hypercentral.

(2) If G does not include proper contranormal subgroups, then G is
hypercentral.

(3) If G does not include proper abnormal subgroups, then G is hyper-
central.

Corollary C1. Let G be an FC-nilpotent periodic group.

(1) If every pronormal subgroup of G is normal, then G is hypercentral.

(2) If G does not include proper contranormal subgroups, then G is
hypercentral.

(3) If G does not include proper abnormal subgroups, then G is hyper-
central.

A. Ballester-Bolinches and T. Pedraza [B-BP] have considered radical
periodic groups with Chernikov Sylow p-subgroups for all primes p, which
have no proper contranormal subgroups. The class of these groups they
denoted by B. Note that some results (in particular, Theorem 6) of this
paper can be extended on the class of periodic locally soluble groups
with Chernikov Sylow p-subgroups for all prime p (see Corollaries C2,
C3).

It is interesting to admit that contranormality possesses the property
of transitivity. However, simple examples show that normality, pro-
normality, and abnormality in general are not transitive (see, for exam-
ple, [BB]). The class of groups in which normality is a transitive relation
(T-groups) is well studied now. These groups and some their generaliza-
tions has been investigated by many authors. The most valuable results
about T-groups one can find in [RD 1]. The class of soluble groups with
transitivity of pronormality is fully described in the recent paper [KUS].
As it follows from Theorem D below, the class of soluble groups in which
abnormality is transitive (ST A-groups) is much wider and contains both
classes of soluble groups with transitive normality and transitive pronor-
mality (ST- and ST P-groups respectively). More specifically, based on
Theorem D and using [RD 1, Theorem 2.3.1] and [KUS, Theorem 2]
one can easily check the following strict embeddings

{ST P-groups} C {ST-groups} C {ST A-groups}.
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Theorem D. Let a group G includes a Dedekind normal subgroup H
such that G/H has no proper abnormal subgroup. Then the abnormality
is a transitive relation in G.

Corollary D1. Let a group G includes an abelian normal subgroup H
such that G/H has no proper abnormal subgroups. Then the abnormality
is a transitive relation in G.

Corollary D2. Let a group G includes an abelian normal subgroup H
such that G/H is hypercentral. Then the abnormality is a transitive
relation in G.

Corollary D3. FEvery metabelian group is a group in which abnormality
is a transitive relation.

Corollary D4. In soluble groups in which normality is a transitive re-
lation abnormality also is a transitive relation.

2. On direct decompositions of ZG-modules connected
to some normal subgroups

Let G be a hypercentral group, H a normal subgroup of G, A a
ZG-module. Put (zp(A) = {a € A | ax = afor each x € H}. Tt is
easy to see that (zy(A) is a ZG-submodule of A. (zg(A) is called the
ZH-center of A. Starting from the ZH-center, we can construct the
upper ZH-central series of A

(0)<Cr<Ci < <0y <Cop1 <-- <O,

by the following rule: C; = (zu(A), Cot1/Co = (zu(4/Ch), a < 7,
Czu(A/C,) = (0). The last term Cy of this series is called the up-
per ZH -hypercenter of A.

Let B, C be some ZG-submodules of A, B < C. The factor C/B is
called H -central (respectively H-eccentric) if Cy(C/B) = H (respectively
Cua(C/B) # H).

Lemma 2.1. Let G be a hypercentral group, H a non-identity normal
subgroup of G, A a ZG-module, Cq(A) = (1), B a ZG-submodule sat-
isfying the following conditions:

(1) B and A/B are simple ZG-modules.

(2) B is H-central, A/B is H-eccentric.
Then there is a ZG-submodule C' such that A= B ® C.

Proof: Since G is a hypercentral group, H N {(G) # (1). Let 1 # z €
H N {(G). Consider the mapping ¢.: a — a(z — 1), a € A. The map-
ping ¢, is a ZG-endomorphism by the selection of z, in particular, Im ¢,



PRONORMALITY AND GENERALIZED NILPOTENCY 395

and Ker ¢, are ZG-submodules of A. Moreover, Ker ¢, > B. If we as-
sume that Ker¢, # B, then Ker¢, = A, that is z € Cg(4) = (1).
Contradiction. Hence Ker ¢, = B, that is A/Ker¢, ¥ Im¢, = C is a
ZG-submodule of A such that Cy(Im¢,) # H. Moreover, C' is simple
ZG-submodule, therefore C'N B = (0), because C' # B. Since A/B is a
simple ZG-module, C + B = A, thatis A= B & C. O

Lemma 2.2. Let G be a hypercentral group, H a non-identity normal
subgroup of G, H a ZG-module, C(A) = (1), B a ZG-submodule sat-
1sfying the following conditions:

(1) B and A/B are simple ZG-modules.
(2) A/B is H-central, B is H-eccentric.

Then there is a ZG-submodule C such that A= B & C.

Proof: Since G is a hypercentral group, H N {(G) # (1). Let 1 # z €
HN((G). The mapping ¢.: a — a(z—1), a € A, is a ZG-endomorphism
of A. In particular, Im ¢, and Ker ¢, are ZG-submodules of A. Since
Cuy(A/B) = H, Im¢, < B. If we assume that Im¢, = (0), then
z € Cg(A) = (1). Contradiction. Hence Im¢, # (0). Since B is a
simple ZG-submodule, Im ¢, = B. The ZG-factor A(z —1)/B(z — 1)
is a ZG-homomorphic image of A/B. Since Cy(A/B) = H, Cy(A(z —
1)/B(z—1)) = H. Since B is a simple ZG-submodule, from A(z —1) =
Im ¢, = B and Cy(B) # H we obtain the equality A(z —1) = B(z —1).
Hence for every a € A we have a(z — 1) = b(z — 1) for some b € B. Tt
follows that (a —b)(z —1) =0, that is a —b € Cy(z) or A = B+ Cx(z).
Since Ca(z) = Ker ¢,, Ca(z) is a ZG-submodule. Since B is a simple
ZG-submodule, then either BN C4(z) = (0) or B < C4(z). In the last
case A = C4(z), that is z € Cg(A) = (1), which is impossible. It follows
that BN Ca(z) = {(0) and A = B ® C where C = C4(z). O

Let G be a hypercentral group, H a normal non-identity subgroup
of G, A a ZG-module. A ZG-submodule C is called H -hypereccentric,
if C has an ascending series

0)<Cr<C1 < <Cp<Chq1 < <0,

of ZG-submodules of A satisfying the following conditions:
Co+1/Cq is a simple ZG-module.
Co+1/Cq is an H-eccentric factor for every a < -.
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Corollary 2.3. Let G be a hypercentral group, H a non-identity normal
subgroup of G, A a ZG-module, having a finite ZG-composition series,
Ca(A) = (1), C an upper ZH -hypercenter of A. Then:

(1) A= C&E where E is a mazimal H-hypereccentric ZG-submodule
of A.

(2) E includes every H-hypereccentric ZG-submodule of A, in partic-
ular, this decomposition is unique.

Proof: Assertion (1) follows from Lemmas 2.1 and 2.2. Let B be an
H-hypereccentric ZG-submodule of A. If (B + E)/E is non-zero, it
includes a non-zero simple ZG-submodule D/E. Since (B + E)/E =
B/(BNE), D/E is ZG-isomorphic with some simple ZG-factor of B. It
follows that Cy(D/FE) = H. On the other hand, (B+FE)/E < A/E = C,
that is Cy(D/E) = H. This contradiction proves that B < E. O

Proposition 2.4. Let G be a group, A a normal abelian periodic sub-
group of G such that A < FC(G) and Q = G/Cq(A) is hypercentral.
Let H be a non-identity normal subgroup of Q, C an upper ZH -hyper-
center of A. Then:

(1) A= C®E where E is a mazimal H-hypereccentric ZQ-submodule
of A.

(2) E includes every H-hypereccentric ZQ-submodule of A; in partic-
ular, this decomposition is unique.

Proof: Since A < FC(G) and A is periodic, A has a local family of
finite G-invariant subgroups {Ax | A € A}. Since A, is finite, the
Z@-submodule Ay has a finite composition Z@Q-series. By Corollary 2.3
Ay = Cy x E) where C) is the upper ZH-hypercenter of A, (that is
Cy = CNA)), E, is a maximal H-hypereccentric Z@Q-submodule of A,
A e A If Ay < Ay, then by the isomorphism Ay/(AxNE,) =zq
A\E,/E, < Am/Em =zq C, we obtain that Ay N E, is a maxi-
mal H-hypereccentric Z(@)-submodule of Ay, that is Ay N E, = Ej.
Put F = UyeaFEy. Then E is a G-invariant subgroup of A such that
ENAy, = Ey, X\ € A. By construction F is an H-hypereccentric Z@Q-sub-
module of A. Since Ay = Cy\x E\ = (CNA)\) X (ENA)),A=CxE. In
particular, F is a maximal H-hypereccentric ZQ-submodule of A. The
proof of assertion (2) is the same as the relevant part of the proof of the
previous corollary. O
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3. Proofs of main results. The non-periodic case

For the reader convenience we are listing the following elementary
properties of abnormal and pronormal subgroups (see, for example, [BB],
[DH]). We are going to use some of them in this paper.

Let G be a group, U a subgroup of G.

1. The following statements hold.

(1) If A is pronormal in G and A < U, then A is pronormal in U.

(2) If H is a normal subgroup of G, and H < A, then A/H is
pronormal in G/H if an only if A is pronormal in G.

(3) If H is a normal subgroup of G and A is pronormal in G, then
AH/H is pronormal in G/H.

(4) If H is a normal subgroup of G and A is pronormal in G, then
Ng(AH) = Ng(A)H.

(5) If A is pronormal in G and A is subnormal in G, then A is
normal in G.

(6) If A is pronormal in G, then Ng(A) is abnormal in G.

(7) If A is pronormal in G, and B is normal in G, then AB is
pronormal in G.

(8) If G is a soluble group, then A is pronormal in G if and only
if it satisfies the Frattini property. In particular, if A is pro-
normal in G and H is a normal subgroup including A, then
G = Ng(A)H.

(9) If A is abnormal in G, then A is abnormal in any intermediate
subgroup of G.
II. The following statements are equivalent.

(1) H is abnormal in G.
(2) H is pronormal in G and Ng(H) = H.

(3) H is pronormal in G and Ng(K) = K for any intermediate
subgroup K for H.

III. Let A be a subgroup of a group G and H be a G-invariant subgroup
of A; then A is abnormal in G if and only if A/H is abnormal
in G/H.

The following Lemma 3.1 is well-known (see, for example, [McL]).
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Lemma 3.1. Let G be an FC-hypercentral group. If G is finitely gen-
erated, then G is nilpotent-by-finite.

The following statements are almost obvious.

Lemma 3.2. Let G be a group, every subgroup of which is descending.
(1) If H is a subgroup of G, then every subgroup of H is descending.
(2) If L is a normal subgroup of G, then every subgroup of G/L is

descending.
(3) IfU/V is a section of G, then every subgroup of U/V is descending.

Lemma 3.3. Let G be a group, every subgroup of which is descending.
Then every locally (soluble-by-finite) subgroup H of G is locally nilpotent.

Proof: Let K is an arbitrary finitely generated subgroup of H and let S
be a normal subgroup of finite index in K. By Lemma 3.2 K/S is a finite
group, every subgroup of which is descending. In other words, every
subgroup of K/S is subnormal. It follows that K /S is nilpotent. Hence
every finite factor-group of K is nilpotent, so that K is nilpotent [RD 2,
Theorem 10.51]. O

Proof of Theorem A: By Lemma 3.1 the group G is locally (nilpotent-
by-finite). Therefore we may use Lemma 3.3 and obtain that G is locally
nilpotent. Since G is F'C-hypercentral, G is hypercentral. O

Proposition 3.4. Let G be an FC-group.
(1) If every pronormal subgroup of G is normal, then G is hypercentral.

(2) If G does not include proper contranormal subgroups, then G is
hypercentral.

(3) If G does not include proper abnormal subgroups, then G is hyper-
central.

Proof: The factor-group G/{(G) is residually finite and periodic (see,
for example, [RD 2, Lemma 4.31]). Since a finite group, in which all
pronormal subgroups are normal (respectively, a finite group, which does
not include the proper contranormal subgroups) is nilpotent, G/{(G) is
residually nilpotent. Since this factor-group is also periodic, G/{(G) is
locally nilpotent. But a locally nilpotent F'C-group is hypercentral (see,
for example, [RD 2, Theorem 4.38]), so G/((G), and therefore G, is
hypercentral. O
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Recall that a ZG-module A is called to be monolithic if the intersection
of all non-zero ZG-submodules of A (the ZG-monolith of A) is non-zero.

Lemma 3.5. Let a group G includes a normal abelian periodic sub-
group A satisfying the following conditions:

(1) A< FC(G).

(2) A is a monolithic ZG-module with the ZG-monolith M.
(3) G/A is a hypercentral group.

(4) G # Cg(M).

Then A has an ascending series
()= Ay <A =M<A < SA <A < <A = A

of G-invariant subgroups, every factor Aa+1/Aqs of which is G-chief and
isomorphic to M as a ZG-module for each o < 7.

Proof: Put H = Cg(M). Since M is a simple ZG-submodule, condi-
tion (1) gives that M is finite, so that H is a normal subgroup of finite
index. Since G/H is nilpotent, it is a p’-group (see, for example, [DH,
Corollary B.9.4]). By Proposition 2.4 A = C' x E where C is an upper
Z H-hypercenter of A and F is a maximal H-hypereccentric ZG-sub-
module of A. By the selection of H we have M < C. Since M is a
ZG-monolith of A, the equation M N E = (1) implies that F = (1). In
other words, A is Z H-hypercentral.

Let S/M = Socg(A/M) be a subgroup, generated by all minimal
G-invariant subgroups of A/M. Choose an arbitrary minimal G-invariant
subgroup U/M of A/M. Condition (1) yields that U is finite, that is V =
C¢(U) is a normal subgroup of finite index. If we assume that V = H,
then by Maschke’s Theorem (see, for example, [DH, Theorem A.11.4])
U =M x W for some G-invariant subgroup W. Since A is monolithic,
this is impossible. This contradiction proves that V' # H. In particular,
H/V is a non-identity normal subgroup of the nilpotent group G/V,
therefore H/V N {(G/V) # (1). Let V # 2V € {((G/V)N H/V. Then
the mapping ¢: u — [g,u], u € U, is a ZG-endomorphism of U. Since
z€ H M <Ker¢, Im¢ = [g,U] < M. Since Ker ¢ # (1), Ker¢p = M,
Im¢ = M, so that U/Ker¢p = U/M =2z M. Hence every minimal
G-invariant subgroup of S/M is isomorphic with M as a ZG-module.
Since A < FC(G), A has an upper G-socular series. Using the same
arguments and transfinite induction, we prove this lemma. O
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Lemma 3.6. Let a group G includes a normal abelian periodic sub-
group A satisfying the following conditions:

(1) A< FC(G).

(2) A is a monolithic ZG-module with the ZG-monolith M.

(3) G/A is a hypercentral FC-group.

(1) G £ Ca(M).
Then G includes a subgroup S such that G = AXS. Furthermore, every
other complement to A in G is conjugate with S.

Proof: Put H = Cg(M). Since M is a simple ZG-submodule, condi-
tion (1) implies that M is finite, so that H is a normal subgroup of finite
index. Since G/H is nilpotent, it is a p’-group and the center ((G/H) is
cyclic (see, for example, [DH, Corollary B.9.4]). Put (¢H) = ((G/H).
Then M(g — 1) = [g, M] is a ZG-submodule of M, so that M = [g, M].
By Lemma 3.5 A has an ascending series

<1>:AO§A1:M§A2§SAQSAQ+1§§A7:A

of G-invariant subgroups, every factor A,41/A. of which is G-chief
and isomorphic to M as ZG-module for each a@ < «. In particular,
[9Aq, Aat1/A] = Aat1/Aq for each a < «. Tt follows that [g, A] = A.

Suppose that Ca(g) # (1). Let 1 # a € Ca(g) and put K = (a)°.
By (1) K is finite. Let

()=Ko<K 1 <---<K,=K
be a series of G-invariant subgroups, every factor of which is G-chief.

Put U = K11, V = Kj. Since G/A is an FC-group, C/A = Cg/a(gA)
has finite index in G/A, and (3) yields that C' is subnormal in G. Let

C=Ci<xCi«a---<x1C_1<Cp, =G

be the respective subnormal series. The finiteness of U/V guarantees the
existence of a minimal C,,, _;-invariant subgroup B/V of U/V. It follows
that there are elements y1, ..., y; such that U/V = B/V x (y; ' By, /V) x
-+ x (y; ' By;/V). In turn, the finiteness of B/V implies that it includes
a minimal C,,_s-invariant subgroup D/V. Again there are elements
wi, ..., w, such that B/V = D/V x (w] ' Dw; /V) x - -+ x (w;* Dw, /V),
and hence

U/V =D/JV x (w7 ' Dwy/V) x - x (w;*Dw,/V)

X (yr *By1/V) x (yr 'wit Byiw JV) x -+ x (y; tw;  Dw,y) [ V).
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Repeating the same arguments after finitely many steps we come to
a minimal C-invariant subgroup E/V and elements z1, ..., z, such that

U/V =E/V x (27" Ex1/V) x -+ x (z, Exy/V).

Since gA € ((C/A), |g, E]/V is a C-invariant subgroup of E/V. Then
either [g, E] = V or [g, E] = E. Suppose that [g, E] = V and consider
[g,a:j_lExj]. We have xjgmj_l = gz where z € C(U/V), therefore

-1

[g,acj_lExj] = z; [xjga:j_l,E]xj

= x;l[gz,E]xj

— 471 (7 g, Elelz, El)a

= x;lej =V.

Since this is valid for each j, 1 < j < ¢, we obtain [¢g, U] = V, which is
impossible. This contradiction proves that [g, F] = E, and it follows that
[g,:z:j_lExj] = ;z:j_lExj for each j, 1 < j < ¢. Thus K has an ascending
series

()=Lo<L1<Ly<--<Lp,=K

of C-invariant subgroups, every factor L;;1/L; of which is C-chief and
(g)-eccentric. On the other hand, the series (1) < £ < (a) < K has a
refinement, the all term of which is a C-invariant subgroup and every
factor of which is C-chief. By Schreier Refinement Theorem factors of
this series are isomorphic (as ZC-modules) to factors of the series

(1)=Lo<L1 <Ly <--- <L, =K.

But each factor of this last series is (g)-eccentric and we obtain a
contradiction. This contradiction proves that C'4(g) = (1).

Let « be an arbitrary element of C'. Then gr = ga; for some ele-
ment a; € A. By the equation A = [g, A] there is an element a; € A
such that a; = [g,as]. Thus we have 2~ gz = ga, = glg, as] = ay 'gas.
It follows that za,' € Cco(g) = R, so that G = AR. We have already
proved that AN R = ANCe(g) = Calg) = (1), that is G = AX R.
Let @ be another complement to A in C. Then ((Q) has an ele-
ment e such that gA = eA. It follows that e = gas for some ele-
ment ag € A. The equation A = [g, A] implies the equation as = [g, a4]
for some element a4 € A, so that e = gag = glg,a4] = a;lga4. Thus
Ce(e) = Cc(aglgazl) = a;lCc(g)ml = aZIRa4.
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From e = gaz we obtain that Ca(e) = Ca(g) = (1). Since e €
¢(Q), Q@ < Cc(e), and from the equation C' = AQ we obtain C¢(e) =
Q(ANCc(e)) = Q, that is Q = a; ' Ray. Now we can apply Lemma 3
of [RD 3]. O

Proposition 3.7. Let G be a group, A a normal abelian periodic sub-
group of G such that A < FC(G) and G/A is an FC-group.

(1) If every pronormal subgroup of G is normal, then G is hypercentral.

(2) If G does not include proper contranormal subgroups, then G is
hypercentral.

(3) If G does not include proper abnormal subgroups, then G is hyper-
central.

Proof: By Proposition 3.4 G/A is hypercentral. Proposition 2.4 implies
the decomposition A = C' @ E where C is the upper ZG-hypercenter
of A (that is the intersection of the upper hypercenter of G with A),
E is a maximal G-hypereccentric ZG-submodule of A. Suppose that
G is not hypercentral. It follows that E # (1). Let M be a minimal
G-invariant subgroup of E, then M is G-eccentric, that is Co(M) # G.
Choose a G-invariant subgroup D of A which is maximal with respect
to the following properties: C' < D and DN M = (1). Then A/D is
a monolithic ZG-module with the ZG-monolith M D/D. Furthermore,
Ca(MD/D) # G. By Lemma 3.6 G includes a subgroup S/D such that
G/D = A/D X\ S/D and every complement to A/D in G/D is conjugate
to S/D. Let now g be an arbitrary element of G. Then S9/D is a comple-
ment to A/D in G/D. Put H/D = (S/D,S9/D). The equation G/D =
(A/D)(S/D) implies that H/D = B/D X\ S/D = B/D X\ S9/D where
B/D =A/DNH/D is an H-invariant (and hence S-invariant) subgroup
of A/D. However every S-invariant subgroup of A/D is also G-invariant.
In other words, B/D is a ZG-submodule of A/D. As A/D, B/D is
monolithic and its monolith is H-eccentric. Using Lemma 3.6 we obtain
that every complement to B/D is conjugate with S/D. In particular, the
subgroups S/D and S9/D are conjugate in (S/D,S9/D). This means
that the subgroup S/D is pronormal in G/D.

Suppose that every pronormal subgroup is normal. Then S/D is
normal in G. It follows that G/D = A/D # S/D, in particular the
monolith of A/D is central. This contradiction proves that £ = (1) and
therefore G is hypercentral.

Suppose that G does not include proper contranormal subgroups
and let U/D = Ng,p(S/D), V/D = A/DnU/D. If aD € V/D,
zD € S/D, then [aD,zD] € S/DNA/D = (1). In other words,
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Na/p(S/D) = Ca/p(S/D). If we assume that V/D # (1), then V/D
includes M D/D, in particular, MD/D < Cg/p(S/D). But this means
that MD/D (and hence M) is central in G, which contradicts its se-
lection. This contradiction proves the equation S/D = Ng,p(S/D).
We have already proved that S/D is pronormal in G/D. Since a nor-
malizer of a pronormal subgroup is abnormal (see, for example, [DH,
Lemma I.6.21]), the subgroup S/D is also abnormal. Then S/D is con-
tranormal, and we obtain a contradiction. This contradiction proves (2)
and obviously (3). O

Proof of Theorem B: Let T be the periodic part of A. Choose an ele-
ment v € A\T and put U = (u) G. Then ¢(U) is finite and U is finitely
generated. It follows that there is a number k € A such that £ = U* is
torsion-free. In other words, A includes a non-identity finitely generated
torsion-free G-invariant subgroup. Let p be a prime; then E? is a non-
identity G-invariant subgroup. If A/EP is not periodic, then by above it
includes a non-identity torsion-free G-invariant subgroup.

Let M/EP be a maximal torsion-free G-invariant subgroup of A/FEP.
Then A/M is periodic. By Proposition 3.7 G/M is hypercentral. Let
r =ro(E), then |E/Ep| = p". We have ENM = EP, that is |[EM /M| =
p". Since EM /M is a normal subgroup of the hypercentral group G/H,
the hypercenter with the number r includes EM/M. It follows that
[E,G,G,...,G] =[E, G] < M. On the other hand, [F,, G] < E since £

—_———

is a normal subgroup, that is [E,,. G] < EN M = EP. Since this is valid
for each prime p, [E,, G] < NyepE?P (here P is the set of all primes).
Since E is a free abelian subgroup, N,ep EP = (1). Hence [E,,. G] = (1),
that is the hypercenter with the number r includes E. In other words,
if A is not periodic, then AN{(G) # (1). Using Proposition 3.7 with the
help of transfinite induction we can obtain that G is hypercentral. [

4. Proofs of main results. The periodic case
Lemma 4.1. Let G be a group, H a normal periodic subgroup of G such
that H < FC(G).

(1) If every pronormal subgroup of G is normal, then H is hypercentral.

(2) If G does not include proper contranormal subgroups, then H is
hypercentral.

(3) If G does not include proper abnormal subgroups, then H is hyper-
central.
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Proof: Let K be a finitely generated subgroup of H, L = K. Since
H < FC(G), L is finite. Let S be a Sylow p-subgroup of L, p € TI(L).
For every element g € G the subgroup 59 is also a Sylow p-subgroup of L,
in particular, it is a Sylow p-subgroup of (S, S9). Since (S,S9) < L, it is
finite. It follows that S and S9 are conjugate. Thus S is a pronormal sub-
group. If every pronormal subgroup of G is normal, S also must be nor-
mal in G. Since it is valid for every prime p, L is nilpotent, so that H is
locally nilpotent. Since H < FC(G), H is a hypercentral subgroup. Sup-
pose that G does not include proper contranormal subgroups. Since S is
pronormal, Ng(S) is abnormal (see, for example, [DH, Lemma 1.6.21]),
and hence contranormal. It follows that G = N¢(S), i.e. S is normal
in G. As above it follows that H is hypercentral. O

Lemma 4.2. Let a group G includes an abelian normal p-subgroup A
(p is a prime number) satisfying the following conditions:

(1) A< FC(Q).
(2) G/Cq(A) is a periodic p'-group.

If B is a finite G-invariant subgroup of A such that A = B x C for some
subgroup C, then there is a G-invariant subgroup E such that A= Bx E.

Proof: Let L be a local family of finite G-invariant subgroups of A in-
cluding B. This family exists since A < FC(G). If L € L, then
L = B x (LNC). Since L is finite and Cq(L) > Ce(A), G/Cq(L)
is a finite p’-group. By Maschke’s Theorem (see, for example, [RD 4, 4,
8.1.2]) there exists a G-invariant subgroup D such that L = B x D. Let

C(L) ={D | D is a G-invariant subgroup of L such that L = B x D}.

IfL,Me L, L <M Q€ CM), then M =BxQ and L =
B x (LNQ). Since L N Q is G-invariant, L N Q € C(L). Define the
mapping 7y, C(M) — C(L) by the rule: Qr,,, = QNL, Q € C(M).
Clearly, if L, M, K € L and L < M < K, then ng p,map = i, By
definition 7z, 7, is an identity mapping for each L € L. In other words,
{C(L) | L € L} is a projection set. Then there exists a complete pro-
jection set P (see, for example, [KU, Chapter 55]). This means, that
if R,QeP, ReC(L), Qe C(M) where L, M € £ and L < M, then
QN L=R. Since L is a local family, P is a local family too. It follows
that £ = UP is a G-invariant subgroup. Clearly EN B = (1). If a is
an arbitrary element of A, then a € L for some L € £. We have now
L =B x R where R € P. It follows that A= B x E. O
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Lemma 4.3. Let a periodic group G includes an abelian normal p-sub-
group A (p is a prime) satisfying the following conditions:

(A) A< FC(G).

(B) G/A is a hypercentral p’-group.
Then the following assertions hold:

(1) If every pronormal subgroup of G is normal, then H is hypercentral.

(2) If G does not include proper contranormal subgroups, then H is
hypercentral.

(3) If G does not include proper abnormal subgroups, then H is hyper-
central.

Proof: Since A < FC(G), A has an ascending G-chief series
() <A)<A < <A <A1 << Ay=A

with finite factors. Put M = A;. Then M is a minimal G-invariant
subgroup of A. In particular, M is an elementary abelian p-subgroup,
that is M < B = Q4(A). By Lemma 4.2 B includes a G-invariant sub-
group E such that B = M x E. Let R be a maximal subgroup with the
following properties: E < R and RN M = (1). Put U/R = Q1(AR).
If we assume that U/R # MR/R, then using Lemma 4.2 we come to
the existence of a non-identity G-invariant subgroup W/R such that
U/R = MR/R x W/R. However this contradicts the election of R.
This contradiction proves the equation U/R = MR/R, in particular,
U/R is finite. It follows that A/R is a Chernikov subgroup (see, for
example, [FL, Theorem 25.1]). Let D/R be the divisible part of A/R.
Since G/ R is periodic, (G/R)/Cq/r(D/R) is finite (see, for example,
[RD 2, Lemma 3.28]). It follows that G/R is hypercentral-by-finite. By
generalized Schur-Zassenhaus Theorem (see, for example, [DM, Theo-
rem 2.4.5]) G/R = A/R X\ S/R where S/R is the Sylow p’-subgroup
of G/R. Let g € G and consider the subgroup Y/R = (S/R, (S/R)9%).
Since Y/ R is hypercentral-by-finite, Sylow p’-subgroups of Y/ R are con-
jugate [SE, Lemma 1.1], in particular, /R and (S/R)9% are conjugate.
It follows that S/R is pronormal.

Suppose that every pronormal subgroup is normal, so S/R is nor-
mal in G/R. Hence G/R = A/R x S/R and G/R is hypercentral. In
particular, [G, M] < R. On the other hand, M is a normal subgroup
of G, therefore [G, M] < M, that is [G, M] < M N R = (1). This means
that M < ((G). Using the same arguments by transfinite induction we
can prove that A,4+1/A4, is a G-central factor for each ordinal o < 7.
Consequently G is hypercentral.
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Suppose that G does not include proper contranormal subgroups.
Then Ng,r(S/R) is abnormal (see, for example, [DH, Lemma 1.6.21]),
and hence contranormal. It follows that G/R = Ng/r(S/R), i.e. S/R is
normal in G/R. As above it follows that G is hypercentral. O

Corollary 4.4. Let a periodic group G includes an abelian normal
p-subgroup A (p is a prime), satisfying the following conditions:

(A) A< FC(G).

(B) G/A is a hypercentral group.

Then the following assertion hold:

(1) If every pronormal subgroup of G is normal, then H is hypercentral.

(2) If G does not include proper contranormal subgroups, then H is
hypercentral.

(3) If G does not include proper abnormal subgroups, then H is hyper-
central.

Proof: Since G/A is hypercentral, G/A = P/A x S/A where P/A a
the Sylow p-subgroup of G/A, S/A is a Sylow p’-subgroup of G/A. In
particular, P is a normal Sylow p-subgroup of G. By Lemma 4.3 the
subgroup S is also hypercentral, so that S = A x R where R is a (nor-
mal) Sylow p-subgroup of G. In particular, G = P x R. Since R is
hypercentral, G is also hypercentral. ]

Corollary 4.5. Let a periodic group G includes an abelian normal sub-
group A satisfying the following conditions:

(A) A< FC(GQ).
(B) G/A is a hypercentral group.
Then the following assertion hold:

(1) If every pronormal subgroup of G is normal, then H is hypercentral.

(2) If G does not include proper contranormal subgroups, then H is
hypercentral.

(3) If G does not include proper abnormal subgroups, then H is hyper-
central.

Proof: Since A < FC(G), A has an ascending G-chief series

(1) A <A < <A< Agpi < <A, =A
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with finite factors. Consider an arbitrary G-chief factor A,41/Aq of
this series. Let II(An+1/A4a) = {p} and denote by S a Sylow p’-sub-
group of A. Then A,1/A, is G-isomorphic with some G-chief factor
of A/S. By Corollary 4.4 G/S is hypercentral, and hence A,1/A, is
G-central. O

Corollary 4.6. Let a periodic group G includes a soluble normal sub-
group A, satisfying the following conditions:

(A) A< FC(G).

(B) G/A is a hypercentral group.
Then the following assertion hold:

(1) If every pronormal subgroup of G is normal, then H is hypercentral.

(2) If G does not include proper contranormal subgroups, then H is
hypercentral.

(3) If G does not include proper abnormal subgroups, then H is hyper-
central.

Proof: Since A is soluble, it has a finite series of G-invariant subgroups
(1) <Ag<A; << A=A

with abelian factors. Using Corollary 4.5 and ordinary induction we can

prove that G is hypercentral. O

Corollary 4.7. Let a periodic group G includes a residual finite normal
subgroup A, satisfying the following conditions:
(A) A< FC(GQ).
(B) G/A is a hypercentral group.
Then the following assertion hold:
(1) If every pronormal subgroup of G is normal, then H is hypercentral.
(2) If G does not include proper contranormal subgroups, then H is
hypercentral.

(3) If G does not include proper abnormal subgroups, then H is hyper-
central.

Proof: By Lemma 4.1 A is hypercentral. Let F' be a finite G-invariant

subgroup of A. Since A is residually finite, A includes a normal sub-

group H of finite index such that H N F' = (1). Put L = Coreg(H). By

Remak’s Theorem A/L < IyeqA/HY, in particular, A/L is soluble. By

Corollary 4.6 G/L is hypercentral. Since FL/L is a finite normal sub-

group of G/L, there is a number m such that [G,G,...,G,F] < L. On
———

m
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the other hand, F' is a normal subgroup of G, so that [G,G,...,G, F] <
————

m

F. This implies [G,G,...,G,F] = (1). In other words, the hyper-
————

center of G with numbg; m includes F. Since F' is an arbitrary finite
G-invariant subgroup of A, the inclusion A < FC(G) implies that the
upper hypercenter of G includes A. Since G/A is hypercentral, it follows
that G is also hypercentral. O

Proof of Theorem C: Let Z = ((H), then Z is also G-invariant and
H/Z is residually finite (see, for example, [RD 2, Lemma 4.31]). By
Corollary 4.7 G/Z is hypercentral. Now we can apply Corollary 4.5
which implies that G is hypercentral. O

Proof of Corollary C1: Let
(1)=Go<G1 < <Gp=0G

be the upper FC-central series of a group G. We will use induction
by m. If m = 1, the result follows from Proposition 3.4. Let we have
already proved that G/G; is hypercentral. By Theorem C G is also
hypercentral. ]

Corollary C2. Let G be a periodic locally soluble group with Chernikov
Sylow p-subgroups for all prime p. The following statements hold.

(1) If every pronormal subgroup of G is normal, then G is hypercentral.

(2) If G does not include proper contranormal subgroups, then G is
hypercentral.

(3) If G does not include proper abnormal subgroups, then G is hyper-
central.

Proof: By Kargapolov’s Theorem (see, for example, [DM, Theo-
rem 2.5.14]) G includes a normal abelian divisible subgroup D such that
G/D is a residually finite group with finite Sylow p-subgroup for all
prime p. Hence every finite factor-group of G is nilpotent, G/D is resid-
ually nilpotent. But a locally finite residually nilpotent group is locally
nilpotent. Thus G/D is a direct product of its finite Sylow p-subgroups,
in particular, G/D is an FC-group. Hence D is an abelian subgroup
with Chernikov Sylow p-subgroups for all prime p, D < FC(G). Now
we can apply Corollary C1. O

Lemma 4.8. Let G be a Chernikov group, D the divisible part of G. If
every proper G-invariant subgroup of D is finite and G does not include
proper contranormal subgroups, then D < ((G).
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Proof: Choose a finite subgroup F such that G = FD. Put H = F©,
then H is a proper normal subgroup of G. If we suppose that H is
infinite, then H N D is infinite. Since H N D is G-invariant, HN D = D,
that is D < H. But in this case H = G. This contradiction proves that
H is finite. In particular, [G,G] is finite, and hence D < ((G). O

Lemma 4.9. Let G be a Chernikov group. Then G is central-by-finite
and nilpotent in each of the following cases:

(1) G has no proper contranormal subgroups.
(2) G is a Baer group.
(3) G is a Fitting group.

Proof: Denote by D the divisible part of G. Let G satisfies (1). The
subgroup D has a series of G-invariant subgroups

()=Dy<D1<---<Dp,=D

satisfying the following condition: every proper G-invariant subgroup of
Djt1/Dj, 0 < j < m —1, is finite. Corollary C1 implies that G is a
hypercentral group. By Lemma 4.8 every factor of this series is central.
The finite factor-group G/D is nilpotent, hence G is nilpotent. But a
nilpotent Chernikov group is central-by-finite (see, for example, [RD 2,
Lemma 3.13]).

Suppose now that G satisfies (2). Then G is locally nilpotent (see, for
example, [LS, Theorem 2.5.1]). We have G = DK where K is a finite
subgroup. In particular, K is nilpotent. Since G is a Baer group, K is
subnormal. By Lemma 4 of [HK] G is nilpotent, and G is central-by-
finite.

Finally, if G is a Fitting group, then it is a product of a finitely many
normal nilpotent subgroups and by Fitting Theorem (see, for example,
[RD 2, Theorem 2.18]) G is nilpotent. O

Corollary C2. Let G be a periodic locally soluble group with Chernikov
Sylow p-subgroups for all prime p. The following statements hold.
(1) If every pronormal subgroup of G is normal, then G is hypercentral.

(2) If G does not include proper contranormal subgroups, then G is
hypercentral.

(3) If G does not include proper abnormal subgroups, then G is hyper-
central.
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Corollary C3. Let G be a periodic locally soluble group with Chernikov
Sylow p-subgroups for all prime p. The following statements are equiva-
lent.

(1) G does not include proper contranormal subgroups.

(2) G = Xpen(a)Gp where Gy, is a central-by-finite nilpotent Chernikov
p-subgroup, p € II(G).

(3) G is a Fitting group.

(4) G is a Baer group.

Proof: (1) = (2). By Corollary 4 G is hypercentral, so that G =
Xper(a)Gyp, where G, is a Sylow p-subgroup of G, p € II(G). The sub-
group G, is isomorphic with some factor-group of G, therefore G, has no
proper contranormal subgroups. By Lemma 4.9 G, is central-by-finite.

(2) = (3) and (2) = (4) are obvious.
(4) = (2) and (3) = (2) follow from Lemma 4.9.

(2) = (1). Let H be a proper subgroup of G, then H = X, cri(m)Hp,
where H,, is a Sylow p-subgroup H, p € II(H). Then there is a number p
such that, H, # G,. Since G, is nilpotent, H,G), # G,. It follows that
HY £G. O

5. A remark on transitivity of abnormality

In the group S, the subgroup A, is abnormal. The subgroup B =
((12)) is maximal and therefore abnormal in A4. However, it is almost
obvious that B is not abnormal in S4. So, as we mentioned already
in the Introduction, in general, abnormality is not a transitive relation.
Nevertheless, the following result, which could be considered as a useful
and general criterion of abnormality, shows that the class of groups with
transitive abnormality is significantly broad. For example, as it follows
from Lemma 5.1 below all metaabelian groups posses this property.

Lemma 5.1. Let a group G includes a normal subgroup H such that
G/H has no proper abnormal subgroups. If for any abnormal subgroup B
the intersection B N H is normal in H, then abnormality is a transitive
relation in G.

Proof: If G has no proper abnormal subgroups the statement is trivial.
Let B be an abnormal subgroup of G. Then HB > B is an abnormal
subgroup in G. Since the image of an abnormal subgroup is abnormal,
HB/H is abnormal in G/H. However, G/H has no proper abnormal
subgroups. Therefore G = HB. Let C be an abnormal subgroup in B.
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By the lemma conditions H N B = D is normal in B. Since D is normal
in H, D is also normal in G = HB. An isomorphism B/D = B/(H N
B) = HB/H, implies that B/D has no proper abnormal subgroups. As
above since C is abnormal in B, B = DC. Therefore G includes the
normal subgroup D and the abnormal subgroup B = DC, such that C
is abnormal in B. Let g be an arbitrary element of G. Since B = DC
is abnormal in G, g € (DCY9,DC) = D (C9,C). Then g = dc where
d € D, ce (C9C). Since C is abnormal in B = DC, d € (C%,C).

From ¢ € (C9,C) it follows that d = ge~! € <Cgc*1,c> < (C9,0). Tt

means that g = dc € (C9,C) and C is abnormal in G, because in G an
abnormality is transitive. O

Theorem D and its Corollaries D1, D2, and D3 follow directly
from Lemma 5.1. We can easily obtain Corollary D4 admitting that
any ST-group is metabelian [RD 1].
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