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DISTRIBUTION-VALUED ITERATED GRADIENT AND
CHAOTIC DECOMPOSITIONS OF POISSON JUMP
TIMES FUNCTIONALS

NI1CcOLAS PRIVAULT

Abstract

‘We define a class of distributions on Poisson space which allows to
iterate a modification of the gradient of [1]. As an application we
obtain, with relatively short calculations, a formula for the chaos
expansion of functionals of jump times of the Poisson process.

1. Introduction

Let (Nt)ier, be a standard Poisson process with jump times (T )x>1,
and Tp = 0. The underlying probability space is denoted by (Q, F, P), so
that L?(Q, F, P) is the space of square-integrable functionals of (N;)¢cr, -
Any F € L?(Q2, F, P) can be expanded into the series

— 1
where I,(f,,) is the iterated stochastic integral

tn to
fn —n'/ / f" tlv’uytn)d(Ntl_tl)'“d(Ntn_t”)

of the symmetric function f,, € L*(R™) (stochastic integrals are taken
in the Ito sense, thus diagonal terms have no influence in the above
expression), with the isometry

<In(fn)va(gm)>L2(Q) = nll{n:m} <fnvgm>L2(R+,dt)°n;
fn S L2(R+, dt)on, gm € L2(R+,dt)om
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If f, is not symmetric we let I,(fn) = In(fy), where f, denotes the
symmetrization of f,, in n variables, hence (1) can be written as

F= E[F] + Zln(fnlAn)

where
Ap=A{(t1,...,tn) ERT :0< 1t < -+ <tp}.

Let D: L*(Q2) — L%*(Q x Ry) denote the linear unbounded operator
defined on multiple stochastic integrals as

DI, (fn) =nlp_1(fn(x,t)), ae teR,.

The formula of Y. Ito [3, Relations (7.4) and (7.5), pp. 26-27], allows in
principle to compute f, as

fn(tla Ce ,tn) = E[Dtl e 'DtnF]7 a.e. t1,...,tn € R+.

Given the probabilistic interpretation of D as a finite difference operator
(cf. [3] and [6]), we have for F = f(T1,...,Ty):

k=d
DtF:Z 1}Tk,1,Tk](t)(f(T17 cee 7Tk717t7Tk?7 e 7Td71)_f(T17 e >Td))7
k=1
teR,,

thus Dy, --- Dy, F' is well defined and explicit computations can be car-
ried out but may be complicated due to the recursive application of a
finite difference operator, cf. [4]. See [8] for an elementary approach
using only orthogonal expansions in Charlier polynomials.

On the other hand, the gradient D of [1] (see also [2]), defined as

k=d
Dy == Lo ()0 f (T, ... Ta),
k=1

has some properties in common with D, namely its adapted projection
coincides with that of D, and in particular we have

E[D,F] = E[D,F], teR,.

Since the operator D has the derivation property it is easier to ma-
nipulate than the finite difference operator D in recursive computa-
tions. Its disadvantage is that it can not be iterated in L? due to
the non-differentiability of 1jg 7,)(t) in T, thus an expression such as
E[D,, --- D, F)] makes a priori no sense, moreover E[Dy, --- D, F] may
differ from E[Dy, - - - Dy, F| for n > 2 (see Relations (13) and (14) below).
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In [7] the combined use of D™ and D in L? sense has led to the
computation of the expansion of the jump time Ty, d > 1. A direct
calculation using only the operator D can be found in [5], concerning a
Poisson process on a bounded interval.

In this paper we show that the gradient D can be iterated in a precise
sense of distributions on Poisson space, to be introduced in Section 3.
For example we have for (t1,...,t,) € Ay:

Dy, - Dy, f(Ta) = (=1)" f" (Ta) Lo r (1 V -+ V )

n—1
+ (=1)"Tg0<ty, o tn1<tn} Z f(n_j)(tn)égfl)(Td),

where 6, (Ty) is a generalized functional, i.e. the composition of the
Dirac distribution d;, at ¢,, with the jump time T}, cf. Proposition 3, f
denotes the n-th derivative of the function f € C;°(R4), and t1V---Vt,, =
max(ty,...,t,). Moreover we obtain the equality

E[Dy, -+ Dy, F | Fo) = E[Dy, -+ Dy F | Ful,
0<a<t; < - <tp, n>2
where we make sense of the conditional expectation E[Dy, - -- Dy, F | F,]
using the pairing (-,-) between distributions and test functions. This
implies
falts, .. ty) = E[Dy, --- Dy F], 0<t; <--- <t

This gives an expression for the decomposition of f(T1,...,T,), [ €
Cy°(Ag), with relatively short computations, cf. Proposition 6, for ex-
ample

To) =Y In(hala,),
n=0

hn(tla “e ;tn) = E[Dh o 'Dtnf(Tdﬂ

j=n—1

/ f t)pa—1(t) dt+(—1)" Z j lf(nij)(tn)pfij—ll)( tn)s

Jj=1

d—1

0 <ty < <tn, where pg_1(t) = gye™ ", t ERy, d > 1.
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2. Integration by parts

In this section we review the definition of the three main gradient
operators on Poisson space, and present an elementary derivation of
integration by parts formulas. All C* functions on A, are extended by
continuity to the closure of Ay.

Definition 1. Let a > 0. Let Sq(€2 x [a,00[') denote the test function
space

Sa(Q x [a,00) = {1 ®@ - @@ f(Ty,...,Ta):
fe Cl?o(Ad)7 hi,...,h € Cb([a, OO[)},
with S4(€2) = S4(2 x RY) for I = 0.

We recall that if f € L2(Ag, et dty -+ dty) then

E[f(Tl,...,Td)]Z/O e_td/od~-~‘/012f(t1,...,td)dt1~-~dtd,

which follows e.g. from the fact that (7,,)n>1 = (Tp, — T—1)n>1 IS a
family of independent exponential random variables.

2.1. Intrinsic gradient.

The intrinsic gradient D on Poisson space is defined on Sa(2) as

k=d

D.F = Z Ly (0)0kf(Th, ..., Ta), dNi-ae.,
k=1

with F' = f(T1,...,Tq), f € C{°(Aq), where Oy f represents the partial
derivative of f with respect to its k-th variable, 1 < k < d.

Lemma 1. Let F € 84(2) and h € C}(Ry.) with h(0) = 0. We have the
integration by parts formula

@) EUDF R s, an) = EIFUE] =~ |F [0 -]

where Uf, = —(SVZ4/(Th) — [0 (t) dt) € Sa(€).
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Proof: We have by integration by parts on Ag:

) k=d oo ptg to
E[<DF7 h>L2(R+7dNt)]: E / / / eitdh(tk)akf(tlw"atd) dty ---ditg
o Jo 0

oo ta to
:/ e*td/ / h(t)O1f(ty, ... tg)dty ---dtg
0 0 0

k=d .00 ta tht1 ) tk  pt2

+Z/ e‘td/ / h(tk)a—/ Fltr, .. ta)dty - dtg
=0 0 0 tk Jo Jo
k=d 0o ta thy1 b pli—2 ta

—Z/ e—fd/ / h(tk)// Y B (VT T T PR )
P o Jo 0Jo 0

dty - dbg_q1---dty

oo td t2
:_/ e_td/ / W () f(try .. ta) dty - - dig
0 0 0
> ta ts
+/ e—td/ / h(t2) f(ta, ta, ... ta) dts - - - dtg
0 0 0

k=d oo ta ta
_Z/ eitd/ / W (k) f(trs . ta)dty---dtg
e J0 0 0

0o ta ta
+/ e*tdh(td)/ / flty, ... tq)dty---dtg
0 0 0

k=d—1.00  pta  plesiptecs  pto
. Z/eftd/ / / / B(tk) F (s o bty byt i1 o ta)
—Jo o Jo Jo 0

dty - -dbg, - - - dty

k=d o0 ta te pte—2o ta
*Z/ eftd/ / / / h(ti)f (t1, - o th—2s the, tose - oy ta) diy- - -dtg
a0 0 o Jo 0
k=d oo tq to
:_Z/ eitd’/ / W (te) f(ta, .. ta) dty -~ dtg
= Jo 0 0

+/O e dh(td)/o /0 fltr, ... tq)dty -+ dtg
k=d T,
F (Zh’(Tk) —/O W (t) dt)] ,

k=1

=-F
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where df;, denotes the absence of dtj. Concerning the second part of the
equality it suffices to notice that if k > d,

E[FN/(T)]

S tr ta ta
:/ e*tkh/(tk)/ / / f(t1,-~-,td)dt1"'dtk
0 0 0 0
o] tr taq to
:/ e—tkh(tk)/ / / f(tl,...,td)dt1-~-dtk
0 0 0 0
oo th—1 ta ta
_/ e_tkflh(tkfﬁ/ / / f(tl,...,td) dty---dtp_1
0 0 0 0
Tk

F/TH R (t) dt] : O

Relation (2) implies immediately for F, G € S4(£2):

= E[F(h(T},) — M(Ty-1))] = E

E[(DF,hG) 2, any)]
= E[(ﬁ(FG), h)p2®, an,) — F<ﬁG» h>L2(R+7dNt)}

= E[F(GU,? — (h, DG>L2(R+,dNt))]
=_F {F (G/OOO h'(t) d(Ny —t) + <h7bG>L2(R+,dNt)>:| :

2.2. Damped gradient.

Let r(s,t) = —sVt denote the Green function associated to the Lapla-
clan £ on Ry:

‘C'f: _f”7 f ECSO(]O,OO[),

i.e. we have, with g = —f""
o] s t
/ r(s,t)g(t) dt = —/ / gu)dudt, se€R,.
0 o Jo
Definition 2. Given F' € §4(0), F = f(T1,...,Tq), we let

d
rM(s,t) = 55750 = ~le (1), st ERy,
S
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and -
D,F = / r(D(s,t)D,F dN;.
0
We have
_ k=d k=d
D,F = Zr(l)(Tk,t)ka(Tl, LTy = — Z Lo (O f(Th, ..., Ta).
k=1 k=1

In fact D is (up to a minor modification) the gradient introduced in [1].
This presentation of D using the Green function r(s,t) is motivated

by [9].

Proposition 1. We have for F € S§4() and h € C.(Ry):

(3) E[DF,h)r2w, a)) = E[FUY] = E [F / h(t) d(N; —t)} :
0

where Ul = Zif MTy) — fOTd h(t)dt.

Proof: We have

E[(DF,h)r2&, a] = E [/OOO /OOO ) (s,6) Dy Fh(t) dN dt}
=—FE {(DR /O h(t) dt)LQ(MdNt)]
:E[F/Oooh(t)d(Nt—t)] O

Relation (3) also implies that for F,G € S4(2),
E[(DF,hG) 12, av)]
= E[(D(FG),h)r2&, ar) — F(DG, h)r2(&., a]

(4) = E[F(GU{ — (h, DG)r2®, ar))]

=F [F (G /OOo h(t)d(N; —t) — (h, DG)LQ(Mdt))] .

2.3. Finite difference gradient.

For completeness we mention the gradient D which is associated to
the Fock space structure, and whose properties have been discussed in
the introduction.
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3. Distribution-valued gradient

For n > 2 and F' € §4(Q) we let dNy, ® -+ @ dNy -a.e.:
f?li,...¢ F= Z Liry 3 (t) -+ Lgry, 1 (80)05, -+ 04, f(T1, . Ta).

n
1<g1,0dn<d

This is not the n-th iteration of b, in fact we have

ID"Fl|2e e, anper = D, (D05, f(Th,.... Ta))*.
1<j1,00nyjn<d
Definition 3. Let a € Ry and [ € N.

i) We denote by 8(€ x [a, [') the space of continuous linear forms
(distributions) on Sq(Q x [a,00[)), i.e. F € S}(Q x [a,00[") if there
exists k > 0 and C' > 0 such that

i=k
(Fh@- 0G| < CZ 11 @+ @ ]| ool| D' Gl e (0, L2y ) 1)
i=0
G e Sd(Q X RL), hi,...,h € CC([CL,OOD.

ii) A sequence (F,)nen C S5(€2x [a, 0o[') is said to converge in S/ (2 x
[a,00[!) if the sequence ((F},G))nen converges to (F,G) for all
G € S4( x [a, 00[").

The notation (-, -) will be used to denote the pairing between S;(£2 x

[a,00[!) and 8}(Q x [a,c['), for all values of [ € N. Every F € Sy( x
[a,00[!) is identified to an element of (2 x [a, oc[') by letting

<F7 G> = /Q<F(w, '), G(w, ')>L2([a,oo[,dt)®’P(dw)7 Ge Sd(Q X [CL, oo[l)

The closability property in L? of the operator D is a well-known state-
ment which extends to distributions in S;(Q x [a, oo[!).
Proposition 2. Let (F),)nen C Sa(Q x [a, oo[') such that

i) (Fy)nen converges to 0 in Sh(Q x [a, oo['),

ii) (DF,)nen converges in Sh(2 x [a, oo +1).
Then (DF,)nen converges to 0 in Si(Q x [a, co[+1).
Proof: For [ = 0 this is a direct consequence of the integration by parts
formula (4), which shows that

(DF,, hG) = E[F,(GUI—(DG, h) 2=, ar)), I € Ce([a, 0]), G € S4(),

with GU! — (DG, h)r2r, ar) € Sa(2). The generalization to [ > 1 is
straightforward. O
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This proposition justifies the following extension of D to generalized
functionals.

Definition 4. Let a € Ry. We let D([a, oo[) denote the subspace of
F € 84(Q x [a, 00[") such that

i) there exists (Fp)nen C Sa(2 x [a,00[') that converges to F in
S&(Q x [a” oo[l)7
it) (DF,)nen converges in S5(€ x [a, oo[T1).

Given F as above we define DF as the limit in S(Q x [a, co['T1)

DF = lim DF,, F e D([a,oc]) C S x [a,ool).

n—oo

4. Iterated gradient in distribution sense

We let for n > 2:
(T t) = Opr(Th, t) = —0" 2 (T),
in distribution sense, i.e. 7™ (T,t) belongs to S}(Q) with for k =

., d, and f € Cg°(Ag):

<T(n) (Tka t)v f(Tlv s 7Td)>(_1)n+11{k<d}

oo Sd Sk42 on— 2
x/ efsd/~ . / ( / /f S1ye-+y8q)dsy-- dsk_l) dsg41- - -dsq
0 o Jo lsp=t

1 on— 2 t rsq—1 S2
+(71)n+ {k= d}atn 2// / eftf(sl,...,sd_l,t) dSl"'de_l,
0 0

and for n = 1:

(rW Ty, 1), f(T1,..., Ta))

/ / / 1y of(s8) (515 - 84) dsi - - dsq.

Let ¢ € C°([~1,1]), ¢ > 0, such that [ ¢(t)dt = 1, and let

b(t) =etp(e7t), teR, e>0.
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Let ¢, % 7™ (T, t), n > 1, denote the convolution of ¢, with r(™ (T}, t)
in the first variable, i.e. for n = 1:

g x 7 (Ty t) = —/ Pe(U)1) 00,1 —u) (1) du

o0
—— [ ity ®du, site R,

and forn > 2,1 € N:
¢g) o (M) (Th, t) = ¢ * r(nJrl)(Tk,t) = 7¢£n+l72)(Tk —t),

which converges in S(Q) to 70 (Ty, t) if n+1 > 1 (i.e. to —5t("+l_2) (T)
i 4l>2), k=1,....d Let t1V---Vin, t1,...,tn € Ry

Proposition 3. Let k > 1 and f € C;°(Ry). Then for all n > 1,
Dy, --- Dy, f(T}) € Do(Ry) for a.a. (ty,...,t,) € R, and

(5) Di, -+ Dy, f(Ti) = (=1)" F™ (Ti) Lo (t1 V-~ V 1)
n—1

(D™D Taveviy <ty vyt F 7 (G Ve -vtn>5§f+‘fv’--m (Th)-
j=1

Proof: For n = 1 this is the definition of D. We proceed by induction,
assuming that Dy, --- Dy, ., f(T)) € Do(Ry) for some n > 1, and

Dy, -+ Dtn+1f(ka) = (*an(n)(Tk)l[o,Tk](tz Voo Vi)
n—1

n—j j—1
+<_1)”21{t2\/~~-\/tj+1<tj+2V“-\/tn+1}f< ' j)(tj+2\/' : 'Vt’l+1)6t(5+2\/)--~\/t,,L+1(Tk)'
j=1

Let for € > 0. We define a smooth approximation of Dy, - - - [Dtnﬂf(Tk)
by letting

Fe(ty, .. tagr) = (=1)" O (Ti)ge # v (T ta V- V)
n—1

+ (=" Z 1{t2\/'--\/tj+1<tj+2\/~-vtn+1}f(nij)(tj+2 Ve Vi)
j=1

X e * T(j+1)(Tk,tj+2 VeV tn+1).
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Then FE(tQ, Ce ,tn+1) S Sd(Q) and

DtlFa(tZa s 7tn+1)
=(—1)"" 1o 1 (t1) e * PO (Thta VooV oty fOTD(T)

+(=1)" Lo g (1) F (D) oL+ 1D (T ta V-V tn)
n—1

+ <_1)n+11[01Tk] (tl)Z1{t2V--‘th+1<tj+2\/~~-\/tn+1}f(n_j)(tj+2v
j=1

X ¢ x (T, tiva V- - Ving1)
=(—1)" "1 g (t1) e % D (Thosta V -+ V ) fO T (T)

+(=1)" M o gy (8) £ (Ti) e + 7  (Thot2 V -+ V tyg)

+ (_1)n+11[0,Tk] (tl)Zl{t2v--Ath<tj+1v---thH}f(nH_j)(ther
j=2

X Qe * ’I“(j+1)(Tk,tj+1 VeV tn+1)

= (—1)n+11[0’Tk](t1)qj)€ * T(l)(Tk7 toV---V tn+1)f(n+1)(Tk)

n

+ (_1)n+11[0,Tk] (tl)z1{t2v--~th<tj+1v---\/th}f(n+1_j)(tj+1\/
j=1

X e # U (Ty 1 Voo V),

where we used the relation ¢, % rU+1) = ¢ % r+2) Ag

Dy, F(ta,...,tny1) converges in S;(Q) to

(*1)n+1f(n+1)(Tk)1[0,Tk](tl Voo Vi)

.. 'thJrl)

.. .\/tn+1>

“Ving)

e — 0,

+ (71)”“"»1 Z l{tl\/"'\/tj<tj+1v-“\/tn+1}f(n+17j)(tj-‘rl \ARERY tn+1)

Jj=1

X T(j+1)(T/€,tj+1 VeV tn+1). ]
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In particular, for n > 2:

Dy, -+ Dy, T = (=1)" ™ L0cty b0 1<ty ™ (Thstn)

= (=" o<ty oty 1<tn }5 (Tk>
We note that since f € Cp°(R4), there exists C' > 0 such that

Dy, -+ Dy f(Ti),ha @ - @y @ G)|
< CZ 1 ®--- @ hlHOO‘IﬁiG||L°°(Q,L2(]R+,dNt)®i),

dty - -dtn-ace., for all G € S4() and hq,...,h € C.(Ry). Hence
D" f(Ty) € Dp(Ry) € SH(2 x RY), and (5) can be written as

Dtl T Dtn,f(Tk)
j=n

= *Unzl{tlvmvtj <tji1 v---vtn}f(nij) (Tk,j)(*r(jﬂ)(Tm tit1V---Viy))
§=0

with tg = 0 and

. [ if j =0,
T VeV, iG> 1,

e if 0 <ty < - <ty

Dy, -+ Dy, f Z FOmD (T, ) (=TT (T ).
7=0

Ifty >--- > t, then
Dy, ---Dy F
=(=1)" Z Loz, 1(t1) - o1, 1 (80) 05y -~ 0, f(Th, - .., Ta).

1<g1,000n<d
Given ji,...,jn € {1,...,d} and i € {1,...,d}, let
ai(j1,--.,jn) = Card{l € {1,...,n} : j; = i},
ci(J1,- -+ Jn) = max{l: j; = i}.

With this notation we obtain the following formula, in which the indices
J1y- -+, Jjn are omitted in a;(j1,...,J,) and ¢;(j1,. .., Jn)-
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Theorem 1. Let F=f(Ty,...,Ty), with f € C;°(Ay). We have D'F €
D, (Ry) for alln >0, and:

(6) Di, Dy F=(=1)" > 0y 05 f(Ths, ., Ta,)
1§j17~~-7jn§d
Ogilé(al—l)vo
0<ig<(aqa—1)VO

I
Y

X (_T(1+il)(TlﬂtCz))7

1
0

l
a
(t1,...,tn) € Ay, n > 2, where

T, ifi, =0,
I S AL
te, ifig>1.

Proof: Let Dt,k denote the partial gradient with respect to the k-th
variable, i.e.

Dipf(Th,...,Ta) = —Lior 0Ok f(Th,..., Ta), 1<k<d.

Then Dt’k and ﬁsﬁl, are commuting operators, 1 < k <[ < d, and for
0<ty <+ <ty
Dtl’k o 'th,kF = (th,k)lF'

Consequently,

DD F= Y Dy Dy

1<g1,00dn<d

F

nsJn

It remains to apply Proposition 3 under the form
(Dy,, )" F

:(_1)(“ Z 8;“71-7'(/1-’17' c ey T‘lfh T‘l,i”T‘H»la' .oy Td)(_r(il+1)(j-’l7 tq ))7
OSiLS(al—l)VO

if g > 1, and
(Dy,, )" F

=(=D" > AT, Tier Thy Tigas - Ta)
Ogilg(alfl)\/o

ifal:0. O
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5. Equality of adapted projections in distribution sense

We recall that the adjoint of D extends the compensated Poisson
stochastic integral, cf. [3, Theorem 6.9, p. 23], i.e. for all adapted square-
integrable process u € L*(Q x Ry) we have

(7) E[(DF,u)r2®, a)) = F {F /OOO u(t) d(Ny — t)] .

Since the adapted projections of D and D coincide, cf. [7, Proposi-
tion 20]:
(8) E[DF | F,) = E[D:F | F,], 0<a<t,

the same property hold for D:
E‘Kﬁ}‘—‘7 u>L2(R+,dt)} =F |:F/ U(t) d(Nt - t):| .
0

We now show that Relation (8) can be extended in distribution sense to
D™ and D™, n > 2. The next proposition will be interpreted in terms of
generalized conditional expectations as

E[Dy, ---Dy F | Fal = E[Dy, --- Dy, F | Fol, (t1,...,tn) € ApNa, 00

Proposition 4. Let F' € S§4(Q) and G € S4(2) be F,-measurable.
We have

(9) <GD251 "'Dtan 1>:E[GDt1 o 'DtnF}a (tb' . >tn) € Anm[a,oo[n'

Proof: The proposition holds for n = 1. We assume that it holds for
some n>1. Let F.(ta,... t, 1) denote the regularization of Dy,---Dy, | F
constructed as in the proof of Proposition 3:

Fo(to,.otpp)=(=1)" Y OF T 00 T (T, Ta,)
1<y, jn<d
0<i1<(a1—1)VO
0<ig<(ag—1)VvO

d
x I (=o #r0H0( T 1)),

1
0

l
a
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Let foi1 € C°(Any1 N a,00[™*1). Since G is F, measurable we have
Dy, G =0, t1 > a, hence from Proposition 1:

to -
E [/ DtlFa(t%---atn+1)fn+l(t17-~-atn+1)dt1G:|

t2 -
=K |: Dtl(GFE(t27 cee 7tn+1))fn+1(t17 cee ;tn+1) dt1:|

k=d
=E|GF.(ta, ..., tni1 <an+1 Thytay - tnt1)
k=1
Tq
~ fn+1(tat2a'°'atn+1)dt>]v

and

<Dn+1F 1An+1 fn+1G>

e—0

tn+1 ty
= lim</ / Dt1 (toye oy tng 1 )fnp1(trse ooy tngr) dby- - -dty g, G>

0optn 41 ta
=limFE {// Dt1 (ta,. -'atn-‘rl)f’n—f—l(tla-~-atn+1)dt1"'dtn+1aG:|

e—0
tn+1 t3
// / c(ta, .oy tngt) anﬂ Tyoto, . stpnyr)

_/ fn-‘rl(ta tQa R n+1) dt) dt? dtn+1]
0

=limF

e—0

[e'e] tnit i3 k=d
=K G/ / / anﬂ Ty, tay .oy tny1)
Ty - ~
— Jag1(ti,to, .o tug) dtl) Dy, -+ Dy, Fdty- "dtn+1‘|
0
oo tht1 t3
=F G/ / / anﬂ Ty,to, ... tny1)

Ta
— fn+1(t17 tQ, e ,tn+1) dt1> th v Dtn+1th2 v dtn+1‘| s
0
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where on the last step we used the induction hypothesis with a = ts.

This is possible because the functional ZZ?; frot1(Thyto, o tng1) —

fOTd fo+1(ti,te, ... tat1)dty is Fi,-measurable since it depends on Ty

only when Ty, <9, 1 <k < d, due to the fact that f, 11 € C(Ant1).
The proof of Proposition 1 also shows that

E

k=d
G (Z Fas1(Thota, oy tns1)

k=1

Ta

— fn+1(t1,t2,...,tn+1)dt1> th-'~Dtn+1F
0

=B

k=00
G (Z fra1(Tho t2, -y tns1)

k=1

7/ fn+1(t,t2,...,tn+1)dt> Dy, Dy, F
0

ta
=F {G/ frr1(ti,ta, .o ytny1) d(Ny, —t1) Dy, - -DthF}

to

=FE [G frg1(ti, .o tag1) Dy, "'Dththl} )

a

where on the last line we used the duality (7) between D and the Poisson
compensated integral on the adapted processes. Hence

<Dn+1Fa 1An+1fn+1G>
00 ptn41 to
:E |:G/ / fn+1(t17~-~7tn+1)Dt1 "'Dtn+1th1"'dtn+1

This shows the almost-sure equality

(GDy, --- Dy, F\1) = E[GDy, --- Dy, F],

ae. (t1,...,tn) € Ay Nia, 00",
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which becomes an equality for all (t1,... tn) € Ay N [a,00[™ since
(tla v atn) = <GDt1 o ’DtnF7 1> and (tlv s 7tn) = E[GDtl o ’DtnF]
are clearly continuous functions on A, when F,G € S4(). O

Note that Relation (9) does not hold if (¢1,...,t,) ¢ A,, see Rela-
tion (14) below.

6. Chaos expansions of jump times functionals

Our result is stated for smooth functions f(Ti,...,Ty) of a finite
number of jump times. We start with the simple case of f(Ty). For
ne€Zandte Ry, let

tn t Sn—1 So
pult) = PNy =m) = et e [ [T [Py,
n: o Jo 0

if n >0, and p,(t) = P(N; =n) =0ifn <0, ie. pp_1: Ry — Ry,
n > 1, is the density function of T;,, and

k
o0 = Zpatt) = (-2 pult) = (120 cp ),

where A is the finite difference operator Af(n) = f(n) — f(n — 1) and
C} is the Charlier polynomial of order k£ € N and parameter ¢ € Ry.

Proposition 5. The decomposition

F(Ta) =) In(hala,),
n=0
is given for (t1,...,t,) € A, as:

hn(t1, ... tn)
j=n—1

=(—1)"/Oof(") (Opa—1 () dt+-(=1)" > (=177 D )5 (80)-
t =1

n

<.
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Proof: From Relation (9) of Proposition 4 and Relation (5) of Proposi-
tion 3 we have

hn(ti, ... ty) = E[Dy, --- Dy, f(Ta)] = (Dy, - - Dy, f(Ty),1)

=(-1)" <f(n)(Td +Zf(n Dt)8 (1), 1 >

_ (_1)n/ 1[%00[(8(1) Sdf(n) / / dsy - -
0
n—1 oo Sq S2 .
+ (_1)n2f(nfj)(tn)/ efsaz/ / dSl"'de—15t(fl_1)(d8d)
= 0 0 0

=0 [ e ) S s

‘n

n—1 0o d (-1)
—_1)" (n—13) —Saq J
U3 1) J A

e / RO Opar (t) dt

j=n—1

G VDD Vi A (AT A (h) z

J=1

By induction this gives for [ =0,...,n — 1:

B(trse s t) = (=1)*! / T D (0pD (1) di

n

j=n—1
(=1 D (O )P (k)
G=l+1
and in particular for [ =n — 1:
oo
hn(ti, ... ty) = — f’(s)pEZ:l)(s) ds

= FtPT T )+ [ Fe)DSY,(5) ds,
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hence

(10) f(Ta)=)_ %In (f(h VeV )p TV (b Ve Vi)

n>0
+f T (s )ds) ,

1V Viy

with the convention t; V ¢ty = 0. In order to treat the case of d variables
we recall the notation

a;(j1,-.-,jn) = Card{l : j; =i}, and ¢;(j1,...,Jn) = max{l : j; = i}.
Proposition 6. Let f € C;°(Aq). We have

F(T . Ta) =Y Lu(hnla,),
=0

with
(11)  h(t,
=(-1)" // / eI T L Q% sy i, Sauy)

O<zd<(ad 1)vo

d
x [T (e (dsi, b)),

S
il
AN

where v (ds, t) = 1 w((s) ds, and

S ifil ZO,
Sl = oo
te, fu>11=1,...,d

Proof: We apply Theorem 1 and Relation (9) of Proposition 4. O

This expression can be made more explicit by evaluation of the action
of r(l"’il)(dsjl,tcl), either as an indicator function or as a derivative in
te,. However this will not be done here in order to keep formula (11) to
a reasonable size.

In [8], another expression (different from (11)) has been obtained us-
ing elementary orthogonal decompositions in Charlier polynomials. Let
ny,...,n; € Nwith 1 <n; < --- < ny, and let f € Cg(Al). As a



46 N. PRIVAULT

convention, if k1 > 0,...,kg > 0 satisfy k1 + -+ + kg = n, we let for
(tl, [P ,tn) S Ant

(Bl th Bt B ) = (f1, ),
with =0 if k; = 0, and (¢},t)) = (). We have

F@nys o To) =Y In(1a, o),

where

(12) hnltes... t)

@+1 t?
= (-1 / / | OO f (1, .y 1) Kk
th,

ki+-- +kl n
dsy - -dsy,

with, for 0 < s; <---<sjand k1 >0,...,k >0:

k
KEool = Z Pgni) mo (81— 80) - anf) my_y (81— 81-1),

M >N1,..., My >N
my<--<my

mo = O7 So = 07
cf. Theorem 1 of [8]. For I =1, i.e. for f(Td), ny = d, we have

= 30 = g S

m=d

ok—1 >
= o1 2 Prei(s) ~ pun(s) =P (5)
m=d

hence
hn(t17~-~7 / f pd 1 ( ) S,
which coincides with (10).

Remarks. i) All expressions obtained above for f(Ti,...,Ty), f €
C(Ay), extend to f € L*(Ag,e *?dsy---dsg), ie. to square-
integrable f(T1,...,Ty4), by repeated integrations by parts.

ii) Chaotic decompositions on the Poisson space on the compact in-
terval [0,1] as in [4] or [5] can be obtained by considering the
functional f(1ATi,...,1 ATy) instead of f(T1,...,Ty).
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iii) If ¢y > --- > t, then Relation (9) does not hold, for example we

have

Dy, -+ Dy, f(Ta) = (—=1)" Lo,z (t2) " (Ta),
and

E[Dy, -+~ Dy, f(Ta)] = (=1)" ElLjo,1, (1) f ™ (Tu)]

(13) oo
= (0" [ f"(s)pa-1(s)ds,
ty
which differs (if n > 2) from
(1) EDy D ST =~ [ F kS ) ds
ty
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