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UNIFORM BOUNDEDNESS OF OSCILLATORY
SINGULAR INTEGRALS ON HARDY SPACES

LESLIE C. CHENG AND YIBIAO PAN

Abstract

We prove the uniform H' boundedness of oscillatory singular in-
tegrals with degenerate phase functions.

1. Introduction

In a recent paper [1], Carbery, Christ, and Wright established a se-
ries of important estimates for oscillatory integrals and sublevel sets. As
one of the applications they also obtained the uniform boundedness on
LP spaces of oscillatory singular integrals with possibly flat phase func-
tions. The purpose of this paper is to apply their results to the study of
the uniform boundedness of oscillatory singular integrals on the Hardy
space H'(R™).

Oscillatory singular integral operators are singular integral operators
which carry oscillatory factors in their kernels. They have arisen in many
problems in harmonic analysis and related areas and have been studied
extensively ([10], [11]). For previous work on the boundedness on LP
and Hardy spaces of such operators, see Phong-Stein [7], Ricci-Stein [8],
Stein [10], Pan [5], [6], and Carbery-Christ-Wright [1].

Let n € N, ¢ € C§°(R"), and ® € C*°(R") be a real-valued function
satisfying V®(0) = 0. Let K(-) be a Calderén-Zygmund kernel on R™,
Le. |K(z)[+|2||[VE(x)] < Alz|™ and [,_, ., K(2)dz = 0forb>a > 0.

For each A € R we define the (localized) oscillatory singular integral
operator Ty on R™ by

1) (Tf)(@) = po. / AU K (2~ y)p(z — y)f(y)dy.

n

The following was proved in [6]:
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Theorem A. Let K, ¢, ®, and Ty be given as above. If D*®(0) £ 0 for
some multi-index o with |a| > 2, then there exists a positive constant C
such that

(2) 1T\ fllzr ey < Clf e mmy
for f € HY(R"™) and ) € R.

Since it follows easily from the standard theory of singular integrals
that T) is a bounded operator on H!(R") for each A € R, the impor-
tance of Theorem A lies in the uniformity of bounds on the operator

norms || Ta|lg1—pgr. It was also shown in [6] that (2) may not hold if
D*®(0) vanishes for every a.

Theorem B. Let z,y € R. Define
(3) (T f) (@) = pov. / ey ()
|z—y|<1 r—y

There exists a nonconstant function ® € C=(R) with ®*)(0) = 0 for
all k=0,1,2,..., such that

(4) sup || T || g1 — g1 = oo.
AeR

A phase function ® is said to be flat at 0 if D*®(0) = 0 for all «. Can
the uniform boundedness of T)\’s on H!(R") still hold when the phase
function @ is flat at 0?7 Inspired by the work of Carbery, Christ, and
Wright we address this issue by establishing the following:

Theorem C. Let K, ¢, ®, and T, be given as in Theorem A. Let o be
a multi-indez with |a| > 3. Suppose that at least one coordinate of « is
strictly greater than 1 and there exist §, A > 0 such that
(5) max sup |DP®(z)] < A 1‘n|f 5 |D®(x)]

s<|z|<

|B8]=]ct] |z|<s
holds for all s € (0,8). Then there exists a positive constant C such that
(6) T3 f @y < Clf @y
for f € HY(R™) and X € R..

Condition (5) is simply Condition (8.1) of [1] in the convolutional
setting. As pointed out in [1], (5) is always satisfied if D*®(0) # 0
and it may also be satisfied even if ® is flat at 0. For example, when
n =1, ®(z) = n(x) exp(w(z)/x?) satisfies (5) if n and w are smooth and

n(0) # 0, w(0) <O0.
Throughout the rest of the paper the letter C will stand for a constant
but not necessarily the same one in each occurrence.
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2. Some Lemmas

Lemma 2.1. Let K, ¢, ®, and Ty be given as in Theorem A. Let a be
a multi-indez with |a| > 3. Suppose that at least one coordinate of « is
strictly greater than 1 and that (5) holds for some §,A > 0, and every
s € (0,9). Then for every p € (1,00) there exists a positive constant C)
such that

(7) 1T fllr ey < Cpll fllLe@ny
for f € LP(R™) and X € R.

Proof: Let ¢ € Cg°(R™) such that »° ;. ¥, = 1 where ¢, (z) =
Y(x —m). Let Tam(f) = Ta(¢m f). It follows from Theorem 8.2 in [1]
that the operators {T,, : A € R, m € Z"} are uniformly bounded on
LP(R™) for 1 < p < 0o. One then obtains (7) by observing that the sets
{supp(Tm(f)) : m € Z™} have the finite overlapping property. |

Let Q™ = [-1/2,1/2]™. The following result is due to Carbery, Christ,
and Wright ([1]).

Lemma 2.2. Forn=n'4+n", each1 <p,g< o0 (p=1, ¢=00) and
each 3 € (NU{0})™ with at least one nonzero entry in each of {1,... ,n'}
and {n’ +1,...,n"} and with at least one entry greater than 1, there
exist e = e(n,B,p,q) > 0 and C = C(e,n,B,p,q) such that for every
real-valued, integrable function u satisfying DPu > 1 on Q", for every
A € R, the operator

(8) (Sxf)(') = / el £ (") da”
Qn//

satisfies

©) 19X Fllza(@nty = CATENF Il Lo (@nry-

3. Proof of Theorem C

Let K, ¢, ®, and T) be given as in Theorem C. By the atomic de-
composition of H*(R™) and the characterization of H!(R") using Riesz
transforms (see [2]-[4], [11]), it suffices to show that Ty f is in L'(R")
uniformly in A for all atoms f.
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Let « be the multi-index such that (5) holds and set

J(s) =sl*I71 inf  |DY®(z)|.

s<|e|<s

Let p > 0 be small (say, p < 6/2), f be an atom which is supported in
pQ™ and satisfies || f|loo < p~" and [g, f(z)dz = 0. Let A > 0.
We shall first prove that

(10) /||>2 [T\ f(z)|de < C

holds for some constant C' independent of A, p, and f.
If Ap < (J(8))7%, then (10) follows from

A . .
Tf(e) < o [ 1N = Moo ) f(y)ldy + [Tof ()

[ Ieta =0y + o7

for |z| > 2p. Thus we may assume that A\p > (J()) L.
Let t = max{J 1 (1/(\p)),2p}. For j > 1 define the operator Q; by

(1) (Qif)(z) = X[l,a](lxl)/ A=) (2Tt — py)g(y)dy.

Qn
By our assumption there exist multi-indices a(*), a(®) such that a =
a4+ a® |a®| =1, and at least one entry of a(!) is greater than 1.
Thus
a® ya® J J(le|—1)
|Dg Dy [@(2tz — py)]| = [2 plJ(t)
holds for 1 < |z| < 2 and y € Q™. Since the factor ¢(2/tx — py) is

harmless, it follows from Lemma 2.2 that

1/2
(12) (/ |ng<x>|2dx> < CI =D AT ()] lgll 2 )
1<z <2
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for some positive € independent of «, p, j and g. By letting f,(z) =
p" f(px) and rescaling, we have

/ T3 f(2)]dz < C
2l >2t

/ AT o —y) f(y)dy |d—|

/x|>2,,/,,Qn (z—y) — K()||f(y)|dydz

|z|>2t

13
(13) <CY QU+
jz1
<0 |14 Iy Y2l 0i| <
j>1
Let

Pz)= Y (B)"'D®(0)z”

1BI<]al-1

and ¥(x) = ®(x) — P(z). By Theorem A,

ay [

Thus, by (14)

/ ei/\P(mfy)K(x _ y)QD(I — y)f(y)dy dr < C.

(15)
T f(z)|dx

2p<|x|<2t

< / / NV | K (2 — ol — ) (y)|dyde+C
2p<|z|<t/2 n

< CX\( max sup |DP®(x)])
1Bl=lal )<t

la]—1—n
- </2p<|a:|<t/2 & dm) (/an |y|f(y)dy) +C

<CM\pJ(t)+C <C,

where we took t = J~1(1/(\p)) (otherwise t = 2p and the integral of
[Taf(x)] on {2p < |z| < 2t} is trivially bounded). By combining (13)
and (15) we see that (10) holds.
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By Holder’s inequality and Lemma 2.1,

(16)

/ (T f(2)|dz < Cp2|| |12 < C.
|x|<2p

It follows from (10) and (16) that

(17)

ITxflh < C

holds for those atoms f described at the beginning of our proof. By
using translation and (16) (for large p’s) we see that (17) holds for an
arbitrary atom f. Theorem C is proved.
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