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ON SYMPLECTIC COBORDISM OF REAL
PROJECTIVE PLANE

M. BAKURADZE

Abstract

This note answers a question of V. V. Vershinin concerning the
properties of Buchstaber’s elements 62;41(2) in the symplectic
cobordism ring of the real projective plane. It is motivated by
Roush’s famous result that the restriction of these elements to the
projective line is trivial, and by the relationship with obstructions
to multiplication in symplectic cobordism with singularities.

The symplectic cobordism of real projective space is of genuite in-
terest to algebraic topologists, since it is expected to form an essential
ingredient of any extension of the theory of formal group lows to the
quaternionic case. Buctstaber’s elements arise from the quaternionic
analogue (1) of Quillen’s well known formula about the stable Euler
class for the universal double covering. These elements were introduced
by V. M. Buchstaber in [2] and developed in his unpublished work. In the
same work Buchstaber gives another proof of Roush’s result by a differ-
ent method and establishes the certain functional dependence algorithm
between his elements and Roush’s elements ; in MSp*(RP*°). He also
gives the formula (1) and calculations of Ladweber-Novikov operations
on Roush’s elements.

In [3] two properties of the elements 6, in M Sp*(RP?) are given (see
below). In this paper we give some other properties of these elements.
For the proof of our result we use the reasoning similar to that of Buch-
staber’s work and [3].

Let &€ — RP™ be the canonical real line bundle and ¢ — H P> be the
canonical symplectic line bundle. Since there is an additive isomorphism

MSp*(RP> A HP™®) =~ MSp*(RP>)[z],
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where x = ¢(() is the Euler class of ¢, one sees that the Euler class of
the symplectic virtual bundle ((§ — 1) ® g (¢ — 4)) has the form

e((& - 1) ®r (¢ — 4)) = Zizﬂlixi’

for some elements a; € M Sp*~4(RP>).

For the restrictions of a; to the symplectic cobordism ring of the
n-dimensional real projective space RP™ the notation 6;(n) is used.
These elements a; and 6;(n) have been studied by V. Buchstaber in
[2].

Since RP(1) = S' and M Sp!(S') ~ Z, the restriction of 6;(n) on
RP(1) has the form 6;(1) = s16; for the generator s; € MSp(S!) = Z
and for some coefficients 6; € M Sp3~4!(pt). These elements 6; are called
Ray elements. The elements 6, and 6s;, i > 1 are indecomposable and
have order 2 [4] and 65,41 = 0 [5].

Let r be the generator of M Sp?(RP?) = Z,. Recall two formulae in
M Sp*(RP?) from [3].

20;(2) = 616;r,
and
0:(2)6;(2) = 0;0r.
Let us write ¢ = 0, and ¢; = 0, © > 1.
Theorem. In MSp*(RP?) the following relations hold
Osnt7(2) = 0;
Osn+3(2) = ¢)§n+17’§
Osr+1(2) = Zf;ol¢21+1¢2(k—i)r;
forn>0and k> 1.

Proof: We use Becker-Gottlieb transfer method [1]. Namely we need two
formulas: First as proved by Buchstaber [3] for the transfer map 7(m) of
the double covering 7 : §°° — RP° there is the formula

(1) T (m)(1) =2+ Y o jaryt
where y = e(£). So for the case 7 : S? — RP? we obtain
(2) T(m)*(1) = 2+ 61(2).

The second formula which we need is the following [5].
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Let p be a double covering p : X — B, let 1 be the symplectic line
bundle n — X, i be the Atiyah transfer of n, 7(p) be the transfer map
for p and f : B — RP® be the classifying map of the real line bundle
associated with the double covering p. Then for some elements ~y; from
M Sp*=8(RP>) the following formula holds

3) 7(p)*(Pr(n) = Pr(m) + X0/ (vi) P3(m)

in MSp*(B), where Py, P, denote symplectic Pontrjagin classes. Ap-
plying (3) to the transfer map 7 = 7(7 x 1) for the double covering

7x1:8%x HP® — RP?> x HP™

and taking into account

G=C+ERRE
Pi(Q) =242+ Y 5,0:(2)7%;
and
Py () = x(x 4 305, 0:(2)7")
we have

) = o+ o+ 30510i(2)2" + X ) (L + 25, 0:(2)2" ) e
On the other hand by (2) we have
(x) = (24 61(2))x
and we obtain
(4)  Xsati(2)2' = =3 [ () A+ 51 0:(2)7 ) 2

The diagonal of RP? A RP? coincides with RP' A RP! i. e. with S2,
and the diagonal map RP?> — RP? A RP? factors as composition of
the projection RP?2 — S? onto the top cell with the inclusion of the
bottom cell. Then the triple diagonal map RP? — RP? A RP? A RP?
is nullhomotopic. This means that for any «, 3 € M Sp*(RP?) we have
af3 = a1, where sy and s13; are restrictions of o and 3 to RP! =
S1. In particular, all triple products in M Sp*(RP?) are zero.

After the remarks on double and triple products the proof is completed
by (4) and induction on i. O
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