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HOMOGENOUS BANACH SPACES ON THE UNIT
CIRCLE

THOMAS VILS PEDERSEN*

Abstract

We prove that a homogeneous Banach space B on the unit cir-
cle T can be embedded as a closed subspace of a dual space Zj
contained in the space of bounded Borel measures on T in such
a way that the map B — Z} defines a bijective correspondence
between the class of homogeneous Banach spaces on T and the
class of prehomogeneous Banach spaces on T.

We apply our results to show that the algebra of all continuous
functions on T is the only homogeneous Banach algebra on T in
which every closed ideal has a bounded approximate identity with
a common bound, and that the space of multipliers between two
homogeneous Banach spaces is a dual space. Finally, we describe
the space Ef; for some examples of homogeneous Banach spaces B
on T.

1. Introduction

Every Banach space Z is a closed subspace of its second dual
space Z**  but the restriction of the weak star (wk*) topology on Z** to
Z (which is of course just the weak topology on Z) need not be particu-
larly useful. Loosely speaking, this is because the space Z** is too large
and we are therefore interested in embedding Z in a smaller dual space.
In this paper, we show that a Banach space B of functions on the unit
circle T satisfying certain conditions can be embedded in a dual space
contained in the space M of bounded Borel measures on T in such a way,
that convergence of a sequence in B in the wk* topology depends only on
certain simple properties of the sequence. For some Banach spaces B of
functions on T, there is a “natural” dual space in which B is embedded.
Examples of such embeddings are that of L' in M, of C (the algebra
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of all continuous functions on T) in L* and of the little Lipschitz alge-
bra A, in the big Lipschitz algebra A,. We shall see that our general
approach reproduces these examples. We wish to thank the referee for
pointing out a mistake in our original formulation of Theorem 4.3.
Following Shilov ([20], see also [13]), we say that a Banach space B
continuously embedded in L! is a homogeneous Banach space on T if it
satisfies the following condition. For f € B and s € T, the translate

fs(t) = f{t—s) (teT)

belongs to B with || fs||s = || fllg and fs — f in Bas s — 0. For s € T,
the translation operator f — fs (f € B) is denoted by Rj.

For f € L', let f(n) (n € Z) be the Fourier coefficients of f and, for
N e N, let

= 3 (1= ) o

n=—N

be the N’th Fejér sum of f (where a™(t) = ¢ for t € T). The follow-
ing result ([20, pp. 12-13] or [13, Theorem 1.2.11]) is essential for our
approach.

Theorem 1.1 (Shilov). Let B be a homogeneous Banach space on T

~

and let f € B. If f(n) # 0 for some n € Z, then o™ € B. Moreover,

on(f) = f

in B as N — oo and |lon(f)llg < ||flls for N € N. In particular, the
trigonometric polynomials in B are dense in B.

For n € Z, define &,, € B* by

(f.&) = f(n) (f€B).

In passing, we remark that the definition of a homogeneous Banach
space B on T does not exclude the case where f(n) =0 for every f € B
(that is &, = 0) for some values of n. In particular, certain spaces of
analytic functions are homogeneous Banach spaces on T. (See Section 5

for further details.) For ¢ € B* and n € Z, let

p(n) = (", ).

Since the trigonometric polynomials in B are dense in B, the map ¢ —
(@(n)) is 1-1 on B*.
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In this paper, the subspace

B
Ep =span{¢, :n € Z}
of B* plays an important part. For ¢ € B*, define the Fejér sums of ¢
by
N

_ R
o= 3 (1= ) e (e,

n=-—

and, for s € T, define the translate ps € B* by (f, ps) = (fs, @) (f € B).
Since (£,)s = e7"%¢, (s € T, n € Z), it follows that Zg is translation
invariant. The previous theorem leads to the following result in the dual
space.

Proposition 1.2. Let B be a homogeneous Banach space on T and let
© € B*. Then on(p) — ¢ wk™ in B* as N — oo and ||on(9)|g <
llolls= for N € N. In particular, the unit ball of Eg is wk™ sequentially
dense in the unit ball of B*. Moreover, ps — ¢ wk™ in B* as s — 0.
For ¢ € Eg, we have on(p) — ¢ in ZEg as N — oo and ¢s — ¢ in Zp
as s — 0.

Proof: For f € Band N € N, we have

RN R B WU
(fron()) Z 1 Nl fn)p(n) = (on(f),v),

n=—N

so the first two conclusions follows from the previous theorem. Also,
the maps ¢ — on(p) define a bounded sequence of operators on Zg,
and since on () — &n in Eg as N — oo for m € Z, it follows that
on(p) — ¢ in Ep for ¢ € Eg. The results about ¢, follow in the same
way. O

2. Embedding a homogeneous Banach space in a dual
space

We shall now focus on the space Z%. For u € E; and n € Z, let

fi(n) = {n, 1)

By definition of Zg, it follows that the map p — (fi(n)) is 1-1 on Zj.
The following is the key result of this paper.
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Theorem 2.1. Let B be a homogeneous Banach space on T and define
d:B—Eg
by
(0, @(f)) = (f> )
for f € B and ¢ € Eg. (That is, ©(f) = «(f)|lzs (f € B), where
L: B — B** is the canonical embedding.) Then ® is an isometry and
®(f)(n) = f(n)
for f € B and n € Z. Moreover, a sequence (.,) in Zj converges wk*

to 0 in Ef as m — oo if and only if the sequence is bounded in = and
fm(n) — 0 as m — oo for every n € Z.

Proof: Let f € B. It follows from Proposition 1.2 that
[flls = sup{[(f, ¥}l : ¢ € Eg, [l¢lls- < 1} = [[(f)]

=* .

Also,

M) = (620 = (f.6) = Fln) (meD),
so ®(f) = f The last statement follows immediately, since span{¢, :
n € Z} is dense in Zp. O

Because of the theorem, we shall from now on consider B as a closed
subspace of Zj and identify ®(f) and f for f € B. We shall use the
following simple result several times.

Lemma 2.2. Let B be a homogeneous Banach space on T and suppose
that [i(n) # 0 for some p € E and n € Z. Then ™ € B. In particular,
if p € 2 is a trigonometric polynomial, then p € B.

Proof: Since (&, u) = fi(n) # 0, we have &, # 0 in = C B* and thus

f(n) # 0 for some f € B. Hence o™ € B by Theorem 1.1. The last
statement is now obvious. O

For p € £ and N € N, let

be the Fejér sums of u. Then oy (p) € B by the previous lemma.

Corollary 2.3. Let B be a homogeneous Banach space on T. For u €
Ej, we have

on(p) = p  wk'
in E5 as N — oo and ||on(p)||s < ||ullz; for N € N.
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Proof: For ¢ € =g and N € N, we have
N

owt) = Y (1= 55y ) ) = (on(e).

S
Since ||lon (¢)|lzs < |l¢llzs by Proposition 1.2, it follows that ||on (u)|5 <

lill=y. Also, (o (1)) (m) — i(m) ass N — oo for m € Z, 50 0x (1) — s
wk” in E% as N — oo by Theorem 2.1. O

=t
B

When (L')* and L* are identified via the duality

()= 5 [ a0t (7L ge L),

the functional &, is identified with the function ™. Hence

Lo
Ep=span{a®:ne€Z} =C
and thus
E*Ll == M

In the general case, we shall now see that =% can be regarded as a
subspace of M. We first prove a more general version of the result.

Proposition 2.4. Let By and By be homogeneous Banach spaces on T
and suppose that By is continuously embedded in Bs. Let v : By — Bo
be the inclusion map. Then p = L*|EB2 maps Ep, into a dense subset of
Ep, and

* oLk =k

p =B - — By
1s 1-1. Moreover, if By is dense in Ba, then p is 1-1 and the range of p*
is wk* dense in Z, .
Proof: We have p(&,) = &, for n € Z, so p maps Eg, into =3, and has

dense range. Hence p* is 1-1. If B; is dense in By, then p is clearly 1-1
and the range of p* is thus wk" dense in Zj, . O

With By = L', we obtain the following.

Corollary 2.5. Let B be a homogeneous Banach space on T and let
t: B — L' be the inclusion map. Then p = 1*|c maps C into a dense
subset of Zp and

priEg > M
is 1-1. Moreover, if B is dense in L', then p is 1-1 and the range of p*
is wk™ dense in M.
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From now on, we consider Zj as a subspace of M. For p € Zj and
s € T, the translate u, is defined as a measure by us(E) = u(E — s) for
measurable sets E C T. Since oy (us) = on(t)s is a bounded sequence in
B and since Um)(m) — fs(m) as N — oo for m € Z, we deduce that
on(ps) — ps wk* in Ei as N — oo, so ps € g with [|usll=y = [[pll=-
(Alternatively, us € Zj could be defined by (¢, its) = (s, 1) (¢ € Eg).)

As a special case of strong Bochner integrals ([10, Chapter 3]), recall
the following definition. Let Z be a Banach space and let h : T — Z*
be a wk* measurable map (that is, the map t — (z,h(t)) (T — C) is
measurable for every z € Z) with [ [|h(t)||dt < co. Define the wk*
Bochner integral fT t)dt € Z* by

<z,/Th(t) dt> :/T<z, h(t)) dt

for z € Z. Also, for f € L' anduEM let
(PO = 5= [ f=s)duts) e

be the convolution of f and pu.

Theorem 2.6. Let B be a homogeneous Banach space on T and let p €

*

Ej. Then the map s — us (T — Zj) is wk™ continuous, and, for f € L',

the integral
1
o [ Feneds
T Jr

exists as a wk* Bochner integral in =% and equals f x p. Also, ps —
in E% as s — 0 if and only if p € B.

Proof: We have ||uslz = [[pllzy for s € T and ps(n) = e™"*pi(n) —
i(n) as s — 0 forn € Z, sous—>,uwk in =% as s — 0 by Theorem 2.1.
For f € L1 it thus follows that [1. f(s)us ds exists as a wk™ Bochner in-
tegral in Z%. Furthermore, Bochner integrals commute with continuous
linear functionals, SO

(50 [ stmas) = [t s s = 5 [ st
=ity [ Fs)e ds = Floitn)

for n € Z. Consequently 1/(27) [, f( uq ds = f x .

Let Z be the space of those y € Ef for which ps — p in Ej as
s — 0. Then B C Z. On the other hand, for u € Z, we have us — p
in M as s — 0, so it follows from [9, V.19.27] that u € L!. Also, Z is

ns
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closed in =%, so we deduce that Z is a homogeneous Banach space on
T. Hence the trigonometric polynomials in Z are dense in Z, so Z C B
by Lemma 2.2. O

Our aim now is to describe the spaces Zj as so-called prehomogeneous
Banach spaces on T. To suit our purpose, we have weakened condition (i)
in the following definition compared to the definition in [12, p. 64] (where
it is required that ) contains every trigonometric polynomial).

A Banach space ) continuously embedded in M is called a prehomo-
geneous Banach space on T if the following conditions are satisfied.

(i) If p € Y and fi(n) # 0 for some n € Z, then o™ € ). Moreover,
for every trigonometric polynomial p in Y, we have ||ps|ly = ||plly
for s € T and ps — pin Y as s — 0.
(ii) For every trigonometric polynomial p and p € ), we have ||p
ully < Il lilly. (Since prgs = 32 p(n)ii(n)a™, we have pep € ¥
by (i).)
(iii) There is a topology, 7, on ) such that the unit ball of Y is 7
compact and such that the map &, : Y — C is 7 continuous for
n € Z.

The following is [12, Exercises 2 and 3, p. 64].

Lemma 2.7. Let Y be a prehomogeneous Banach space on T.
(a) A measure p € M belongs to Y if and only if (on(p)) is a bounded
sequence in Y.
(b) The closure Yy, in Y of the trigonometric polynomials in Y is a
homogeneous Banach space on T.

Proof: (a) Let € Y. Since on(u) = Kn * p, where (Ky) is the Fejér
kernel ([13, p. 12]), and since |[Ky||p2 = 1 for N € N, it follows from
(ii) that (on(p)) is a bounded sequence in Y. Conversely, if p € M
and (on(p)) is a bounded sequence in Y, then it has a 7 clusterpoint
ve)Yas N — oo. Since &, is 7 continuous for n € Z, we deduce that
u=ve.

(b) We have ), C L' since L! is closed in M. For f € Y, it follows
from (i) that ||fslly = ||flly (s € T) and that f;, — fin Y as s — 0.
Hence )Y}, is a homogeneous Banach space on T. O

We shall now see that =% is a prehomogeneous Banach space on T.

Theorem 2.8. Let B be a homogeneous Banach space on T. Equipped
with the wk* topology, E) is a prehomogeneous Banach space on T and

(Ep)n = B.
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Proof: Condition (i) follows from Lemma 2.2. Let p be a trigonometric
polynomial and let 4 € Z. Then p* pu = 1/(27) [ p(s)us ds exists
as a wk™ Bochner integral in 2} by Theorem 2.6. Hence ||p * p]
[Pl [|pll=g, so (ii) holds. Moreover, (iii) follows from Alaoglu’s theorem
and Theorem 2.1. Since B is the closure of the trigonometric polynomials
in B and is closed in Z%, we deduce from Lemma 2.2 that (23), = B. O

= <
Bp >

For p1 € 2, we have oy (u) € B by Lemma 2.2. The next corollary is
an immediate consequence of the two previous results and gives a useful
characterization of =j.

Corollary 2.9. Let B be a homogeneous Banach space on T and let
uw € M. Then p € Z§ if and only if (on (1)) is a bounded sequence in
B.

Finally, we can now prove that the correspondence B — =} is bijec-
tive.

Theorem 2.10. The maps
B— Ej

(B a homogeneous Banach space on T) and
Y=Y

(Y a prehomogeneous Banach space on T) define a bijective correspon-
dence between the class of homogeneous Banach spaces on T and the
class of prehomogeneous Banach spaces on T.

Proof: By Theorem 2.8, we have (Ej), = B, when B is a homogeneous
Banach space on T. Now, let ) be a prehomogeneous Banach space on
T. For u € M, the previous corollary implies that u € Z3, if and only
if (on (1)) is a bounded sequence in }},. However, this condition is also
equivalent to u € J by Lemma 2.7. Hence Z3, = ), which proves the
result. |

3. Homogeneous Banach algebras

The simplest example of a homogeneous Banach space on T which is
also a Banach algebra under pointwise multiplication is the algebra C.
We have C* = M, E¢ = L' and thus

=% __ 700
I—dCiL [}

so Z¢ is closed under pointwise multiplication. This is true in general.
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Theorem 3.1. Let B be a homogeneous Banach space on T and suppose
that B is a Banach algebra under pointwise multiplication. Then
(a) BCC.
(b) E5 € L*> and Zf is a Banach algebra under pointwise multiplica-
tion.
(¢) If a homogeneous Banach space L on T is a Banach B-module
under pointwise multiplication, then Z7 is a Banach Eji-module
under pointwise multiplication.

Proof: Let f € B with ||f|lz < 1. Then (f") is bounded in L', so
f € L with || f|leo < 1. Hence B C L™ and the inclusion is continuous.
Moreover, on(f) — f in B and thus in L*° as N — oo, so we deduce
that f € C. Consequently B C C and thus Zj5 C L* by Proposition 2.4.
Now, let f € Z; and g € 7. Then

lon(Flon @l < llon(Hlis - llon(9)lle < Iz - llgl
for N € N, so the sequence (o (f)on(g)) has a wk™ cluster point h € =5

=%
=c

as N — oo. Since (on(f)on(g))(m) — B(m) as N — oo for m € Z,
we deduce that fg = h € 27, with

1fgllzs < Ifll=g - llgll=s-
Considering B as a Banach B-module, this shows that Zj is a Banach
algebra under pointwise multiplication, and the result follows. O

It is well known that the dual space B* of a commutative Banach
algebra B is a commutative Banach B-module under the action (a, by) =
{ab,¢) (a,b € B, ¢ € B*). The fact that L' is a Banach L>-module thus
states that Z¢ is a =5-submodule of Z%*, and we shall see that this holds
in general.

Proposition 3.2. Let B be a homogeneous Banach space on T which
s also a Banach algebra under pointwise multiplication. Then Zg is a
closed Zj-submodule of 2.

Proof: Let p : L' — Zp be as in Proposition 2.4 (with By = C). For
f € L' and g € Ej, it is easily verified that gp(f) = p**(p*(9)f) in Ej".
Since p*(g)f € L', we thus have gp(f) € Zg, and the result follows since
p has dense range in =3. O

As a standard corollary, we obtain the following.

Corollary 3.3. Let B be a homogeneous Banach space on T which is
also a Banach algebra under pointwise multiplication. Then multiplica-
tion is separately wk* continuous in Zj.
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Proof: Let (f;) be a net in Zj that converges wk™ to 0, and let g € Zj
and ¢ € Zg. Then gy € Zp by the previous proposition, so we deduce
that

(@, 9fi) = (afi, ) = (fi,g99) = (g, fi) — 0
as required. O

Remark. Multiplication need not be wk* continuous in Zj. In L, we
have @ — 0 wk* as |n| — oo, but a"a~" =1 for n € N.

We say that a homogeneous Banach space B on T is a homogeneous
Banach algebra on T if B is a Banach algebra under pointwise multi-
plication and the character space of B is T. We shall use the inclu-
sion Zj C L to show that C is the only homogeneous Banach algebra
on T in which every closed ideal has an bounded approximate identity
with a common bound. The following result as well as its proof is similar
to [4, Lemma XVII.2.1].

Proposition 3.4. Let Y be a Banach algebra continuously embedded in
L and suppose that there exists a constant C' such that 1y € Y with
Ilv]ly < C for every open set V.C T. Then C C Y and | - ||y is
equivalent to the uniform norm on C.

Proof: Let Vi,... ,Vy be pairwise disjoint open sets in T, let a;,... ,ay
be complex numbers and consider the function

N
f = Z an]-Vn-
n=1

Then || f]loco = SUP <p< N |ay|. For ¢ € Y* with ||¢||y« < 1, we have
N

N
LD < D lanl - (v @) < 1 flloe Y (v, 0)

n=1

Denoting the real and imaginary part of ¢ by ¢; and @2, we have

Z |<1Vn790>| < Z <1Vn7901> - Z <1Vn7§01>

(1vy,501) >0 (1v,,,01)<0
+ Z (Iv,, p2) — Z (1v,,, 2)
(1vy, 502)2>0 (1v,, ,p2)<0

= <1W1+7901> - <1W1—7901> + <1W2+7902> - <1W2—7902>a
where Wy, Wi_, Wa, and W5_ are open sets. Hence

(£ @) < 4C[floos
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so we deduce that

1flly <A4C[ floe-

Consequently the two norms are equivalent on
span{ly : V C T is open}.
Let feCwith0< f<1. For N € N, let
Unn={t€eT: f(t) >n/N} (n=0,...,N—1),
and let
1 Nl

In=v nZ:o LUyn-

Then ||f — fnlleo < 1/N, so we deduce that
C Cspan{ly : V C T is open},

and the result follows. O

Theorem 3.5. The algebra C is the only homogeneous Banach algebra
on T in which there exists a constant C' such that every closed ideal has
a approximate identity bounded by C.

Proof: Let B be homogeneous Banach algebra on T and suppose that
there exists a constant C' such that every closed ideal in B has a bounded
approximate identity bounded by C. Let E C T be a closed set and
let (f,) be an approximate identity bounded by C for the closed ideal
{feB:f=0o0n E}. Then f, — 1 uniformly on compact sets in T\ F
and (f,,) is uniformly bounded, so

fa(m) — Inp(m) (mez)

as n — 0o. On the other hand, let f be a wk™ cluster point in 2} of the
sequence (f,) and let (f,,) be a subnet of (f,) which converges wk* to
f. Then

fni(m) — f(m) (m € Z),
so we deduce that 1p\ g = f € E with ||11\ g| z; < C. Theorem 3.1 and
the previous proposition thus imply that the norm || - || is equivalent to

the uniform norm on B, so B is a closed subalgebra of C. Since B is a
homogeneous Banach algebra on T, it thus follows that 5 = C. O

We do not know whether there exists a homogeneous Banach algebra
on T other than C in which every closed ideal has a bounded approximate
identity.
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4. Multipliers

Let X1 and X5 be Banach spaces continuously embedded in M. We
say that a linear operator T : X; — Xs is a multiplier if there exists a

sequence (T'(n)) such that
Tu=Ta (ueX).

Such an operator is automatically continuous. We denote the space of
multipliers from X; to X2 by (X1, X2). (See [5] or [14] for general
information on multipliers and for descriptions of (X, Xs) for various
choices of X; and X5.) For homogeneous Banach spaces, we have the
following well-known result. Observe that every homogeneous Banach
space B on T is a Banach M-module for the convolution product since

px f=(1/(2m)) [ fsdu(s) € B for p€ M and f € B.

Proposition 4.1. For homogeneous Banach spaces By and B on T and
a linear operator T : By — Bs, the following conditions are equivalent.

(a) T e (Bl,Bg).

(b) T(uxf)=p*Tf (neM,feB).
(C) TR, = R,T (SGT).

For the homogeneous Banach spaces B considered in this section, we
assume, for simplicity, that, for every n € Z, there exists f € B such

~

that f(n) # 0.

Proposition 4.2. Let By and By be homogeneous Banach spaces on
T. FEvery T € (B1,B2) extends uniquely by wk™ continuity to T €
(Ep,,Ep,). Conversely, every S € (Eg,,Z5,) maps By into Ba, so
S|p, € (B1,Bz). Moreover, (B1,B2) = (B1,Z3,)-

Proof: For T € (By,B2) and n € Z, we have

(f, T*¢) = T(n) f(n) = (f,T(n)é,) (f € By),

so T*¢, = f(n)fn Hence T*(Zp,) C Zp, and T = (T*|EB2)* is the

~

required extension. For S € (Ej,,Zj, ), we have Sa™ = S(n)a™ (n € Z),
so S(B1) C B;. The same argument proves the last statement. O

Remark. For linear operators S : 5 — Zj , we still have (a)«(b)=(c)
in Proposition 4.1, but not necessarily (c)=(b); see, for example, [19].
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Figa-Talamanca and Gaudry ([6], [7]) have shown that (LP,L?)
(1 <p,q < ) is a dual space. We shall use a result of Rieffel ([18]) to
show that this holds for homogeneous Banach spaces in general. For Ba-
nach spaces X and Y, denote their projective tensor product by X ®,Y".
When X and Y are Banach L'-modules, let

K=span{fz®@y—2@ fy: fel'zc X, ycY}
and let
XonY=X&,Y)/K
Then every p € X ®71 Y has an expansion

o)
P:Z%@@yn
n=1

with 377 ) [z |l x - [ynlly < oo, and

lollxe,.y = inf {Z lzallx - llyally o= 20 ® yn}

n=1 n=1

is the norm on X ®r1 Y.

Theorem 4.3. Let By and By be homogeneous Banach spaces on T and
define
®: (By,B2) — (B1 ®p1 E,)"
by
(foe, M) =(Tf¢) (f€Bi,p€etp,T¢€ (Br,B2)).
Then ® is an isometric isomorphism, and ® is a homeomorphism be-

tween the closed unit balls equipped with the weak operator and the wk*
topology respectively.

Proof: Tt follows from [18] that the map ® : (B, Ep,) — (B1®1 Ep,)*
defined by (f@p, ®(T)) = (p, Tf) for f € B1, p € Ep, and T' € (B1,E5,)
is an isometric isomorphism, so ® is an isometric isomorphism by the
previous proposition. Let (7;) be a net in the closed unit ball of (By, Bs)
which converges to T in the weak operator topology. Then

(f @@, ®(Th) = (f @, ®(T)) (f€Bi, ¢€Ep),

and it follows that ®(7;) — ®(T) wk™. From [2, Proposition IX.5.5]
(the proof given there carries over to Banach spaces), we deduce that
the closed unit ball of (B, Bs) is compact in the weak operator topology,
so the result follows. |
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We shall now show that the abstract space B1® 125, can be identified
with a sequence space. For f € B; and ¢ € Zp,, define fxp as a sequence
by f* @ = fp, and let

oo oo
By +Ep, = {P = an * Pn Z 1 fnllBy - llenllzs, < OO}
n=1 n=1

equipped with norm

lollBy+zs, = inf {Z 1 fallss - lonllzs, o= fux son} :
n=1 n=1

For LP spaces, the following was proved in [18, Theorem 3.3].

Proposition 4.4. There exists an isometric isomorphism ¥ : By Qa1
Ep, — B1 xEp, such that V(f @ ¢) = f*¢ (f € B, ¢ € Ep,).

Proof: The map ¢ : By X Zg, — By *Zg, defined by ¥(f,p) = fxp (f €
B1, ¢ € Ep,) is bilinear and continuous, so there is a continuous, linear
map 1 : Bl@’YEBz — B *Ep, with T/)(f@so) = fx*p (f €EBi, pE EBz)'
Moreover, v is surjective and K C kere. For f € B; and ¢ € 2p,, we
have f @ = (1/(27)) [; f(s)ps ds € Ep,, so it follows from the proof of

[18, Theorem 3.3] that ker ¢ C K, which finishes the proof. O

Every trigonometric polynomial p defines a multiplier 7, € (B1, Bz)
by T, f = pxf (f € B1), which we identify with p. We have the following
density results.

Proposition 4.5.

(a) For homogeneous Banach spaces By and Bz on T, the unit ball of
the trigonometric polynomials is strongly demnse in the unit ball of
(By1,Bs).

(b) For a homogeneous Banach space B on T, the span of {Rs : s € T}
is strongly dense in (B, B).

Proof: (a) For T € (By, B2), let

N
on(T) =Y (1—N|Tjr|1>f(n)a” (N e N).

n=—N

Then on(T)f = on(Tf) — Tf in By as N — oo for f € By and
HO’N(T)”(BLBQ) < |T||(31,32) (N € N)
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(b) For n € Z and f € B, the integral

1 .
a”*f:—/Rsf~emsds
T

27
exists as a Bochner integral, so o™ belongs to the strong closure of
span{R; : s € T}, and the conclusion thus follows from (a). O

Finally, we shall see that (B, B) is the dual space of a homogeneous
Banach space of continuous functions on T. Let VW be the Wiener algebra
of absolutely convergent Fourier series on T.

Corollary 4.6. Let B be a homogeneous Banach space on T and let
Ap = B+ Eg. Then Ag is a homogeneous Banach space on T with
W C Ag CC and (B,B) = Aj.

Proof: For f € B and ¢ € =5, we have

N
I |TL| Y ~ ins __
Feo))= Jim, 3 (1= f57) Fogtme = (hard) e,
so Ap is a homogeneous Banach space on T with Ag C C. Forn € Z
and € > 0, choose f € B, f # 0 such that

~

[f) = [(f;ea™)| = (A=)l fls - lla”|

B*-

Since f * o™ = f(n)a", we thus have

5 |la"||s 1

o < W20l L

[f(n)] €
Hence [|[a"]|ay =1, so W C Ap. The last statement is just a reformula-
tion of Theorem 4.3 and Proposition 4.4. O

5. Examples

In this section, we shall determine =} for some examples of homoge-
neous Banach spaces B on T. We have already seen that =7, = M and
that =§ = L*°.

We denote the space of left-continuous functions of bounded varia-
tion by BVC,. For f € BVC,, there exists a unique measure p(f) with

w(f)(0) =0 and ¢ € C such that

f@) =p(f)0,8) +c (t€T).
Moreover, f € BVC,; is absolutely continuous on T if and only if u(f) €

L', and in this case f’ = u(f) a.e. The space of absolutely continuous
functions on T is denoted by .AC.
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This generalizes to (pre)homogeneous Banach spaces on T. For a
homogeneous Banach space B on T, let B! be the space of functions
f € AC for which u(f) € B and equip B with the norm |||z =
Il f'lIs+]£(0)] (f € BY). Similarly, for a prehomogeneous Banach space Y
on T, we say that a function f € BVC; belongs to V! if u(f) € Y, and

we norm V' by [|fllyr = [lu(f)lly +[f(0)] (f € Y'). Then Bl is a
homogeneous Banach space on T and )! is a prehomogeneous Banach
space on T. The following result is easily proved.

Proposition 5.1. Let B be a homogeneous Banach space on T. Then
Zh = ()
It immediately follows that
)(kLl)l = (521)1 = (M)l = BVC[

We now turn to other examples.

(1]

o —
—AC —

Dual spaces. The following result is not surprising, considering that
the main motivation for the construction of the space =% was to embed
B in a “small” dual space.

Lemma 5.2. Let B be a homogeneous Banach space on T. Suppose that
there is a Banach space Z such that Z* = B and such that &, € Z for
n € Z. Then Eg = Z and thus 5 = B.

Proof: Observe that Z is a closed subspace of Z** = B*. Also,

B* z
Ep =span{{, :n €Z} =span{l,:necZ} ,

so Zp is a closed subspace of Z. If f € Z* = B and f L Eg, then
f(n) =0 for n € Z and thus f = 0. It thus follows from the Hahn-
Banach theorem that =5 = Z. O

The result applies, in particular, to the spaces LP with 1 < p < o
and to the Wiener algebra W ~ [1(Z).

Lipschitz algebras. For 0 < v < 1, let A, be the Lipschitz algebra of
functions f on T for which there exists a constant C' such that
[f@t) = f(s) < Clt— s

for s,t € T. Normed by | flla, = |flloc + sup{[f(£) = £(s)] - [t — 5|7 :
t,s € T,t # s}, it is well known that A, is a Banach algebra. For
0 <~ <1, let A\, be the closed subalgebra of A, of functions satisfying

[F(#) = f(s)] = ol|t — s[")
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uniformly as |t —s| — 0. Then A, is a homogeneous Banach algebra
on T ([16]). Moreover, it follows from [3] that the map ¥ : \** — A,
defined by
V(F)(t) = (0, F) (FeXf teT)
is an isomorphism, where J; € A%, denotes the point evalution functional
at t.
Now, suppose that F' € A}* with ' L 25 and let m € Z. Then

\I/(F)(m) = 2— /H‘<5t7F>€_7lmt dt = % </T(St€_zmt dt7F>7

™

where [} 8,e” " dt exists as a wk™ Bochner integral in A%. Since

1 —im 1 n —im
% <Oén7/jr6t€ tdt> = %/IKO[ ,6t>6 tdt

1 .
_ i(n—m)t dt = n
27T T € <a ’ £m>

for n € Z, we deduce that (1/27) [ 6e™ "™ dt = &, sO

Y(F)(m) = (&m, F) = 0.
Hence ¥(F') = 0 and thus F' = 0, so we deduce that =, = A’ and thus
EX, = A

Moreover, span{d; : t € T} is dense in A ([3, Lemma 2.6]), so we deduce
that a sequence (f,) in A, (= E3 ) converges wk™ to 0 if and only if it is
bounded in A, and converges pointwise to 0 on T.

To complete our discussion of Lipschitz algebras, we mention that

Ea=(E0) = (L®) =M
by Proposition 5.1.
The Pisier algebra. Let (£,(w)) be a sequence of independent, normal,

complex random variables defined on some probability space €. For
f € L?, consider the Gaussian Fourier series

fo) = D &) fn)e™ (teT, weQ).

n=—oo

We say that f € C almost surely if f, € C for almost every w € €.
The space C,. of such functions is a homogeneous Banach space on T
equipped with the norm

1 llas. = / ulloodo  (f € Cas):
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Pisier proved that
P=Cas.NC

is closed under pointwise multiplication and that it is a homogeneous
Banach algebra on T (the so-called Pisier algebra) equipped with the
norm

1fllp =1 fllco + 1 Fllas. (f €P).

(For this and other results, see, for instance, [17] or [12].)
It follows from [15, Corollary VI.1.5] that C, s, = Z* for some Banach
space Z with &, € Z for n € N. Hence

25 CEs  NEp=Cas NL™

by Proposition 2.4 and Lemma 5.2. Conversely, for f € C,s.NL>°, the se-
quence (on(f)) is bounded in C, 5. and C, so it follows from Corollary 2.9
that f € Z%. Hence

Ep =Cas. NL™.

Finally, with an obvious notation, we have C,s, = L°, ([12, p. 58]), so
we obtain the more symmetric expresion

% _ o0 oo
=5 e =L3 NL™.

a.s

Uniformly convergent Fourier series. For y € M and N € N, let

be the partial sums of u, and let
U={feC:||ISN(f)— fllo = 0as N — oo}

be the space of uniformly convergent Fourier series on T equipped with
the norm

1fllee = s%pllszv(f)lloo (feth).

It is easily seen that ¢/ is a homogeneous Banach space on T. For p € 5;,,

we have 074(\;;)(71) — fi(n) as M — oo for n € Z and thus ||Sy(oar (1)) —
Sn(t)]loo — 0 as M — oo for N € N. Hence

sup [|Sn (1) lloo < sup [[Sn(oar (1)) lloc = sup [loar (1)l < oo
N M,N M

)
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In particular, u € L>®. Conversely, let f € L>® with supy [|[Sn ()]l <

~

0o. Then (Sn(f)) is bounded in U and ,STV(\f)(m) — f(m) as N — o0
for m € Z. Hence Sn(f) — f wk™ in Zj, as N — o0, so we deduce that

Ey={fel>: sup 158 ()l < 00},

the space of uniformly bounded Fourier series on T.

Spaces of analytic functions. As mentioned earlier, the definition of
a homogeneous Banach space B includes the case where f(n) = 0 for
every f € B for some values of n and in particular spaces of analytic
functions. For instance, the Hardy space H' on the open unit disc I is
a homogeneous Banach space on T. Moreover, by the F. and M. Riesz

theorem ([11, p. 47]), we have
5, C{n e M:ji(n) =0 for every n < 0} = H*,
S0
Ej}k_ﬂ == Hl.
This also follows from Lemma 5.2, since H! = (C/Ap)*, where A is
the disc algebra of functions analytic on I) and continuous on D and
Ao = {f € A: £(0) = 0}. For the disc algebra, we have A* = M/AL =
M/H (where HY = {f € H! : f(0) = 0}). Hence 24 = L'/H} and
thus
=5 =H™.
Finally, we consider the space

BMOA = BMONH!

of functions in H' which are of bounded mean oscillation on T, and the
closed subspace VMOA of functions of vanishing mean oscillation on T
(see, for example, [8] for the definitions). Fefferman’s duality theorem
([1, Corollary 8.1] or [8, Theorem VI.4.4]) states that

BMOA = (H')*.

Hence conditions (i) and (iii) in the definition of a prehomogeneous Ba-
nach space on T are satisfied for BMO.A. Moreover, for g € BMOA,
we have g; — g wk™ in BMOA as s — 0, so it follows from the proof of
Theorem 2.6 that

1
= — s d
fxg 27T/Tf(8)g s
exists as a wk™ Bochner integral in BMOA for f € L'. Hence

If *gllBmoa < | flletllgllBaoa,
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so we deduce that BMOA is a prehomogeneous Banach space on T.
Also,

(BMOA), = VMOA,

by [8, Theorem VI.5.1], so it follows from Theorem 2.10 that VMOA is
a homogeneous Banach space on T with
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