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SEMI-GLOBAL SOLUTIONS OF 9,
WITH L* (1 <p < oo) BOUNDS
ON STRONGLY PSEUDOCONVEX REAL
HYPERSURFACES IN C" (n > 3)

C. H. CHANG AND H. P. LEE

Abstract

Let M be an open subset of a compact strongly pseudoconvex
hypersurface {p = 0} defined by M = D x C*~™ N {p = 0},
where 1 <m <n—2, D ={o(z21,... ,2m) < 0} C C™ is strongly
pseudoconvex in C™. For dy closed (0, q) forms f on M, we prove
the semi-global existence theorem for dy if 1 < g < n—m —2, or if
q=n—m —1 and f satisfies an additional “moment condition”.
Most importantly, the solution operator satisfies LP estimates for
1 < p < oo with p =1 and oo included.

1. Introduction and Main Results

Let M be a connected open subset of a compact strongly pseudoconvex
hypersurface {p = 0} in C™ defined by M = D x C*~™N{p = 0}, where
1<m<n—2,D={o(z1,...,2m) <0} C C™ is strongly pseudoconvex
in C™. We assume that p, o € C? are strictly plurisubharmonic in
neighborhoods of {p < 0} and {o < 0} respectively, and dp A do # 0
on OM. For 9, closed (0,q) forms f on M, we study in this paper the
semi-global solvability of dyu = f in LP spaces, 1 < p < oo. Global
solution with LP estimates for J, on compact strongly pseudoconvex
hypersurfaces was obtained by Folland-Stein [Fol-St] for 1 < ¢ <n —1,
and by Henkin [He], Skoda [Sk] for 1 < ¢ < n — 1. Using the explicit
integral representation for the solution operator, Henkin [He] also gave
the first local solution with supnorm estimate (i.e. C° estimate). Local
solution with LP estimates, 1 < p < 0o, was obtained by Shaw [Sh1].

Our main results state as follows:
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Theorem 1. Let M be as in the above. Then there exists a linear

operator L mapping L;?O,q)(M) to L?o,qq)(M)’ 1 < p < oo with

(1.1) NLfllp < ClIfllp, where C is independent of p.

Moreover, Lf solves the equation
(1.2) u=f

provided that f € LI(’0 q)(M) is Op closed in distribution sense, and either

(i) 1<g<n—m-—2, or

(ii) g=n—m—1, f € CY(M) and for any smooth 0y closed (n,m—1)
form h defined in a neighborhood Vi, of OM, the condition

(1.3) / fAR=0 Ve>0 small
oM.

holds, where M. = {p =0} N{o < —€} and OM. C V},.

(1.8) is necessary and sufficient for Oy to have C' solution in M at this
critical degree.

From this theorem we have

Corollary 1. Let M be as in Theorem 1. The ranges of the 0y op-
erator from Lf’o q—l)(M) to L](jo q)(M), 1<p<oo,1<g<n—m-1
are closed. When 1 < q < n —m — 2, they are exactly sets of Oy-closed

forms in L?O q)(M), and for ¢ = n —m — 1, the range is the LP-closure

of Bo(C3 ) (A1)

Corollary 2. Let M be as in Theorem 1. The dp-closed (0,q) forms
with C° (M) coefficients, 0 < ¢ < n —m — 2, are dense in Jp-closed
forms with LP(M) coefficients, 1 < p < oo.

Let o, p be defined as above, one may study the dj, operator on the
CR manifold M = {p = 0} N {o > 0}. Arguments parallel to the proof
of Theorem 1 with suitable changes (see Remark 3 in Section 2) give the
following:
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Theorem 1°. Let M be as in the above. Then there exists a linear

operator L mapping L€07q)(M) to Li)07q_1)(M), 1 < p < oo with

(1.17) ILfllp < C|If|lps where C is independent of p.
Moreover, Lf solves (1.2) provided that f € L‘?O 2 (M) is 9y closed in

distribution sense, and either
(i) m<qg<n-=3, or

(i) g=n—-2, f € C’l(]\?) and for any (n,0) form h defined in a
neighborhood Vi, of OM with holomorphic coefficient, the moment
condition

(1.3%) /~ fAR=0 Ve>0 small
dM.

holds, where M, = {p =0} N {o > €} and OM, C V},.

(1.8°) is mecessary and sufficient for 9y to have C' solution in M at this
critical degree.

Results parallel to Corollaries 1 and 2 obviously hold, we leave them
to readers.

For the critical degree ¢ which is n —m — 1 for M and n — 2 for M,
we have

Corollary 3. Let M, and M be as in the above.

(a) Suppose any smooth Oy-closed (n,m—1) form h defined in a neigh-
borhood of OM can be approzimated by Oy-closed forms in CO(M)
on OM. Then (1.2) is solvable on M with LP estimates at de-
greeq=n—m — 1.

(b) Suppose any function holomorphic in a neighborhood of OM can
be approzimated on OM by functions holomorphic in M. Then
(1.2) is solvable with LP estimates for ¢ = n — 2 on M. This
condition is satisfied if M is Runge.

Combine Theorem 1 and Theorem 1’ together, we can generalize the
special example of [B] as follows:

Corollary 4. Suppose M can also be defined in the form of M, in
other words, there is a real function & € C3(C™), 1 < m < n — 2, which
18 strictly plurisubharmonic such that

M=M={5>0}n{p=0}

Then (1.2) is solvable with LP estimates 1 < p < oo for 1 < g <
n—-m-—2orm<qg<n-—3.
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Under the same assumption we also have

Corollary 5. Let M be as in Corollary 4. Suppose in addition that
both m and m are greater than 1 with OM = {& = 0} N {o = 0}, and
that {& < 0} N {o < 0} has a neighborhood system consisting of Runge
domains. Then (1.2) is solvable with LP estimates 1 < p < oo for
q = n — 2. In particular, the assertion holds if there exists a decreasing
sequence {€;}, €; — 0 such that {o < €;}N{G < ¢;} are convex for all j.

This is because Hartogs’ theorem gives that every function holomor-
phic in a neighborhood of M can be extended holomorphically into a
neighborhood of {& < 0} N {o < 0} which is Runge by assumption. It
turns out that OM is Runge. Corollary 5 now follows from Corollary 3.

When m = 1, the present paper also provides a uniform proof for
LP estimates 1 < p < oo of local solutions with p = 1 and p = >
included. Moreover, the constant in (1.1) is independent of p. So our
results improve [Sh1] and give a complete and uniform proof for the
existence of a local solution of 9, with LP estimates.

The idea of estimation used here is also applied in a forthcoming paper
[C-L3] to obtain LP estimates for 0-operators in the piecewise smooth
pseudoconvex domain {p < 0} N D x C* ™. The results of this paper
can be used to obtain LP estimates for the solution of J, on some special
compact piecewise smooth strongly pseudoconvex surfaces. We think
this is an interesting direction. It is also interesting to have LP estimates
for 9, on larger classes of surfaces than those discussed here.

When ¢ = n — m — 1 necessary and sufficient conditions for the solv-
ability of 0, on M are given in [C-L1], while in [C-L2] we investigate
the (non)solvability of J; at degrees ¢ > n —m — 1 on M (respectively,
g<m-—1,on M ) and we observe much more complicated phenomenon
when m > 1. The solvability of d,-operators in various CR-manifolds
under various norms have been extensively studied in past few years, see
[Ma-Mi], [Ro], [Sh3], [Sh4], [Mi-Sh1], [Mi-Sh2] and references there.

We outline here the plan of the paper. In Section 2, we derive the
solution operator for dy-closed (0,q) form f with coefficients in C (M)

(denote by f € C, (107 o (M)). The solution operator consists of two integral
operators: one is an integral over M defined by Henkin’s kernel Q(t, t%)
for 9, on {p = 0}; the other one is a boundary integral defined by
the kernel Q(r, t*,s) which involves not only the Leray sections t, vx of
{p = 0} but also the Leray section s for the lower dimensional strongly
pseudoconvex domain {o < 0} C C™. Section 2 contains definitions
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of various kernels and their properties. It was proved in [He] that the
kernel Q(t, v«) defines a linear operator from L? to L? (and even better).
Thus our main task is to show the kernel Q(t, v, s) defines an LP-bounded
operator, 1 < p < co. We sketch the major difficulties and how we
overcome them.

When LP estimates are concerned, usually we transform by Stokes’
theorem the boundary integral of f A Q(r,tx,8) to the integral of
FAOQ_(r,t*,5) over M, where Q_(t, t*,s) is an extension of Q(t, t#, 5) to
M. By Classical results of Singular Integral Operators it suffices to prove
the L' norms of 9Q_(x,t*,5)(¢,z) w.r.t. , z respectively are bounded
uniformly in z, ¢ respectively. As s is the Leray section of a strongly pseu-
doconvex domain in C™, m < n, the L'(M)-norm of 9Q_ (r,t*,5)((, 2)
grows logarithmically as z approaches boundary. To overcome this dif-
ficulty, we first transform part of Q(t, t*,s) to kernels involving t, t*, s
and the Bochner-Martinelli kernel form Q(b") of C™. This kind of trans-
formation was used in Sergeev-Henkin, see [Se-He] for extensive discus-
sions. The resulting kernels then take the advantages of the following
properties of Q(b'): (i) 9Q°(V') = 0 off the diagonal, where Q°(b') is the
component of Q(V') of degree 0 in dz, (ii) f0<a<|c'\<b QO(b') = 0, (iii) ap-
parently its order of singularity is 2m — 1 without using any coordinate
transformation. This is done in Section 2 under the title Reductions.

Let K denote an arbitrary component of kernels resulting from the
above transformation. To estimate the L' norm of 9K, the most difficult
part lies in the fact that there are points where 9p/0z; = 0,V j > m (they
are characteristic points when m = 1). This is because >_ ., [0p/0z;]
is essentially related to the jacobian of the coordinate transformation
that will make the L' norm of 0K converge. By a closer observation
of the integrals to be estimated, we see that for most critical terms,
their integrands in a certain sense contain factors of the jacobians of
the needed coordinate transformations in their numerators. Therefore,
we decompose the domains of integration V' by comparing the sizes of
jacobians with, say [’ — 2|", 0 < 7 < 1 to be determined, for ( € C"
we write ¢ = (¢/,¢”) with ¢ € C™ and ¢’ € C* ™. To illustrate, e.g.
we let V' = V3 U Vs, where

Vi

CeEV Y |0p/oz] <I¢ =2 ¢,

j>m

1 T
Vo=RCeV: Z |0p/0z;| > §|C' — 2

j>m
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Then in V; the order of singularity is reduced by 7, so with suitably cho-
sen 7, the integral over V; is finite, while in V5, we are able to perform co-
ordinate transformation with controllable jacobian. On the other hand,
to guarantee that coordinate transformations are of finite multiplicity, we
incorporate the technique first introduced by Range-Siu [Ra-Siu]. We
remark that the strong pseudoconvexity also plays an important role,
see (3.15) and Section 4. These estimates are summarized as three key
lemmas stated in Section 3 and proved in Section 4.

Using these lemmas we prove the L' norm of 0K is bounded by a
constant independent of p. Thus assertions of Theorem 1 hold for 0p-
closed f € C(lo,q) (M). We then apply the classical mollification procedure
of K. O. Friedrichs to complete the proof of Theorem 1. These are
contained in Section 3.

We would like to thank Mei-Chi Shaw for very helpful discussions.

2. Notations, the Solution Operator and Reductions

Throughout the paper, the constants C', ¢ denote positive numbers
which may vary from time to time.

We adopt the convention that C" = {(z1 + v/—1z2,... ,295-1 +
V=1zaj, ... ;w2n—1 + V—1z2,)} = {(21,...,22,)} = R*. In this pa-
per, we often write ( € C™ as ({’,¢"”) where ¢’ € C™ and (" € C*™™,
(respectively, z = (z/,2") where 2/ € R*"™ and z” € R>"~™)). Simi-
larly, for differential forms we write df = (d'f,d” f), and of = (9'f, " f),
where d’-, d’- denote respectively the differentials with repect to the first
2m variables and those to the last 2(n — m) variables, likewise for &’
and &”-. Also we have d{ = d{; A --- Ad(,, d(’ = d{ A -+ AN d, and
d¢" = dlm41 N -+ ANdC,. We denote by |f] = (O |f1|2)% the length of
a g-form f =" frdz!. For fixed a’ € C™ the notation I',; denotes the
fibre {(a’,{") € M} of M over a’.

We denote by 27 := {x1,...,&;,... ,Z2,}, the coordinate system ob-
tained from that of R?*" by deleting the coordinate function z;; and we
denote by dz? :=dxi A--- A d/a:\J A -+ A dxo,, the corresponding 2n — 1
form.

The notation Bs(z) denotes the Euclidean ball centered at z € C™
with radius 6. “A < B” means the quotient |A|/|B] is a nonvanishing
function bounded from above.

We recall that M is an open subset of the real hypersurface {p = 0}.
Let vjs be the measure on M induced by the Lebesgue measure in the
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Euclidean space. Let v be the 1-form dual to the unit normal at points of
{p = 0}, explicitly, v = |dp| =" dp = |dp| = (30} Op/9z; dz; +Ip/D7; dZ;).
Then dvj; is the (2n — 1)-form such that v A dvy = (—2i) "dz Adz =
dzi A dxo A -+ A dro, = dvgen as forms in R?™.

It is well-known that any differential form defined in a neighborhood
of M in R?™ can be uniquely written on M as the sum of the component
tangential to M and that normal to M. In particular, if the differential
form g is of degree 2n — 1, its tangential component can be expressed in
terms of dvyy, i.e. g = gpr dvas +dp A R, where R is a (2n — 2)-form, and
it is clear that it is gps that matters for integrations over M. In view of
the above, the function gj; can be determined by

(2.2) gu dvgen = |dp| "t dp A g.
gn dvyy is referred as the component of g tangential to M.

In arguments followed we will use the general area and coarea formula
given in [Si], see also [F|. We also need consider various maps g from
I-dimensional submanifolds M C RY to R*¥. When [ < k the generalized
jacobian is defined by Jg(x) = {det(dg,)* o (dg.)}z, and dg, : ToM —
R denotes the induced linear map. And when [ > k the generalized
jacobian is defined by J*g(z) = {det(dg,) o (dgx)*}%. In particular, we
note that

Remark 1. If M = {o =0} is a real hypersurface in R", and g is a
map from M to RY such that one of the component of g, say g; is o,
then Jg = |dgy A --- Adgn|/|dol.

The Solution Operator.

We introduce the following notations and exterior calculus developed
by Harvey and Polking [H-P]:

Let E',...  E% be a collection of n-tuples of C? functions in (¢, z) €
C" x C™, following Harvey-Polking we define

(2.3) Q(E&...,;;&);%A...A%

(0. E", d<>>h (<ag,zEa7dc>>A“
A <7 Ao A L
A1+'--~§\;:nfa <E1’C_Z> <E 7<_Z>

where (x,y) = > x;y; for vectors z, y in C™ and d( here is understood to
be the n-vector (d(y, ... ,d(,). Then Q is C! away from the singular set
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A=, 2), (E7,¢ — 2z) = 0}. We can rewrite Q as Q(E', ... EY) =

g_l QUEL, ... E?), where Q¢ is the sum of components of 2 which
are of degree ¢ in dz. Outside the singular set A we have the following
identity:

—

(2.4) 0 QE',... ,E*) =) (-1YQ(E',... ,EJ,... ,E®).
J

To construct the kernel we need following results of [For|:

For any strongly pseudoconvex domain X = {o < 0} € C¥, where
0 € C*, k > 2, is strictly plurisubharmonic in a neighborhood of X, there
exists € > 0 and H((,2) € C*F1(X. x X.), X, = {z € C", 9(2) < €}
satisfying

(2.5) H((, ) is holomorphic in X,

(2.6) 3n;(¢,2) € C*Y(X, x X.), j =1,..., N, holomorphic in z, such
that

N
H(G,2) =Y (6, 2)(¢ — 2),
1
(2.7) 3c¢>0,such that Vz € X, (€ X
2Re H(¢,2) > 0(¢) — o(2) + ¢[¢ — 2%,

(2.8) dcH(C, 2)|z=¢ = 9e(C)-

For the strongly pseudoconvex domain {p < 0} C C", let v((,2) =
(t1,...,%), v, 5 = 1,... ,n be the n-tuple function and its compo-
nents corresponding to (2.6). We use s'({’,2'), 55, j = 1,...,m to
denote those for {¢ < 0} C C™. We denote by s((,z) the map

(51(¢",2"), .o, 8m(C',2)),0,...,0). Let v*(¢, 2) = (vi((, 2), ... , 15 (¢, 2)),
where t5(C, z) = —t;(2,¢). Thus t, t* and s are C* in a neighborhood of
M x M. We remark that (2.7) implies there exists ¢ > 0 such that

(2.9) —0(¢) +Re(s, ¢ — 2) = —0(()/2 = 0(2)/2
+C|C_Z|2ZC|<_’Z|27 for<7ZEDa
(2.10) Re(r,¢ — 2) > ¢|¢ — 2|?, for ¢, z € M,

(2.11) Re(t*, ¢ — z) > c|[¢ — 2|2, for ¢, z € M.
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We define Q(t,t*), Q(r,s), Q(c*,s), and Q(r,t*,s), according to for-
mula (2.3). In view of the fact that s depends only on (’,2’, we see
that the exponents of gfff; in Q(t,s), Q(r*,5) and Q(r,v*,s) must be
<m-—1.

For any (0, ¢) form f on M whose coefficients are C' up to M, following
Shaw [Sh1] (see also Henkin [He]), we have for z € M,

(212) (~1)7f(z) = by /M f A )

+/ Opf A Q(x,t*) — FAQ(e, ™).
M

oM
In fact, in (2.12) M can be any open subset of {p = 0} with C? boundary.

Using the identity (2.4), we can rewrite the boundary integral in (2.12)
as

(2.13) FAQ(,s) — FAQ(,s) — / fAOQ(x,t*,5)
oM oM oM

+ (=1)471, fAQ(,t*)5).
oM
Since Q(t,s) is an (n,n—2) form in ¢, fAQ(t,s) is an (n,n—2+¢q) form
and ¢ > 1, so the integral against 0 M must be null by type consideration.
As for faM FAQ(r*,s), we note that f AQ(r*,s) is an (n,n —2) form in ¢

only when 0 =n — 2 — ¢, where 3 is the exponent of gffg in Q(t*,s).
But as  <m—1, fBM FAQ(r*,s) is zero if ¢ < n—m — 2 again by type
consideration. If ¢ = n —m — 1, then Q(t*,s) is a Jy-closed form in a
neighborhood of dM, thus for (0,n —m — 1) form f that satisfies (1.3)
/. on £ AN Q" s) is null. We therefore arrive at the following homotopy
formula for (0,¢) forms f with 1 <¢g<n—-m—2,or¢g=n—m—1 and
f satisfies (1.3).

(—1)0f(z) = /M Bt A (5, %)(C, 2)

+ (=D [ Oy f AQI(xr,v*,5)(C, 2)
OM

(2.14) +ab{/Mf/\Qq‘1(t,t*)(C,z)

+(=1)¢ /6Mf A QI (e, t*,s)(C,z)}

= Sq(gbf) + ébSq_lf.
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An operator £ which equals S9! for 9y-closed f € C(107 q)(M ) appar-
ently solves (1.2). The term [,, f A Q97! (v,¢*) admits L? estimates for
1 <p<ooas Q971(r,t*) defines an operator of weak type (1,2n/2n—1).
(See [He].) The main task of this paper is to estimate the term [, f A
Q971 (x,v*,5). As explained in the introduction we will have to transform
part of Q471(x,t*,5) to kernel forms involving the Bochner-Martinelli

kernel form of C™ which are easier to estimate.

Remark 2. Webster proved in [W] that [,, f A Q7 !(r,¢*) is in
CY(M) for f € C*(M). The term [,,, f A Q7 !(x,t*,s) is obviously
in C*(M), as p, o are C?3 in a neighborhood of M. Hence the operator £
sends Jy-closed f € C1(M) to forms with coefficients in C1(M).

Remark 3. We observe that with s({, z) replaced by s*(¢, z) = —s(z, ()
Theorem 1’ will be proved by arguments parallel to the proof of Theo-
rem 1.

Reductions.

Let R, = {z = (¢/,2") € M, d(%',0D) < a} and x, be the charac-
teristic function of R,. In view of (2.9)-(2.11), it is easy to see that it
suffices to compute the L? norm of the function xq4 [,,, fAQI ™ (x, t%,5),
where d is a fixed constant to be determined.

We write out Q971(x,t*,5), 1 < g < n — 2 as follows:

QM (vt s) = Y 0%(x ) Awd(s),

1<a<m
where
ey L (®dQ)(dQ)  ((Oerd) T (@ dg) Y
oo =gt i (eess) s
_ _ - 6—1
e (2dQ) (@ dg) T (s'd¢) [ (9 dC)
@ = (ee5) <sx</—zf>A<<s',</—z'> |

Let w®(s) be the kernel obtained by replacing (s, { — z) in w*(s) with
(5, —2z) —o(¢’). Let 65 (r,t*) be the kernel obtained by replacing in
6% (x,t*) the denominators (tv,{ — z) and (t*,{ — z) respectively with
(v, — z) + X and (v*,¢ — z) + X\ where A is a small positive number.
Then (2.9) implies 6% (¢, t*) A w®(s) has no singularities on Rgq X Rag,
Vd, 0 < d < dpy, for some suitably chosen dj.
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We note that when oo = m, w™(s)(2’, (') is the Leray kernel associated
to the section ¢ for {¢ < 0} C C™, the L'({o < 0}) norm of dw™(s)
grows logarithmically as z approaches the boundary (cf. [Se-He] for
related arguments). This is the term that needs to be transformed. We
thus investigate separately the case 1 < a < m — 1 and the case o = m.

For fixed z = (¢, z”)éRdandeC ) (M \I), we write for 1 < a <m

FON% (%) A w(8)(C, 2)

oM

= lim [ f(O) AOS(x,v7) Aw(s)(C, 2)

A—0 oM

= lim FQ) ANOS (e, v%) Aw2(s)(C, 2)

A=0JaRyu\OM

+lim [ 9y(F(C) AOR(r,¥) Aw(8))(C2)

Raq

= lim {F}(2) + F3(2)}.

For the sake of simplicity, we denote by S§ both the form 0, (05 (v, t*) A
w®(s)) and the operator it defines. It is easy to see that FY is in LP
with its LP norm bounded by the LP norm of f multiplied by a constant
independent of .

- o (s,dC) (O¢s, dC)
When a = m, w™(s) = (s,C — 2) A (<5,<—Z>

in C™. Denote by b’ the Bochner-Martinelli section in C™, (2.4) gives
the following identity:

(v', d¢’) (O 20t/ dC’)
O,¢—==2) (¥, —=2)
off the singular set {(¢’,2'),{ = 2'}.

Taking into consideration types of differential forms under integra-

tion, we rewrite, for dy-closed form f, the integral [, f(¢) A 6™ (x,t*) A
™(s)(¢, 2) as follows:

ym~1 is a double form

w™(s) = )"t = 0p QY 8)

A

FIOAO™ (x,x") AQ(V)(C, 2)

oM

+ (=17 [ (O A (xr,1) AQO(S V(¢ 2),

oM

since w™(s) is dz free.
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Let QY (s/,b) be the kernel obtained by replacing (s, —z) in Q°(s’, ')
with (s,{ —z) —o(¢"). Applying Stokes’ Theorem to the above integrals,
let Ge = Rog \ {|¢' — 2'| < e} and F. = M N{|¢’ — 2/| = €}, we obtain

FION™ (v, e") Aw™(s)

oM

— [ HOAET ) A 0)
OR24\OM
+ (—1)4/ FIO) A Bb™ (e, e%) A QO (5, 1)
OR24\OM
+hm{ / F(O) AOO™(x,e%) AQO(D)
+/ FO A O™ (&, ¢%) A QO(H)

+(—1)q—1/ FIO) A Bb™ (e, ¢%) A G (57, V)
G.

—1)q/F F(O) A O™ (x,17) /\Qo(s’,b’)}.

Let ¢ be the characteristic function of [0, 1] CR and (¢, z) = 1—¢(@).
Denote by S (V') and ST (s_,b") respectively both the operators defined

by wegC(am(ta t*) A Qo(b/>)(<a Z) and 1/)e5<9m(t7 t*) A 5{’90— (5/, bl)((a Z);

and the forms themselves.

As for integrations over Fe, we first remark that if ”p # 0 on T/,
then lime_g [ () AO™(x,v*) AQO(V) gives the residue [, f(2,¢")A

6™ (v,v*)((2',¢"), 2). For the general case let ¢ = e 2mp(L==1) then
/ O ) A O0)
2l / F(E) A O (6, v) A (Y, ") A (A Ty
= Hm(=1)7 [ Q) A OB (6,°) A () A (A )

)\—>0

— hm / f /\ ¢58A (t T ) <d<_'ladcl>m
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and

(—1)mt /F F(0) A 8™ (x,v%) A Q0 (57, 1)

= (-1t Z emhm/FEf(g)AégeT(r,t*)

A—0
AW™™(s) AV, dC"y A(dC,d¢ Yt
= Z €229 lim / F(Q) A GO (x,t)
A—0 M
1<a<m-—1
A Qer (W™ (s) A (', dC") A (dC,dC) ).

Denote by Te x(b') and T y(s-,b") respectively the forms G007 (x, )N
(¥, dc’) A (dC, dC )™t M2 GOcOT (v, ) A D (W (s) A (U, dC") A
(d¢’,d¢"ye1), and the operators defined by them. And let T,y be the

form @03 (v, v*) A{dC’,d¢")™ and the operator corresponding to it.

3. Estimation of Kernels and Proof of Theorem 1

Let 6 > 0 be a small number to be determined and let d > 0 be such
that d < 2. Fix an arbitrary z € Ry, let V = Bs(z) N {a < |’ = 2| <
b} N Rag, where 0 < a < b < 1.

Let 1 <q, m <n—2, and let

r=1Im(r,{ —2), s=Im(s,(—2z).
The following three lemmas are key to the estimation of this paper.

Lemma 1. Let m > 2 be an integer. For each of the following inte-
grals, there exists a positive number e < 1 such that the following hold:

(3.1) / |0p A O |?dv s
(Ir] +1¢ = 22)m=17P+35(¢ = z[2a(jo| + [s] + |¢" = 2/ |)7

< Cb°|logh| for2<p<m

\4

(3.2) / |[dp A Op A Doldv g
Ll +1¢ = 22)rma=rlC — 22(jo] + [s] + ¢ — 2?7

< Cb%llogd| for1<p<m-—1
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(3.3) / v
P I ey = ol £ [sl ¢ — 2P

< Cv°llogd| forl<p<m-—1
where C' is a constant independent of z.

Lemma 2. Let m > 2 be an integer. For each of the following inte-
grals, there exists a positive number e < 1 such that the following hold:

3 4)/ |0"p A Op A Do A da|dv
A

Pl +1¢ = 2[2)r=a=mIC = 2P9(lo| + |s| + [¢" = 2/[?)?(¢" — 2/[*m =3
J

< Cb°|logb|

3 5)/ |0"p A Op A Do |dv g
' Sl 1¢ = 2Z)mmammic = aPadol + 5| + |¢7 = 22)I¢r — 2=

< Cb°| logb|
|0 p A Op|dv s

3.6/
OO TTFIc =Ry = 2ol + ol + 10— ZPIC — 273
< Cb°|logb|

where C' is a constant independent of z.

Lemma 3. Let m > 1 be an integer. The following estimates hold:

/ 0" pldv s
(|7a‘ + |<‘ _ Z‘Q)n—q—mK‘ _ Z‘2q|<'l _ zl|27n—1
v

(3.7)

< { C(b¢|logb| — a®|logal), ifa >0
— [ Cb°|loghl, ifa=0

(3.8) / Pl v <Cbh
J(rl+1e - 2|2)nmaTmTE ¢ — 2P| — 22l T

where e < 1, C' are postive constants independent of z.

Proofs of Lemmas 1-3 are postponed to Section 4.
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In the following, we fix an arbitrary monomial (0,q) form dc”’, let
K;(¢,2),i=1,2,3 be coefficients of the following (n,n) forms:

K(C,2) ~ dp A dCT A (63(e,t") AWl (8))(C,2) 1<a<m—1
Ka(C.2) ~ dp AdC? A O™ (x,0%) A Q)G 2)

K3(C,2) ~dp AdCT A D™ (v, ¢%) A O Q2 (87, 0')(¢, 2).

These are tangential parts corresponding respectively to kernel forms S¢,
S™(b'), and S (s_,b’) in the solution operator. We note that if m =1,
then K7 and K3 are null.

As remarked in Section 2, it suffices to prove the integrability of the
K;’s over Ryy. And the LP boundedness of these operators will follow
from classical theorem on integral operators once we prove the following;:

/ |K;(C,2)|dv(¢) < C  for almost all z € Ry
Raq

/ |K;(C,2z)|dv(z) < C  for almost all { € Rag.
Rq

For fixed z € Ry, we divide the region of integration into two parts;
Roan{|¢'—7'| < d} and Rog\{|¢'—7'| < d}. For ¢ € Rog\{|¢'—7'| < d},
(2.9)-(2.11) implies that functions in the denominators of |K;|’s are
bounded away from zero by constants independent of A, {, z. Hence
integrals of |K;| over Ra4\ {|¢’ — 2/| < d} is bounded by constants
depending only on M and d. We need only calculate integrals over
Rog NA{|¢" — 2| < d}.

In view of the definition of t* we have that t({, 2)+t*({,2) = O(|¢—2z])
for ¢ near z, this and (2.8) imply

(v, dC) A (v +t*,d()
(v 4 v*,d¢) A (v*,dC)

{ Iplc) NON(C = 21))
OY(I¢ = 21)) A (=0pl-)

(6,dC) A (6°, dc) = {

where O (z) denotes a 1-form whose coefficients are O(x) functions. We
choose 0 so that the above holds for | — z| < 0.
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Estimation of K;((, z).

A straightforward calculation shows that |K;((, z)| is bounded by the
sum of following functions:

|Avdp A (v, dC) A (s,dC") A Do A dCiiz A dCDtz |

3.10
(310 (7] + ¢ — 2[2)(n=a=|¢ — z[2a(|g| + |s] + ¢ — 2/]2)* TV
(3.11) |Asdp A (x,dC) A (s, dC’) A dC2 A dCY |

' (I +1¢ — 2[2)(n=a=|¢ — 22(Jo| + |s] + |¢" — 2/2)"
(3.12) | Asdp A (x,dC) A (s, dC') A ¢ A dC |

' (7] +1¢ = 2[2)(n=a=a4D]¢ — 224 (|a| + [s] + |¢" — 2/2)"

‘ (7] +1¢ = 2[2)=a=|¢ — 22a(Ja| + [s] + |¢" — 2/]2)"
(3.14) | Asdp A (s, d') A dGP A dC|

(I +1¢ = z[) (== = 2(Jo| + [s] + [¢" = 2']*)"

where 1 < o < m—1, 4y < iy, dC12 = dCy A+ - AdC, A+ - AdCiy A+ - AdC
denotes the (n—2,0) form in C™ with indice i1, i2 being deleted, likewise
for d¢*, d¢t'2 and d¢7, and Aj, j =1,...,5 are functions continuous
on M. Specifically, A; contains coefficients of t + t* and d(s, (' — 2) as
factors; Ay contains the coefficient of d(t + t*); Az contains coefficients
of O(t,( — z) and t + t*; A, contains those of Js and t + t*, while A5
contains those of Jr and v + t*. Thus when | — 2| < §, 4y, A4, A5 are
O(|¢ — z|) functions, while A3 = O(1) and Az = O(|¢ — 2|?) by (3.9).

In view of (2.9)-(2.11) and (3.9), we see that Lemma 1 implies that
(3.10)-(3.14) are integrable over the subregion {|¢’ — 2’| < d} N Bs(z).

As for points in W = Ryg N{|¢' — 2| < d} N {|¢ — 2| > 4}, (2.10) and
(2.11) imply that |r| + |¢ — z|?, |¢ — 2|* are bounded away from zero by
constants indepedent of (, z. We cover W by two parts:

Wy ={CeW:|9"p(Q) < |¢ — 2|7}
Wo = {CEV10"(O] > 51— 213

For points ¢ with |[0”p(¢)] < |¢' = 2'|', 0 < t < 1, the fact that
Re(dp, ¢ — z) > c|¢ — 2| implies

(3.15) ¢ = 2" < ¢! = 2|3

for some constant ¢ independent of (, z.
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Thus
(3.15") IC— 2| < e|¢’ = 2|5,

Denote by D the denominator of (3.10), then for ¢ € Wy (3.15%) with
t =1 and (2.9)-(2.11) give

DTS2 =P S (1 - )

Since @ < m — 1, it is easy to see that the integration of (3.10) over
W1 is bounded by a constant independent of z.

In case {|0"p| > L[¢’ — Z/|2}, we use general coarea formula applied
to the projection map 7 from C™ to C™. Elementary calculation shows
that J*m = |d”p|. Thus the integral of (3.10) over W3 is bounded by

C [ ol sl + I - P -2 T <asmt
m(W2)

The standard coordinate transformation for {o < 0} C C™ as defined
in [Ra, Chapter V, Lemma 3.4], denoted here as h/, and an elementary
integration give a finite bound for this integral which is independent of
z.

Similarly, integrals of (3.11)-(3.14) over W are bounded by constants
independent of A, z. In summary ngdﬂ{IC’—z’Kd} |K71(¢,2)|dv(¢) < C,
C is independent of A, z.

Estimation of K»((,z).

A straightforward calculation shows that |K5((, z)| is bounded by the
sum of the following functions:

|Bydp A (x,dC) A dCE A dC|

3.16
e | Qe I
|Badp A (x,dC) A dCE A dC|

(3.17) —— —

(1 +1¢ = 2B — 2foale? = /o=t

|Bsdp A d¢ A dC|

3.18
CI T e — s P
where ¢ > m by type consideration, and By, ..., B3 are functions con-

tinuous on M, with the property that when |( — z| < §, By = O(1),
By = O(|¢ — 2]?) and Bs = O(|¢ — 2]).
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We proceed as in estimating the integral of | K (¢, 2)|. For fixed z € Ry,
the integrability of (3.16)-(3.18) over {|¢’ — 2’| < d} N Bs(z) follows from
(3.7) of Lemma 3. And integrations over W are calculated by methods
similar to those for (3.10)-(3.14). Thus [, |K2(¢,2)|dv(¢) is bounded
by a constant independent of z.

Estimation of K3((, 2).
|K3(C, 2)| is bounded by the sum of the following functions:

(3.19)
|Cidp A (v, dC) A (s,d(’) A Do Ad( A d(2|
(Ir[ +1¢ = 22)m=a=m|¢ — z[2a(jo| + |s| + [¢" — 2/|2)™ 7O FH¢7 — 27|21

(3.20)

|Cadp A (2, dC) A (s,dC"y A dCP2 A dC |
(IF| + I¢ = 22)m=a=m|¢ — z[2a(|o| + |s| + ¢ — 2/|2)™ " *|¢" — 2/|2
(3.21)

|Csdp A (x,d¢) AdGP A dl|
(Il +1¢ = 212)m=a=m|¢ — 22(|o| + || + [¢ = 2/|2) "¢ — 2|2

where 1 < a <m-—1, and ¢ < m, ix > m, ¢ > m by type considerations.
And C; =0(1),1=1,...,3 are functions continuous on M.

For fixed z € Ry, the integrability of (3.19)-(3.21) over {|¢' — 7/| <
d} N Bs(z) follows from Lemma 2. For the integral of |K3| over W,
we argue as in the proof of integrability for K7(¢, z) and get that it is
bounded by a constant independent of z.

We note that all estimates are valid if we drop the subscript A. On
the other hand, it is obvious that for each fixed z and for almost all (,
we have

lim a7 A S5(C, 2)] = a0 A (0% (6,€") Aw? (8))(C, 2)

lim [dC7 AST'(V)(C, 2)| = 1dC7 A D (0™ (v, 1) A Q(B))(C, 2)

lim |dC7 A ST (s, 0') (¢, 2)| = |dCT A D™ (v, %) A O Q0 (s, 6) (¢, 2)|.
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Lebesgue convergence theorem gives that the coefficient of the (n,n)
form dp A d¢” A'S$ converges in L'(M) to the coefficient of dp A d(” A
Oc (0 (x,v*)Aw? (s)), likewise, the coefficient of dpAd(? AS™ (') converges
to that of dpAdC” A (6™ (v, t*) AQP(Y)) in L1 (M) and the coefficient of
dpAdC? NS™(s_,b") converges in L (M) to that of dpAd(T ADO™ (v, t*) A
90 (s, b). We denote by S*, S™(b') and S™(s_,V') operators defined
respectively by forms Oc(0%(v,t*) A w®(s)), Oc (0™ (xr,v*) A QO(V)) and
5<9m(t, ) A 5(/ Q0 (s',0).

Estimations of T, ('), T¢,(s-,b") and T .
As for T, (b'), we recall that

¢ = 2]

T @) = o (50) B0 ) A 0,00 A e

and

I _ _
ldp A dC” AT ()] < ‘dp/\ ) <<7Z|> dC7 N D™ (va,t3) AQO(D)) .

€

(3.7) of Lemma 3 shows that the integral of |[dpAd(” AT, A (V)] is bounded
by a constant of the order €"|log¢| for some appropriately chosen 7 < 1
(7 independent of z, \). As e goes to zero the integral diminishes to zero,
we conclude that

(3.22) lim ;irrb/ ldp A dC” AT (V)] = 0.

Similarly, since
T?,)\ (5* ) b/)

R G U T B R S S e
we have

r B
o € A T2p(o- )] < fapnac? no (E21) dcop e

g WdC) ((dCd¢) T
N <w (s) A wo—a" <<b’7C’ —Z’>> )’
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As the coefficient of the right hand side of the above inequality are
bounded by the sum of the integrands of (3.4)-(3.6), Lemma 2 shows
that the integral of |dp A d(7 A T, (s-,0)| is bounded by a constant of
order €”|loge| for some appropriately chosen 7 < 1 (7 independent of z,
A). Therefore, we have

lim ;ir%/ ldp A dC7 AT (s, b)) = 0.

It remains to estimate d(” AT, x. As T, = 6‘”@(@)9?(@ YA
(d¢’,d¢’)™, the length of the tangential part of d(’ AT,  is bounded by
the following

. 10(I¢ — 2])dp A (x,d¢) AdC A dC |
(Ir] +1¢ — 2[2)|(n=a=m)[¢ — 2[2a|¢" — 2/|@m—1)

where by type consideration both i, j are > m.

Then (3.8) of Lemma 3 gives that the integral of |[dp A d(” AT, 5| over
M is bounded by a constant independent of A, z (and even independent
of €). This holds if we drop the subscript A in T x, we denote such
form by T.. Thus we have that the coefficient of dp A d{” AT, 5 as well
as that of dp A d¢’ A T, are in L'(M). Lebesgue convergence theorem
implies that the coefficient of dp A d{” A T converges in L' to that
of dp A d¢’ A'T.. On the other hand, we observe that for any 0,-closed
(0,q)-form f and 0 < €1 < €3 < d,

/ F(O) A O™ (e, t%) A QW)
MN{|{' =z |=€e2}

- / () A O™ (e, 6) A Q)
MA{|¢/—2|=e1}

F(C) A O™ (x,v") A QO(V).

Ael<|ﬁ’—z’<eg}ﬂM

In particular, if f = d¢” (3.7) of Lemma 3 (or the estimate of Ko((,2))
aslserts that ‘lche right hand side of the above formula is bounded by
leS logea — €F logey|, this and (3.22) imply that the coefficient of the
(n,n) form dp A d¢’7 A T, forms a Cauchy sequence in L*(M), hence
it converges in L'. We denote by T the operator which assigns to all
possible monomial dC7 the limit of dp A dC” AT as € — 0.



SOLUTIONS OF 0, WITH LP (1 < p < 00) BOUNDS 555

Let T = Y, S+ S™(V)+ 8™(s_,b') + T. We have shown that
if we denote by K((,z) the tangential part of d{’ A T, then for each
fixed z € Ry, the integral of |K((, z)| over Rag is bounded by a constant
independent of z. In view of the definition of t*, (2.9)-(2.11) and (3.9),
etc., the whole process of estimation is valid with minor modifications
if we switch roles of ¢ and z. Classical results of singular integrals (see
e.g. [Ra, Appendix]) then implies K ({, z) defines an operator which maps
LP(M) to itself, 1 < p < 0.

We have proved the assertion of Theorem 1 for Oy-closed (0,q) forms
with coefficients in C'(M). To complete the proof of Theorem 1, we pro-
ceed as in [Shl], for 1 <p < oo, let f € L’(’O,q)(M) be O,-closed in distri-
bution sense, we approximate f by a mollified sequence of (0, q) forms fy
given by the mollification method of Friedrichs [Fr| whose coefficients are
C' in a neighborhood of My, where My, = {p = 0}n{r < 1}, and fy — f,
O fr — 0in L’(jqu)(M)7 L?@,qﬂ)(M) respectively. If 1 < g <n-—m— 2,
Remark 2 and previous arguments applied to M}, implies that there exists
gr € CY(My,) such that Oygr = Oy fi and [lgkllp — 0. Since both fi and
gr are C! in a neighborhood of My 1, the above assertion implies there
exists uy € C1(Mpg1) such that Opyuy, = fr—gx and ||ug|l, < C||fx—gxllp
in My, 1. We remark that from the above proof for dj-closed C'(lo)q) (M)
forms it is clear that the constant can be chosen independent of small
perturbations of the domain M, so it depends neither on p nor on k.
As the solution operator established via (2.14) is linear, we see that
Upyy — Up solves Oyv = fryt — Gret — fx + gr on Myi;41 and satisfies
wkss —wrl[Le vy 1 1) < Cllfor = fro = Gkt = g1l o (031 140) — 0, when
k — oco. Therefore, {uy} forms a Cauchy sequence in LP(M), its limit u
must satisfy dyu = f, and ||u||, < C||f||,- For the case p = oo, let
{fx} be a fixed mollified sequence of f obtained by Friedrichs’ method.
Then, as f € L (M) is in L{’O,q)(M) for all 1 < p < oo, we see that
fr € LP(My), fr. — f, Opfr. — 0in LP(M) norms for all 1 < p < co. We
argue as in the proof for p < oo to obtain gx’s, and uy’s by the very solu-
tion operator established via (2.14). It is clear that they are independent
of p. Now the same argument also gives that {u;} forms a Cauchy se-
quence in LP(M) for all 1 < p < co. So, for each 1 < p < oo there exists
a (0,q — 1) form u, € LP(M) such that dyu, = f and ||u,||, < C||f]lp,
where C' is independent of p, 1 < p < oco. However, it is easy to check
that up, = uy, Vp, p’ € [1,00), as M is a bounded domain. We denote
it by u. Well-known results in Function Spaces then imply that u is in
L3 ,—1)(M) and [[u]|oc < Cl[f||sc. We have completed the proof of the

LP-boundedness of the solution operator.

Corollaries 1 and 2 are derived easily from Theorem 1 and its proof.
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4. Proofs of Lemmas

We note that Roq can be written as finite union of subsets R; ;, such

that in R; ;, a—p_a—"_ - a_ga_¢| > k, where 2n%k is the lower bound of
210 1 9z Oz Oz Ox;

|dp A do| on Rayg. And it can also be written as finite union of R/

in Rkl |20 00 _ 9p dg 9p 8o _ 9Op 9o
where in R, |55 52 — FE 52| > |8<p o8 ~ oL Bg‘.;|, Vp, q. Clearly,

estimation over each VN R; ; N RF! suffices to give proofs of Lemmas 1-
3. Fix an arbitrary R; ; N RF! it will be apparant from the proof that
we may assume without loss of generality, say i, £k = 1,4, { = 2, and for
simplicity denote again by V the intersection of it with V.

We remark that if |0”p| > ¢ for some positive constant ¢ in V, us-
ing standard coordinate transformations for strongly pseudoconvex do-
mains and strongly pseudoconvex hypersurfaces, it is not hard to see
Lemmas 1-3 hold. Difficulties arise because of the presence of points
where 0”p = 0. Therefore, we have to divide regions of integration into
subregions where one could perform “coordinate transformations” with
controllable jacobians. And the use of (3.15), (3.15”) in proofs demon-
strates the strong pseudoconvexity of {p < 0} also plays an important
role.

Proof of Lemma 1:

(A) Proof of (3.1):
Let

Vi={CeV:|0"p(Q) <|¢ — 2|5, |0pAdo| <|C— 2|7}

1 1 -
Vo={CeV:|9"p(Q) <|¢ —7|5, |0p A do| > §|C—Z| }

1 1 1
Vs ={CeV:|0"p(¢)] > §IC’ =25, | =27 > [¢" = 2"}

]. 1 1
Vi={CeV[0"p(Q)] > 5I¢ = #IF, ¢ = 21 <1¢" = ).

Denote by J;, I = 1,... ,4 respectively integrals over V.
Denote by D the denominator of (3.1), then (3.15’) with ¢t = § gives

(A1) DTSIC— 2T o] 4+ | — #P2) "),
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In R; ; = Ry, we define a map el = 9%’2 R — R?" as follows:
we write by ¥y = (yo, ... ,¥2n—1) the coordinate in the target space, let

(4.2) Yo=p, Y1=0, Y2=2=2T3,...,Ym—1 = Tan,

then the generalized jacobian JO! = {det(dOL)* o (dOL)}= is given by
|88—£88—;2 — g—xf;g—;| > k > 0. Simple topological argument implies that
(©1)~1(y) consists of finitely many points with its number bounded by

a constant independent of y.

We now apply the general area formula to the map ©! and the inte-
gral J; and get that

Jl < / dyl NN dy?n—l . < bQ(T_g_é)7
> ) ey e
[y1|<C1
|51 <b
ly" |<Co
if we choose 1> 7> %, where ¢’ =(y2, .-, Y2m-1), ¥ = Y2ms - - » Y2n-1),

and § = (§,y")-
For the integration over Vs, as |dp A do| > 0, we would like to de-

fine a map from R®! = RY2 to R?" so that yo = p, y1 = 0, Y2 = s,

. dp O dp O :
Y3 = T5,... ,Y2n_2 = Top, and yo,_1 = 7 with |8_<p1£ — 6_<p2£|2 as its

generalized jacobian. Yet this map may fail to have finite multiplicity
over Rsg, so we modify the map using the technique first introduced by
Range-Siu [Ra-Siu] (see also Shaw [Sh1]), namely, let P,, P,, P;, P,,
be respectively the second order Taylor polynomials of p, o, s, and r
expanded at z. They have the following properties:

3) p(¢) = P,(¢,2) + o(|¢ — z]?), where o is uniform in z,

4) dep = de Py(C, 2) + o(|¢ — z|), where o is uniform in z,

5) a(¢") = P,(¢',2") + o(|¢' — 2'|?), where o is uniform in 2/,
6) deo = d; Py (¢, 2") + o(|¢" — 2'[), where o is uniform in 2/,
7)

s =1Im(s, ' — 2') = Ps(¢, 2') + o(|¢' — 2|?), where o is uniform in
(4.8) diIm(s, (" — 2") = di-Ps(¢', 2") + o(|¢" — 2|), where o is uniform in
z

9) r =Im(r,( — 2) = P.(¢, 2) + o(|¢ — z|?), where o is uniform in z,
10) de Im(e, ¢ — 2) = d¢ Pr(C, 2) + o(|¢ — z|), where o is uniform in z.
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We may shrink § so that for |¢' — 2/| < § and |( — z| < § there exists
a constants ¢ > 0 independent of z such that
(4.11) [s| +1¢" = 2> = e(| (¢, )| + ¢ = 2'[%),

(4.12) [o| +Is| +[¢" = 2> = c(|Po(¢", &) + [Ps(¢", 2) [ + ¢ = 2'),
(4.13) [r[ +1¢ = 2* = e(|P-(C 2)| + I¢ = 2[*).

These follow directly from Taylor expansions for C? functions and
(2.9)-(2.11).

For each fixed z € Ry, we now define the map ©2 : R1?2 — R?" by
Yo = Pp(<72)7 Y1 = PU(CaZ)v Y2 = PS(Caz)v Y = Tk42, 3 < k < 2n — 27
Yon—1 = Pr((, 2). In view of (4.4), (4.6), (4.8), (4.10), we have

JO? = |dp Adr Ado Ads N2 day| + o(|C — 2|)|0p A Do
+o(l¢" = 2"NIop A o]+ O(I¢ — =)
— 9/ 9100 /3¢ — Bp/0C200 /0G| + ol[C — 21)|9p A o
+o(I¢" = 2'[)[9p A da| + O(I¢ — 2[*).

(4.14)

In particular, if |0p A Oo| > |( — 2|7, we then have |0p/9(100 /02 —
dp/0C200/0¢1| > 5-5|¢ — z|™ and (4.14) implies that JO? > ¢[¢ — z[*"
for some constant ¢ independent of , z. Moreover, we have the following
estimates:

(4.15) ¢ < |0p/0¢100 )9y — Op)0C00/0C1)? ) TO* < C
(4.16) |0p A D]/ JO* < C|¢ — 2| 7.

Clearly, (4.15) is equivalent to

(4.15") c<|0pAdo|?/JO? < C.

From (4.12), (4.13) and (3.15’) we have that

(417) DS (P4 [¢ = 2f)"(nmamHR|¢ - 720
(1P| + | Py + ¢ = 2'[?)~ P 138).
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We now apply the general area formula to the map ©2 and Js, then
(4.15°) and (4.17) give

dyy - - - dyo,—
Jy < / Y1 Yoan—1

Nl <o (y2n—1|+ G2 =a=P+ D202 (|y1 | +|yo |+ |70~ =)
y;1<C1,j=1,2,2n—1
<

ly"|<Ca

where gl = (y37 e ,y2m—2)7 y// = (me—l, s aan—Q)a and g = (glvy//),
if m > 2; and when m = 2, i is void. Direct computation gives the

integral is bounded by Cbi.

In case {|0"p| > %[¢’ — 2|5}, we use general coarea formula applied
to m the projection map from C™ to C™. Note that J*m = |d”p|. And
for almost all ¢’ € w(M) the set V3 N T'¢s is contained in a 2n — 2m — 1
submanifold by the Sard-type theorem [Si, p. 56]. For such (', we use
the coordinate transformation hg, defined as follows:

In the subset of M where 8"p # 0, for j > m, let V/ = {( € M,
8" p#0, |0p/d¢5| = |0p/dG| V1 > m}. Fix a Vi, say j = n, the map h,
from V"N NBs(z) to R*"~2™ is defined by tj = P,((, 2), t{ = zom+1,
t—om—2 = Tan—2, thy_om_1 = Pr(¢,z). Then previous argument for
JO?2 also applies here, and we have JhY, ~ |0"p|=1(|0p/0¢n]? + O(|C —
2)|0"p| + O(|¢ — 2|?)). In particular, if [0”p| > |¢ — 2|, reasoning as
before, Jh{, > c|¢ — 2|" and ¢ < |0"p|/Jh, < C. Moreover, the map
has the property that the inverse image \h’c’,_l(t” )| is a finite set with
uniformly bounded cardinal number independent of ¢’ and t”.

The condition |¢" — 2'|1 > [¢” — 2| implies that Jh[, 2 |¢' — 2'|5. As
for the image 7(V) in C™, we use the coordinate transformation b/, for
{0 <0} C C™ as defined in [Ra, Chapter V, Lemma 3.4] which has its
jacobian bounded from below. Thus,

Ja < / / dy2m+1 -+ dyan—1
335 . FRyps
(lyzn—1| + |§]?) ("=a=p+)| |20
ly;1<C1,5=1,2 |ly2n—1/<C1
lg'|<b ly"1<Cq
dyy - - dyom

(lyal + ly2] + [712)71515

where gl = (y?n e ay2m)a y/l = (y2m+1a DRI 7y2n—2)7 and ?] = (gl7y//).

Again direct computation shows that it is bounded by Cbi if p > 2,
and by Cbi |log bl if p = 2.
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In Vj, since |¢/ — 2/|3 < |¢"" — 2”|, we have for 2 >0 > 1

DTS¢ — 2T (g 4[| 4 ¢ — )P — T
and

d
J4< VFC/
~ |y| (2n—2m— 19

lyj1<Ci,j=1,2 ¢’

|5"|<b
dy1 - - - dyam
-, (2m 2p+19+1+ )
(| + ly2l + 1712717
Where Zj/ = (y37 e 7y2’m)7 and g = (g/7x2m+17 e 7x2n)~

As T'¢ is compact and for almost all ¢/, T'c» NV} is contained in a
(2n — 2m — 1) manifold, |z|~(?»=2m=?) s integrable over such T'c; with
finite bound, for, ¥ > 1 and the volume of I'¢~ is bounded by a constant
igdependent of 2. Elementary integration then gives Jy is bounded by
bs|logb.

(B) Proof of (3.2):

We write dpAOpAOo as Y ;aydxy, where J = (4,7, k), 1 < 1,5,k < 2n
are stricly increasing triple indices and dx ; = dz; Adx; Adzy. Rag is then
decomposed as finite union of closed sets Ry, where in Ry |ay| > |a]
for all J'. We consider now V N Ry for arbitrary J, and denote it again
by V. We assume the worst case (as far as integrability is concerned)
where 4, j, k < 2m, say J = (1,2,3).

Let

Vi={CeV:|dpAdpAda| <|C— 2}

1 1
Va={CeV:10"p(Q) < I = ¥, ldo A Op A Do| > SI¢ — 217}
1 ) )
%:{CEV:|al/p(o|>§‘</*'zl|§,|C/*ZI|ZZ|§”—z”|}
1
V4:K€V:|3NP(C)|>§\C/ JE, (¢ =2 )E < | =2}

Denote by J;, I = 1,4 respectively integrals over V.
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Apply the general area formula to the map ©! and the integral J;, we
get that

5 < / _ dyl---dyznq~ S{b if p>1,
|7|@n=2p=7) (Jyy | 4 |57]2)P b7|logb| ifp=1,
ly1|<Cy
|7'1<b
ly"'|<Cx

where gl = (92» e 7y2m71)7 y” = (y?ma cee 7y2n71)a and g = (g/7 y//>'
As for the integration over Va, denote by D the denominator of (3.2),

then (3.15") with ¢ = § gives

D! < (Ir| + |¢ — Z|2)*(n7P*Q)|< _ Z|7(2q+%)(|0‘ ¢ - Z/|2)7(p—é)'

We introduce the following coordinate transformation:

In each Ry, J = (i, 7, k) for each fixed z € R4, we define the map 07 :
Rj — R*" by letting yo = P,(¢, 2), y1 = Ps(¢, 2), yi = w11, 2 <1 < i,
yw=ua,i+1 <1< j-1y =a41,) << k=2, 4y = 240,
kE—1<1<2n—2,yap—1 = P.(¢,2). In view of (4.4), (4.8), (4.10), we
have

(4.18) JO7 = |dpAdrAdsida? |+o(|C—z])|0pAda|+o(|¢'—2'|)|Op|>+R

where R contains functions in O(|¢ — z|*|¢" — 2/|') with k +1 > 2.

In particular, if |dpAOpADa| > |¢—z|", we then have |a;| > 55 |¢—2|"
in R; and (4.18) implies that JO7 > ¢|¢ — 2|7 for some constant c
independent of ¢, z; and ¢ < |dp A p A da|/JO7 < O, thus the general
area formula applied to ©7 and J, gives

dy, -+ d n—
JQS / Y1 Y2 1

(y2n1] + |§P)m =22 |52 F (jyn | + |5'[2)r~
ly;|<C1,j=1,2n—1

|5'1<b
‘y”‘fcz
< { b3—7 ifp>1,
bz ifp=1,

where ¢ = (y2,... ,Y2am—2), ¥ = (Y2am—1,- - s Y2n—2), and § = (¢, y"").

Estimations of J3 and Jy follow mostly arguments for the correspond-
ing cases of (3.1) except we have to take care the case where p = 1 which
is obvious, we skip them.
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The case where one of indices in J is greater than 2m is simpler, it
takes the following decomposition:

Vi={C(eV:ldpNIpANdo| <|(—=2|"}
VQZ{CEV:dp/\@p/\80|>%|g“—z|7},

and coordinate transformations ©' for V4, ©7 for V5.

The estimation of (3.3) is even simpler where we use the coordinate
transformation ©! to get the desired estimate.

Proof of Lemma 2:

(A) Proof of (3.4):
Let w, 7 be positive numbers to be chosen such that 2 > x > 1, and
KT < 1, let

Vi={CeV " p(Q)|<|¢ 72|, |0pADo| <[C—27}

1 o
Vo= {Ce V10Ol <I¢ ~ 2T g 0] > Jc — 217 |
1
V3 _ {C e V: ‘8//p(<—)‘ > §|</ _Z/|‘f'7 |C/ _Z/‘KT Z |C// _lel}

/! 1 !/ T ! KT 1 "
Va={Cev 100> I - T 1 - 21 < 1= 1)

Denote by Ji, I = 1,... ,4 respectively integrals over V.

Denote by D the denominator of (3.4), then for points ( satisfying
0" p(C)] < |¢' = 2|7, (3.15) with ¢ = T gives

- —an mfl — —2m T
DL — 2|22 (|g| 4 |/ — 2'|2) 7L — |2,

As in the proof for Lemma 1, we apply the general area formula to the
map O! and the integral J; and get that

dyl o 'dy2n—1
Jl 5 - 1_rr - - 5T
|GPO=mt =) (g | + |79 |2 )
ly1|<C1
lg'|<b
ly"|<Co
@rt5)r 3 1 6 5
< b2 =3 log b if we choose — 2 (s 2
<b | log b| ecoosen>7>2ﬁ+5,(bom<4)

where §' = (y2,... ,¥2m-1), ¥ = Wom, -+ ,Y2n—1), and § = (7', y").
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As for the integration over Vs, we write dp A do A Oo as ZJ aydxy,
where J = (4,4,k), 1 < 4,4,k < 2n are stricly increasing triple indices
and dx; = dx; A dx; Adxy. Then, Vo can be decomposed into finite
union of Borel sets Vy, where in Vj |ay| > |ay| for all J'. Moreover,
the hypothesis [9p A 9| > £[¢ — 2|7 and |8"p| < |(' = 2'|", & < 7
imply that J = (4, j, k) with i, 5,k < 2m. In V; we define the following
coordinate transformation:

We assume without loss of generality, that J = (1,2,2m) and define
the map Oy:Vy— R?" by Yo = Pp(C7Z)7 Y1 = PS(C72)7 Y2 = PJ(C7Z)7
Y =Tk, 3 <k <2m—1, yp = Tp41, 2m < k <2n—1. We have JO; =
ldpAdo Nds Adas A~ - Adzam A+ -+ Ad@an| +0(|C' — 2'|)|0p A o] +o(|C —
z)|0a|* + O(|¢ — z|?). Since |[dp Ao ADa| > [0p ADo|? > L|¢ — 2|7, we
then have |as| > m\ap/\8a\2 > mkj—z\’” in Vy. As k7 < 1 the
above estimate of JO ; implies that JO ; > ¢|¢ — z|"T for some constant ¢
independent of ¢, z. Moreover, we have |9p A 0o|/JO; < C|C — 2|25,
where C' = 2(2n)%cz.

We now apply the general area formula to the map ©; and Js, the
hypothesis |0”p| < |¢’ — 2’| and the discussion above give

dyy - - - dyon—1
J2 S N n—g—n |~ |20+ S T ~112\2 |77/ [2m—3—
o ([g12)r= g2 257 (|ys| + |y2| + |7'[%)?|7'] T
y;1<Ch,i=1.2,
’ 17’ |<b
ly"'|<Cx

ST F [log|

where §' = (ys3, ... s ¥2m—1), ¥ = Y2m,- -, Y2n—1), and § = (', y").

In {|&"p| > 1|¢' — 2/|"}, as in the proof of Lemma 1, we use general
coarea formula applied to the projection map 7, then use coordinate
transformations h¢, for the fibre V3 NT¢s and A, for m(V). Recall that
J*m =|d"p|, and Jh', is bounded from below. The condition |¢'—2'|*T >
[¢" — 2" for points in V3 implies that JhY, = |0"p|.

Then in V3, as [¢' — 2/|"7 > |¢" — 2|, we have

DS (] + ¢ — 22~ — g7 et
(lo| + |s| + |¢" = 2'[2)72|¢ — 2/|~(Bm=3=r7),
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and

Js < AYom+1 - - dYan—1

~ / / ([y2n—1] + [g[?)n—a=m|g[2at
ly;1<C1,5=1,2 |ly2n—1/<C1
[5"|<b ly"|<Ca

dyy - - - dyom

X = o
(yal + g2l + 17/ ?)? | [P =8 = (s =1

<7 log bl

where g/ = (y37 s 7y2m)’ y/, = (y2m+17 s ,y2n—2)a and g = (g/ay”)'
While in Vy, as |¢" — 2/|"7 < |¢" — 2"], let ¥ > 1 be a constant such
that Jxk7 < 1, we have

DS (Il +1¢ — 2 (mamm¢ - 2R

(|0_| + |C/ _ Z/|2)—2|</ _ Z/|—(2m—3+19r»7')-

Using coordinate transformation A/, for w(V,) and arguing as in estimat-
ing Jy of (3.1), we have

Ji < / dvr,, dyy -~ dyzm
~ g | el + (g 2)2 g P
ly;1<Cq,5=1,2 ¢!
lg'|<b

5 blfﬁm—| log b|
Where 27 = (y37 .. 7y2m)7 and g = (glny’rn-‘rh .. 7x2n)-
(B) Proof of (3.5):
Let 7, k be positive numbers to be chosen such that k > 1, and k7 < 1,
let

Vi={CeV:0"p(QI<|¢ =~}

1
Vo= {ce V00 > 36 -1 I - 21— )

/! 1/ T ! !I|KT 1" "
Va={ce v 0"n(0l > 3¢ -1 I - <17 - )
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Denote by J;, I = 1,2, 3 respectively integrals over V.

Denote by D the denominator of (3.5), then for points ¢ satisfying
10"p(Q)] < I¢" =2

|C{9”p/\ap/\80|pil < |C*Z|(72n+2m+%)(|CT|+‘C/72/|2)71|C/le|(72m+2+%)~

As in the proof for (3.4), we apply the general area formula to the
map O! and the integral .J; and get that

dyl te dan—l T
J1 < / ~ - = ~ — < b2 log b
G2 D) (|| + |5 g P22
ly1|<C1
[9'|<b
ly"'|<Ca

where §' = (y2,. .. ,Y2m-1), ¥ = Yam,- -+ ,Y2n—1), and § = (7', y").

In {|0"p| > 1|¢’ — 2"}, as in the proof of (3.4), we use general coarea
formula applied to m and the coordinate transformations hg, for the
fibre VoNI'¢r. As for m(V'), it is easy to see that we could decompose (V')
into finite union of open subsets, on each of them we define a map ' to
C™ so that b} = —o(¢) and Jrh' > 5--|do| . Recall J*m = |d"p|. The
condition [(’ — 2|7 > |¢" —2"| for points in V5 implies that Jhy, 2 [0"p).
Then in Vs, the hypothesis ¢’ — 2/|"" > |¢" — 2| gives

D L (Il 41 — #f?) "G — 2|~
(‘U(CIH + |</ _ Z/‘Q)_l‘cl _ Z/|—(2m—2—/-m')’

and

Jy < / / dYom+1 - - - dYan—1
~ (ly2n—1| + [g[*)—a=m|g[2att
ly;1<C1,5=1,2 |ly2n—1/<C1
|51 <b ly"|<Cx
dyy -+ dyam

X
(lya ]+ |5/ [2) | [Pm—2 = (=

< b logh| ok > 1

where gl = (92» e 7y2m)7 y” = (y2m+17 e uy2n72)7 and g = (g/7y//)'
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While in V3, as |¢" — 2/|"7 < | — 2"], let ¥ > 1 be a constant such
that Jxk7 < 1, we have

DS (| + ¢ — 27" — 2|7 e
(lo| +|¢" = 2'[2) 7 ¢ = 2|~ @m—249kT),

Using coordinate transformation I for 7m(V3) and arguing as in the proof
of (3.1) for Jy, give

Js S

~

/ dVFCI dyl e dme
: ‘g|2n72m719 (|y1| + |gl|2)‘gl‘2m72+l9fvr
ly;|<C1,5=1, ¢’
l5"1<b

5 b170H7| log b|

where g/ = (y27 e 7y2’m), and g = (g17$2m+17 e 7:521'7,)-
The estimation of (3.6) follows the same idea as that of (3.5), and it
is simpler, we skip them.

Proof of Lemma 3:

(A) Proof of (3.7):
Let

Vi={CeV:|9"p(Q)] <I|C — 5}

V= {CeViI0O1> i - 116 - 1 2 1" - 1)

1 1 1
Va={CeVi10"O1> i = #1E 16 - 1 < I - 1)

Denote by J;, | = 1,2, 3 respectively integrals over V;.

Since in Vi, [0”p| < |¢’ — 2/|# is small, we must have |&p| large, say
> %, and Vi could be written as finite union of submanifolds each with
z) , 7 < 2m as local coordinate system, such that coordinate maps defined
by Yo =p, Y1 = X1, s Yj = Tjgis--- Y2m = T2miply- -+ s Y2n—1 = Top,
1 < j < 2m have their generalized jacobian bounded from below by ﬁ.
Therefore, it is obvious we have

dyr -+ - dyan—1 1 1
< < _
NS / |y|2(n=m) || (2m—1=5) ™~ b*|logb| — a®[logal,
a<l|y'|<b
ly"|<C2

/!

where ¥ = (y1,. .. ,¥2m-1), ¥ = Wom, -+ ,Y2n—1), and y = (v, y").
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In V5, we use general coarea formula applied to the projection map ,
and we use the coordinate transformation h’C’, for the fibre I'¢/. As in the

proof for Lemma 2, we have Jh’c’ 2 ¢ - z'|§ in V5. We get

J2 < / / dy2m+1 T dan—l dy1 . dme
- (2n—] + [G2) 0= [G[20 [ Jy|m1+8)
asIyISb | yz 1| <Cy
ly"|<Cq
< b%\logb|—a§|1oga| if a >0,
™| b5 log) if a =0,

where y' = (y1,... ,y2m), ¥ = (Y2m+1,- - 1 Y2n—2), and § = (v, y").

In V3, again, we use general coarea formula applied to m. The condi-
tion |¢' — 2|7 < |¢" — 2| gives that |[¢ — 2|~} < |¢/ — 2|7, thus we
have

dvr
J3 < I, dxl deZn < b% _ a%
~ ‘x|2n—2m—2 |l‘l|(2m71+§) ~

a<la’|<b \Te/

where ' = (21,... , %2, ), and we have used the fact that |z|~(27—27m2)
is integrable over I'¢s for almost all ¢* with finite bound, since the volume
of T'¢s is bounded by constant independent of ¢’.

Thus (3.7) holds if we let e = £ and C large.

(B) Proof of (3.8):
Let

i={CeV:10"p(Q) < I¢' - |7}
Vo= {cevilc—slt 2001 > i - 1}
va={ceviloool> ylo a1t |

Denote by J;, I = 1,2, 3 respectively integrals over V.
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For V;, we argue exactly as in the proof of the corresponding case of
(3.7) and get

I < dyl e dyZn—l <bp
1~ |y|@n—2m=1)|y/|(@m=2) ~
ly'|<b
ly"|<C2

where y/ = (y17 e 7y2’m—1)a y// = (y?ma e ay2n—l)7 and Yy = (yl?y”)'
To calculate the integral over V5, as in previous proofs, we use general
coarea formula applied to 7. The condition [8”p(¢)| < |¢ — 2|3 implies

I, < dvl"c/ dml s d:l?gm <p
2 |$|2n72m71% |m/|(2m—1) ~
a<|z'|<b \'er
where ' = (1, ... , Zam), and we have used the fact that |z|~(2n—2m—13)

is integrable over '/ with uniform bound for almost all ¢’.

In V3, we use general coarea formula applied to 7, and the coordinate
transformation Ay, for the fibre I'c/. The condition [0”p(()] > 11¢ - e
implies ¢ < [0"p(¢)|/Jhy < C for some constants ¢, C independent of
¢’ and 2. Moreover, \h”fl(y” )| is bounded by a non-negative integer
uniformly in ¢’ and z. Thus,

Ja < dy2m+1 e dan—l dyl B dy2m
o (lyan—1| + |§]2)(—a=m=3)[g[2a | |y’|@m-D)
a<|y’|<b |[yan—1|<C1
ly"’|<C2
<b

~

Where y/ = (y17 e 7y2m)7 y” = (3/2m+17 R 7y2n72)a and g = (yl7y”)'
The proof is complete.
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