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ON THE HARDY-TYPE
INTEGRAL OPERATORS
IN BANACH FUNCTION SPACES

ELENA LOMAKINA AND VLADIMIR STEPANOV

Abstract

Characterization of the mapping properties such as boundedness,
compactness, measure of non-compactness and estimates of the
approximation numbers of Hardy-type integral operators in Ba-
nach function spaces are given.

1. Introduction

Let X and Y be two Banach spaces of measurable functions defined
on RT. We consider the Hardy-type integral operator K : X — Y given
by

(L.1) K f(z) = ola) / ko) f@) dy, @ >0,

where the real functions ¢(x) and ¥(x) (weights) are measurable and
finite almost everywhere on R, and the kernel k(z,y) > 0, satisfies
(12) D7'(k(z,2) + k(2,y)) < k(z,y)

< k(zx,
< D(k(x,2) + k(z,y)), =>z2>y>0,
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where the constant D > 1 does not depend on x,y, z. Typical examples

x Y
of such a kernel are (x —y)<, a > 0; log” (E), 6> 0;or (/ h(s) ds) ,
Y y

~ > 0 with nonnegative h(s), and their various combinations. Introduced
by R. Oinarov [13], [14] the condition (1.2) extends in some sense the
well-known As-condition for convex functions [10] used in [12], [18]
for convolution operators and thus, (1.2) seems to be a balance point
between generality of conditions imposed on a kernel and implicitness of
a criterion for the boundedness of the Hardy-type operators. A survey
of the mapping properties of operators (1.1) with Oinarov’s kernel in
Lebesgue and Lorentz spaces can be found in [19].

The paper is devoted to operators of the form (1.1) acting in Banach
spaces of Lebesgue-measurable functions on R™ (see Definition 1 be-
low). Investigation in this area was recently initiated by E. Berezhnoi [2],
[3], who, in particular, characterized weak-type estimates for the opera-
tor (1.1) with the kernel k(z,y) > 0 increasing with respect to the first
variable and also strong estimates, when k(x,y) = 1 and the spaces X
and Y satisfy an ¢-condition (see Definition 3 below). E. Berezhnoi [3]
has also obtained some necessary and/or sufficient conditions for the
boundedness of operators (1.1) with restrictions on k(z,y) > 0, stronger
than (1.2).

Sections 2 and 3 contain definitions and the statement of the main
results and further comments, respectively. Our first result characterizes
the boundedness of the operator (1.1) with kernel satisfying (1.2) in the
spaces X and Y satisfying an ¢-condition (Theorem 1). This leads to a
characterization of the compactness (Theorem 2) and measure of non-
compactness (Theorem 3) of the operator. Upper and lower estimates
for the behaviour of the approximation numbers of operators (1.1), when
k(xz,y) = 1, are given in Theorems 6 and 7. Sections 4 and 5 provide the
proofs.

2. Definitions

Definition 1 [1]. A real normed linear space X = {f : | f|lx < oo}
is called a Banach function space (BFP) if in addition to the usual norm
axioms || f||x satisfies the following conditions:

(1) || fllx is defined for every Lebesgue-measurable function f on R¥,
and f € X if, and only if, ||f||x < oo; ||f|lx = 0 if, and only if,
f =0 almost everywhere (a.e.);

@) Ifllx = [1f1x for all fe X;

(3) if 0 < f < g ae, then [|f]x <|gllx;
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(4) 10 < fu 1 f ae, then [[fullx 1 /]x:
(5) if mes E < oo, then ||xg|x < oo;

(6) if mes F' < oo, then / f(z)dx < Cg|fllx-
E

Given a BFS X, its associate space X' is defined by

X’{g:/ |fg|<ooforallf€X},
0
and endowed with the associate norm

(2.1) gl = sup{ / Fal Il < 1}.

X' is also a Banach function space satisfying axioms (1)-(6) and, more-
over, X' is a norm fundamental subspace of the dual space X*, that is
the equality

(2.2) 1£llx = sup{ / ol lglxr < 1}

holds for all f € X [1].
The spaces X, X' are complete normed linear spaces and X” = X [1].
The Holder inequality

‘ / fg‘ < I flxllgllx

holds for all f € X and g € X’ and is sharp in both directions on the
strength of (2.1) and (2.2). The relationships (2.1) and (2.2) give rise to
the following

Principle of duality. T: X — Y is a bounded linear operator, that
is |Tflly < C|fllx for all f € X with a finite positive constant C, if
and only if

(i) IT"gllx < CJlglly for all g € Y’, where the conjugate opera-
tor T : Y’ — X' is defined by the formulae

| @ne= [ s,

/ (Tf)g' < Clflixllgllys for all f € X and g € Y, with
0

the same constant C'. The least possible constant C' defines the
norm HT” and, thus ||T||X_,y = HT’HY/_,X/.

or

(i)
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X has absolutely continuous norm (AC-norm), if for all f € X,
| fxe,|lx — O for every sequence of sets {F,} C RT such, that
XE, () — 0 a.e. We assume throughout the paper that X’ and Y have
AC-norms.

Let ¢ be a Banach sequence space (BSS), what means that
axioms (1)-(6) are satisfied with respect to the count measure and let
{ex} denote the standard basis in £.

Definition 2 [3]. Given a BFS X and a BSS ¢, X is said to be
l-concave, if for any sequence of disjoint intervals {Jx} such that
UJr =RT, and for all f € X

> erlxa fllx
k

where d; is a finite positive constant independent of f € X and {J;}.
Analogously, BFS Y is said to be ¢-convez, if for any sequence of disjoint
intervals {Ij}, such that |JIy = Rt and forall g € YV

> erllxnglly

k

(2.3) < du|fllx,

14

(2.4) lglly < d2

L

for a finite positive constant dy > 0, independent of g € Y and {I}.

Definition 3 [3]. (The Berezhnoi {-condition). We say, that Ba-
nach function spaces X and Y satisfy an ¢-condition, if there exists a
Banach sequence space ¢ such that X is ¢-concave and Y is f-convex
simultaneously.

Let ¢/ denote the associate space. We need the following

Lemma 1 [3]. Let Y be an {-convex BFS and suppose (2.4) holds.
Then Y’ is an ¢'-concave BFS and

> erlxn flly

k

(2:5) < da| flly,
v

for all f €Y' and {11}, such that J Iy = R™T.

Throughout the paper the expressions of the form 0 - oo, 0/0, co/oco
are taken equal to zero, the inequality A < B means A < ¢B, where ¢
depends only on D, and possibly on the constants dy and ds of Defini-
tion 2; however the relationship A =~ B is interpreted as A < B <« A
or A = ¢B. xp denotes the characteristic function (indicator) of a set
ECR*.
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3. Statement of the main results

Put for allt >0

(3.1)  Ag=supAy(t) = sup Ixte.0012 |y 1x0,0 (Ve )0 5 s

t>0

(32) A= sup Aq(t) = sup X100 VRGOl [x00,0¢]] 50

and let A = max(Ay, A1). Note, that Ay = Ay, if k(z,y) = 1.

Theorem 1. Let X and Y be BFS satisfying the Berezhnoi {-condi-
tion and let K be an integral operator of the form (1.1) with the kernel
k(z,y) > 0 satisfying (1.2). Then K : X — 'Y is bounded, if and only if,
A < 0o. Moreover,

(3.3) DA< |K||x—y < diday(D)A,
where v(D) depends only on D.

Remark 1. (i) The boundedness of K was characterized in [14], [19]
(for Lebesgue spaces) and in [11] (for Lorentz spaces.) The case k(x,y)=1
has been intensively studied for the last few decades by many authors
and has led to further developments (sf. [15], [19]).

(ii) The Bereznoi f-condition corresponds to the case p < ¢ in the
LP — L9 setting and to the case max(r,s) < min(p,q) in the Lo-
rentz L™ — LP? setting, see [6], [11]. If no ¢-condition holds, then the
lower bound in (3.3) is nevertheless valid. Moreover, there exists an
operator, for which (3.3) is valid for spaces with no ¢-condition [17].

Theorem 2. Let the assumptions of Theorem 1 be fulfilled and sup-
pose the spaces X' andY have AC-norms. Then K : X — Y is compact,
if and only if A < oo and

(3.4) lim A;(t) = lim A;(t)=0; i=0,1,

t—a; t—b;
where
(3.5) a; =inf{t > 0: A;(t) > 0}, b; =sup{t >0: A;(t) >0}; i=0,1.

Remark 2. In fact, it follows from the proof of Theorem 2 below,
that ap = aq, bo = bl.
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The condition (3.4) has been formulated by many authors only for
ag = a1 = 0, bg = by = oco. However, it is easy to find a formal coun-
terexample, for which A < oo and (3.4) is valid with ap = a1 = 0,
by = by = oo, but K is non-compact. The matter is, that the condi-
tion (3.4) has to be formulated for the end-points of the “real” interval
of action of operator K (see Remark 4 below for further details).

In the non-compact case we estimate the measure of non-compactness
of the operator K (or, equivalently, the distance of K from the set of
finite rank operators) defined by

a(K) = inf{||K — P||; rank P < co}.
To this end we need additional notation; put for all 0 < a < z < b < oc:

0 o« . . .
Jp(a) = e Ixta1lly X0, EE O]

J1(a) = P X101 EC OOy xo.0% ]| 5 »

Jp(2) = max(JY(2), J}(2)), Jp = lim Jp(2);

z—agp

(3.6) J() = sup ||xit.ea@lly (Xm0 (EE D0 0
b<t<oo

TE®) = sup ||Xt.00) VRG24 IXpa ] 5
b<t<oo

Jr(2) = max(J%(2), Jx(2)), Jr= lim Jp(2);

z—bg
J = max(JL, JR)

Theorem 3. Let the assumptions of Theorem 2 be valid and K: X —Y
be bounded. Then

(3.7) D7'J < a(K) < did3y(D).J.

Utilizing the scheme from [11] we estimate from above and below the
approximation numbers of the Hardy operator of the form

(3.8) Hf(z) = p(z) / ") f () dy.

This part of the paper has been initiated by D. E. Edmunds,
W. D. Evans and D. J. Harris in the work [5]. Afterwards the extention
for convolution operators with the polynomial kernel was given in [7]
and for the Hardy operator in Lorentz spaces in [11]. The statement of
the results and proofs of this part are given in Section 5.
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4. Boundedness, compactness
and measure of non-compactness

We begin with an alternative proof of the criterion for the boundedness
of the Hardy operator due to E. Berezhnoi. Then we establish the proof
for case in which the kernel satisfies Oinarov’s condition. The basic idea
is to apply the principle of duality to obtain the upper bound instead of
using direct estimates.

Theorem 4 [3]. Let X and Y be BFS satisfying the {-condition, and
let operator H be defined by (5.8). Then H : X — Y is bounded if, and
only if

(4.1) A= sup A(t) = sup X101y X109 0 < o0

Moreover,
A< ||H|x—y < 4didaA.

Proof: Necessity: For the lower bound we repeat the Berezhnoi argu-

ment [3]. If H: X — Y is bounded, then using axioms (2) and (3) of
BF'S we find for arbitrary ¢ > 0 and for all f € X such that f(y)¥(y) >0

W lx—y [ fllx = |E Sy = Hw(w) / " Fw)(y) dy

Y

> Hx[m@ @eto) [ " )b () dy

Y

> [ @@y [ ) dy

= IIxeoer2lly /O Xio. (W) F(w)ily) dy.

Consequently, applying (2.1), we have |H||x_y > A(t) for all ¢ > 0 and
it follows that ||H| x—y > A.

Sufficency: It follows from the principle of duality that for the upper
bound it is sufficient to prove the estimate

J= ] / goFg\ < Alfllxlglly-
0
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for all f € X and g € Y/, where

Fla) = / " w)ly) dy.

Suppose, that f(y)¥(y) # 0 on a set of positive measure, then we can
choose a sequence {z;} C RT such, that

/0 ) dy = 2*. o < k< N < oo,

where N = sup{k : Iy = [zx_1,75) # 0}. Then, applying Holder’s
inequality, (2.3), (2.5) and (4.1), we get

JS/ [oFgl < ) 2’““/ gl
0

k<N T4

—1y / Aol [ e

k<N

<4 Z ||X1kaX||XIk¢||X,||XIk+1(lD||YHXIk+1g||Y,
k<N

<44 Ixn FllxIxaeaglly:
k<N

<4A| erlxr fllx
k

< AAdids || fllxNlglly--
Consequently, ||H||x—y < 4d1d2A. R

> erlxn gy
k

L 14

We shall need the following modification of Theorem 4.

Theorem 5. Let X and Y be BFS satisfying the ¢-condition and

w(z)
Hof(x) = o) / b)) dy,

where y = w(x) 4s a differentiable increasing function on R* such that
w(0) = 0, w(oo) = oo and, thus, the inverse function x = w=(y) exists.
Then

(42) Aw < HHw||X~>Y < 4d1d2Aw7

where

A, = §§g||><[o¢]¢’|x X1 (0).00¢ly = jggHX[o,w(tWHx Xt,00) |y -
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Proof of Theorem 5: Is similar to the proof of Theorem 4. We omit
details. ®

Proof of Theorem 1: Necessity: Note that the Oinarov condition (1.2)
implies

(4.3) k(z,y) > D™ k(t,y) forall z >t >y > 0.

Consequently, applying (4.3), we obtain for all f € X such that
fW)v(y) =0

1K oy | fllx = Hw) / "kl F () (y) dy

Y

t
> D xnor @y /0 K(t, ) f (y)(y) dy

and arguing as in the necessity part of Theorem 4 we find, that
| K| x—y > D~ Ay. By the principle of duality | K|y .y = || K |ly'—x/,
where

K'g(y) = ¢(y) /oo k(z,y)p(r)g(x) dz.

Applying the above argument to the operator K', we find ||K'||x—y >
D~'A; and, thus,
IK[lx—~y > D A

For sufficiency we need the following two lemmas.

Lemma 2. Let ko(z,y) > 0, x >y > 0 be nondecreasing and contin-
uous with respect to x. Assume that

kO(‘Tay) SDO(kO(‘Taz)+kO(Zay))v 'TEZZyZO

with Dy > 1 independent of x,z,y. Let f(y) be locally integrable, ¥ (y)
be bounded and compactly supported and f(y)i(y) > 0. Let Go(z) =

/ ko(z,y)¥(y) f(y) dy be such, that 0 < Go(z) < oo for some x > 0.
0

For a fized number § > 0 we define Ay = {& > 0:Go(z) > (6§ +1)*},
ke€Z, N=maxk; v, =infA;, k < N, zy41 = 0 if N < co. If

Antd
6> Dy, then0 < -+ < xp_1 < xfp < -+ < xy <00 and the inequality

(4.4) (6+1)F1

< / " kol y) F)y) dy + Dokl z1) / " ety dy
x 0

k—1

holds for all k < N.



174 E. LOMAKINA, V. STEPANOV

Proof of Lemma 2: Using the definition of {z;} and exploiting the
property of ko(z,y), we find

G+DP =+ D — 66+ 1)1 < Golxy) — 66+ 1)1

- /09% ko(zk, ) f () (y) dy — 6(6 + 1)1
= /Oxk_l ko(.ﬁk,y)f(y)w(y) dy

—%/mkkdwmyﬁhow@)@wfﬂ5+1ﬁ’l

Tk—1

< /M ko(zk, y) f(y)b(y) dy

k—1

+DMWMwmﬁAMIﬂwa@

+ Dg /0%_1 ko(wr—1,y)f(y)Y(y) dy — 6(6 + 1)k71.

Now,

Po /omk_l ko(zr—1,y) f ()Y (y) dy — 6(6 + 1)

= DoGo(xp—1) —8(6 + )" <0

provided ¢ > Dy, and lemma is proved. B

Remark 3. It follows from Lemma 2, that
Go(l’) < (5+1)k, xr € [mk_l,xk), k < N.

Lemma 3. Let k(z,y) > 0 satisfy (1.2) with D > 1 and let k(x,y),
w(x) and ¥(y) be bounded functions such that supp ¢ = supp v C (0,b),
b < co. Then there exists kp(xz,y) >0, 0 < h < 1, satisfying Lemma 2
with Dy, = max(2, D?) such that k(z,y) < kp(x,y), 0 < h < 1 and,
moreover, if Ao n, A1 be defined by (3.1), (8.2) with ky(x,y) instead of
k(z,y), then

Ai < lim Ai,h S DAZ, 1= O, 1.
h—+0
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Proof of Lemma 3: Put

(4.5) k(z,y) = sup k(t,y).

y<t<w

Obviously, k(x,y) is nondecreasinig with respect to z and nonincreasing
with respect to y and k(z,y) < k(z,y). Moreover, (4.3) implies, that

k(z,y) < Dk(x,y). Hence,

(4.6) k(z,y) < k(z,y) < Dk(z,y)
and
7))+ Rey) <Key), z2:2y>0

From the right hand side of (1.2) and (4.6) we have

s k(w,y) < D? (k(z, 2) + k(z,y))
. < D? (k(z,2) + k(z,y)), z>z2>y>0.

Consequently, k(x,y) satisfies Oinarov’s condition with the cons-
tant D = max(2, D?). Define

1 I+h_
(4.9) (2, y) = E/ ty)dt, 0<h<l.

Obviously, kx(x,y) is continuous and nondecreasing with respect to z
and nonincreasing in y and

(4'10) k(xay) < E($>y) < kh(xay>'
Hence, applying (4.8) we find

E z+h s .
kn(x,y) < E/ (k(t,2) + k(z,y)) dt = D" (kn(z,2) + k(z,9))
(4.11) @

<D (kn(z,2) +kn(zy), ¢>22y>0.

Consequently, kp(z,y) satisfies Oinarov’s condition with the cons-
tant Dy, = D.
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Let Ao 1 (t), A1x(t) be determined by (3.1) and (3.2) with k;, instead
of k, respectively. Then applying (4.6) and (4.10) we find

Ao(t) < Ao ()= || (Xft+h00) = Xit+hi00) FX1t.00)) 2y [ X10,0Kn ()| 5
(4.12) <D HX[t+h,oo)<PHy HX[O,tJrh](')k(t +h, ')W')HX/

+ llelloo &Nl oo [ lloo X 0,01 |7 X 2,41 X 0,01 1 -
It implies

(4.13) Ag < Ao < DAy + Cigg IXt,e+0) X [0,5) 1y

with a finite constant C. Since Ay decreases, when h — 40, and
I X[t,¢+-0)X[0,6] |y is continuous in ¢ and compactly supported the result
for Ag j, follows from (4.13) by letting h — +0. The argument for A; 5
is analogous. Lemma 3 is proved. &

Now we continue with the sufficient part of Theorem 1. By the prin-
ciple of duality it is sufficient to show, that

J= \ / sDGg' < Alflxllglly-
0

for all compactly supported f € X and g € Y’, where

Gla) = / " ke, ) F ) (y) dy.

Assume that ¢(z) and 9 (y) are bounded compactly supported functions.
Because of (4.10) we have

JS/ |<PG9|§/ loGrg| := Jn,
0 0

where

Gi(x) = / (e, y) f)e(y) dy

and without loss of generality we take f(y)y(y) > 0. Hence, we may and
shall apply Lemma 2 with Dy = max(2, D?), § = Dy and the sequence
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of intervals I, = [zr_1,x) with (4.4) holding. By Remark 2 we obtain

Th+41 Thk+4+1
ne Y [l e [
E<N Tk k<N Tk
<(6+1)2 Z(6+1)’H/ legl

kg]v Ik+l

<6417 | X [ wtenvofods [ led

k<N Tra

+Do Y kh(fﬁk,xkl)/oz“w(y)f(y) dy/l gl

<N k1
= (5 + 1)2[J17h + DOJQ)h].

Using the Holder inequality, the ¢-condition with Lemma 1 and (4.13),
we find

=3 [ Benne)f@)dy [ e

k<N 7 Ik Dot

<3 e I e Ckn (@, Y0 O X ol X glly
k<N
(4.14)

< I I x X 0,000 (Ve (@ ) X e s00) 1Y X 11 9y
k<N

< Aop Y Ixnfllxlxnaglly: < didaAonllfllxlglly-
k<Np

For the term Jy ;, we write

(@19) o= X kntonnn) | [ vt dy

k<N

Tk—1
+/ V() f(y) dy} /I logl = Jz(,llz + Jrf)-
k+1

Tr—2

The estimate for J2(2,2 is analogous to that for .J; 5. Applying the above
scheme for estimating J; j, and using that kj(x, y) is non-increasing with
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respect to y, we get,

JQ(Q;)L = Z kh(xk,xkq)/

Tr—1

YY) f(y) dy/ legl

k<N Tk—2 Ik+1
<> [ mlwswrwds [ el
k<N Iy Tq1

4.16
160 < S a s Fllxllxn s (oo, YO e s 2l X1 gl

k<N

< X FIIX 0000 R (@ PO xA X 00y @IV IX I 9y
k<N

< dvda Ao nl| fllx[lglly-

For the term Jz(l,z we obtain

I =5 kn(we wh1) / D) (y) dy / gl

LTk—2
k<N 0 Ty11

oo Q(x)
:/O (/0 fW)v(y) dy) 37 (e, 21X 1 (@) 0()g ()| da,

k<N

where

Q(.’E) = Z mk72X1k+1(x)’

k<N

Let y = w(z) be a function that satisfies the hypothesis of Theorem 5
and such that w(zy) = 2, k < N; Q(z) <w(z) <z, 2 > 0. Then

0o w(x)
1 < / ( / f(y)w(y)dy> Q(x)g(x) d,

where

Q(:E) = Z ko($k7$k—1)XIk+1(x) (p(CI?)

k<N

Applying Hélder’s inequality and the upper bound in (4.2) of Theorem 5
we obtain

S} w(x)
/0 ( / F@)b(y) dy> Q(@)g(x) dx < ddvds Al 1| x Iglly»
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where

4«17 w: !
(4.17) A §1>113||X[o,t1¢||x1

Xlo1(1),00) @]y -

For a fixed number ¢ € (0,00) there exists a union of disjoint intervals

such that
L0 € | e
ko<k<N

It is easy to see from the definition of the function w(x), that w=t(t) €
Ij4q if and only if t € I, _; and for any z € [w™1(t),00) we have two
choices

(i) t< Tpo—1 < Ty < wil(t) < T < Thy41,

when
z € [w(t), 00) ﬂ[wkmfﬂkoﬂ);

or
(ll) t<wp—1 <z << Ty,

when
x € Ik+17 k> k.

Since kp,(z,y) is nondecreasing with respect to x and nonincreasing with
respect to y we have in both cases

En(xr, 2p—1)X1, () < kp(x,t), k> ko.
Consequently,
o000 @Qly < [Ixit00) Vrn (- 00l
Using this and (4.17) we obtain that
Ay < A,
Thus,
(4.18) JQ},E < dida Av | fli x| glly-

Combining the estimates (4.12)-(4.18) and using Lebesgue’s dominated
convergence theorem we get the upper bound

(4.19) J < diday(D)A|flix gl



180 E. LOMAKINA, V. STEPANOV

where
(4.20) ¥(D) = D (1+ max(2, D%))* (1 + 2max(2, D?)) .

By Fatou’s theorem we obtain (4.19) for f,g,y, % with no restriction.
Theorem 1 is proved. ®

Remark 4. (i) There are three natural analogues of Theorem 1. The
first is a restriction to an interval of real axis, the second deals with the
associate operator and the third is concerned the non-Volterra case if the
kernel is symmetric with respect to x and y. We omit details.

(ii) Note, that if k(zg,y0) = oo for some co > xg > yo > 0, then
Oinarov’s condition implies

k(x,y):oo, x2$02y029>0

Consequently, the convention 0 - co = 0 yields, that A < oo is possible,
only if
IXtwo 0012 lly + [Ixt0.000% 1 = O

Thus, such an operator K is actually reduced to the interval [yg,z¢],
where it coincides with

Kof(0) = ¢(@) [ Kyl W)y, o <7 < 0,

Yo

being the null-operator outside of the interval. Thus we may and shall
assume the kernel to be bounded k(z,y) < ¢; < oo on every domain of
the form

Qr={(z,y): co>7>x>y>0}.

Proof of Theorem 2: Necessity: That A = max(Ag, A1) < oo follows
from Theorem 1. If f € X, f(y)¥(y) > 0 then exploiting Oinarov’s
condition, we find

00 > Al fllx > 1K flly = ||Xqt,00 K fly
t

> D7 xpoorelly / k(1 y)(y) () d.

0

Now, by the principle of duality for an arbitrary fixed v € (0,1) we may
find a function fi, such that supp f; C [ao.t], fe(y)¥(y) =0, [[fellx =1
and

(421) o0o>A> K filly =D ||Xto0) 2|y [ X101kt ()] 50 -
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Given G € X’ the Holder inequality and absolute continuity of the norm
in X’ yield

(4.22) ’/ ftG’ < || Xa0.0G| x» — 0, & — ao.
0

Since K’ : Y/ — X' is also a compact operator, for any given € > 0 there
exists a finite number of functions G, Gas,... ,G,_ such that

. 1 Tg — ;<
(4.23)  Join - |K'g— Gnllx <¢

for every g € Y, |lg|ly < 1. Given € > 0 and f; with || f;||x = 1 we find
by the principle of duality and (4.23) g € Y/, ||g/ly» < 1 and G,,, such

that
(o]
/ K fig
0

1K' — Gnllx <e,

K filly < (1—¢)

and

respectively, and using (4.21) we obtain

/ ftK/g
0

<(l—-gke+(1-¢)

K felly < (1—¢)

/0°° fiGn

Consequently, |[Kfily — 0, t — ag, and a part of (3.4), namely
lim Ag(t) = 0, now follows from (4.21). Analogously, begining with

t—ao

the inequality
0o > A |Kflly > || Xt K £l

> D7 | X(tioo) (D (R D) | / b(y) f(y) dy,

<e t—ap.

we prove, that tlim A;(t) = 0. The dual assertions on infinity follows
—aq
from the similar observations for the associate operator. For proving
sufficiency we need the following result.
Lemma 4. Let X and Y be BFS on a separable o-finite measure

space and T : X — Y be an integral operator of the form Tf(a) =
/T(a,ﬁ)f(ﬁ) dg. If both X' and 'Y have AC-norms and

(4.24) Ap = HIIT(a, Nixo

< 00,
Y

then T 1is compact.
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Proof of Lemma 4: Tt is sufficient to establish, that the set of the
functions of the form

> nila)ni(B)
i=1

is dense in the space Y[X’] with the norm defined by the right side of
(4.24), where pu; € Y and n; € X’. On the strength of ([9, Chapter XI,
Lemma 2]) it is true if the both spaces X’ and Y are “order continu-
ous”. This is fulfilled, when X’ and Y have AC-norms, because of ([1,
Chapter 1, Proposition 3.5]), and so the Lemma is proved. B

We continue the proof of the sufficiency part of Theorem 2. Let us
show first, that

(425) apg = ay, bo = bl.

To this end assume, for instance, that 0 < ap < a;. Then Ay(t) =
A1(t) =0, t € [0,a0] and it follows from the Landau resonance theorem
([1, Lemma 2.6]) and Theorem 1, restricted to the interval [0, ag], that
for a.e. € [0, ag]

(4.26) o(x)k(z,y)Y(y) =0 for a.e. y € [0,z].
From (3.5) we find, that
Ar(t) = ||X1t.00) OEC DOy IX00%l 5 =0, a0 <t < a.

If
Ix0.0% 5 =0, a0 <t<a,

then ¢(y) = 0 for a.e. y € [0,¢] by the first axiom of BFS and, hence,
Ap(t) =0, t > ag, which contradicts the definition of ag. If

HX[t,oo)()k(’t)(p()Hy =0, ag<t<ay,
then for all ap < t < aq
o(x)k(x,t) =0 for a.e. x € [t,00)

and for all g € Y’ such, that supp g C [ag, a1], ¢(x)g(z) > 0 and arbitrary
f € X such, that f(¢)y(t) > 0, we find

| Ki@gte) s = [ otwg@ras [ wenuwso a

ao

= [Mvswar [ et gl dz =0
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and, again by the Landau theorem, we get for a.e. x € [ag, a1]

(4.27) o(x)k(z,y)(y) = 0 for a.e. y € [ag, x].
Now by (4.26) and (4.27)

/0 K f(x)g(x) d = / o(2)g(z) dx / ke, 0p(t) £(t) dt

ao 0

and by the Holder inequality and Oinarov’s condition we find

/ " K f(@)g(x) de
0

<p " ke, a0)l(e)g(x)| da / @) de
+o [ " lo(@)g(@)] da / " kao OG0 £(1)| di

< D(HX[ag,al](')@(')k(ﬁaO)Hy ||X[0,a0]1/1||X,

+ [ xtao.a@lly [x10.001 V(0. 'W’(')HX/) 1x10.01191ly+ 110,001 1]

< D (Ao(ao) + A1(ao)) ||X[0,0119]

Hence, by the principle of duality we obtain HKHX[OM]_,Y[OM] = 0,
and, in particular, Theorem 1, restricted to the interval [0, a;], implies
Ap(t) = 0,0 <t < ay. Thus, ag = aj, and by similar arguments it can
be proved that by = by. For this reason we may and shall assume further
for simplicity, that ag = a3 = 0, by = by = 0.
Let 0 < a < b < oo and put
Paf = X[O,a]fv Qbf = X[b,oo)fa Pabf = X[a,b]f'

Then we have

(4.28) K f = (Py+ Pap+ Qp)K(Py + Pap + Qp) f

= PaKPaf+QbKQbf+PabKPabf+QbKPaf+QbKPabf+PabKPaf'
By Theorem 1 restricted to the intervals [0, a] or [b, 00) and (3.4) we have

Y’ } X[O-,al]fHX =0.

0<t<a 0<t<a

|P.K P, < { sup Ao(t) + sup Al(t)} —0, a—0,
(4.29)

1K Q| < {supAo<t> +supA1<t>} 0, boo
t>b t>b
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It follows from Lemma 4 that the operator QK P, is compact. Indeed,

Aquicr, < | IPxion (@, DO g, Xipoo) @e(@) |

(4.30) = D(HX[b,OO)(x)k(x)b)@(ﬂf)Hy HX[O,bWHX,

F ool Ixon (k6,00 )

< D (Ao(b) + A1(b)) < oo.
Anagously, we find

AQbKPab <D (AO(b) + Al(b)) < 00,
(4.31)
Ap,,kp, < D (Ao(a) + Ai(a)) < oo.

Note, that 0< || X[a,00)%|| -
and

X[Ovb]wHX/ < 00, otherwise Ag(a)=A1(b)=0,

k(z,y) <y <oo, b>xz>y>a.

By Remark 4(ii), we may write
Xta (Vs YO Xpa @)

< & || Xfaroo)2lly [ X10,01% | 5 < 00

and hence, by Lemma 4, operator P,, K P,; is compact too. Using this
and (4.29)-(4.31) we see, that K is a limit of compact operators. This
ends the proof of Theorem 2. H

Ap,, kP, =

Proof of Theorem 3: We assume for simplicity, that ag = a1 = 0,
bg =b; = 00. Let 0 < a < b < co. By Theorem 1 we obtain

D7'Jp(a) < |PaK Py < didey(D)JL(a),

D™ JR(b) < [|QpKQu|| < diday(D)JR(b),

where the constant y(D) is defined by (4.20). Now, using (4.28) and
taking into account the compactness of the last four components there,
we see, that,

a(K) < [|[PoK Py + QK Q|-

Put S=P,KP, and T = Q, KQp. Then

Sf+T
15 4 7] — sup ST+ TSy
0 Iflx
sy + 1Tl
< dy sup 5 F#0, [ >0, Pyf =0

11l
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If P,, f = 0, then by the Berezhnoi ¢-condition

1£lx > a7 |lglx + 1nllx

[’

where g = P, f and h = Qf. Hence,

sl + 1711 )
S+ T| <dida  sup
S0, f=g+h H||g||X + IIhIIXH

S
B 17 ]

720, f=g+n || llgllx H”gHX+ Hh||XH

IThly bl
Pl gl +elx]) |

h
H||9||X +I1nllx ) gl + Il ]l

< did5y(D)J.

To obtain the lower bound, let 6 > a(K). If Y has AC-norm, then YV’
is separable [1]. Hence, there exists T : X — Y such that rank T < oo
and ||[Kf —Tf|ly <0|fllx for all f € X. Since range of the operator T
is formed by a finite number of functions from Y, we can approximate
each of them by a bounded function with compact support [1] and, thus,
given € > 0, there exist Tp : X — Y with rank7y = rankT and the
numbers 0 < § < N < oo, such that

IT — Tl < esuppTof C [6, N] for all f € X.

Hence,
IKf—Toflly < (@+¢)|fllx for all fe X.

Let f be such that supp f C [0,6]J[N, o) and fi¢» > 0. Then

O+ fllx = 1K flly = |KPsf+KQn flly > ||[PsKPsf+QNKQnf|ly,

since all the functions involved are non-negative. Thus

O+ fllx = |1PsKPs flly
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for all f € X with supp f C [0,6] and fi > 0 and

O +2)lfllx = l@NKQN flly

for all f € X with supp f C [N,00) and fi > 0. Hence, applying the
lower bound from Theorem 1, we obtain

(0 4¢)> DL (6) and (8 +¢) > D™ JR(N),

Letting § — «(K), ¢ — 0 and then 6 — 0, N — oo we establish the
lower bound. Theorem 3 is proved. B

Remark 5. Theorem 3 for Lebesgue spaces was proved in [7], the
case k(z,y) =1 was given in [6].

5. Approximation numbers

We begin with the reminder, that for any positive integer m, the
m-~th approximation number a,, of a bounded linear map T : X — Y is
defined by

(5.1)  am(T) =inf{||T — P||; P a bounded linear operator

and rank P < m}.
For further information on the approximation numbers we refer the
reader to the monographs [4], [8] and [16]. We consider the operator
H : X — Y of the form (3.8) and suppose, that H is compact. We

also assume for simplicity, that ag = 0, by = oo for the operator H. By
Theorem 2 we get

A=sup A(t) = sup X100 2y (X109 | < 00,

}g% A(t) = tlirgo A(t) = 0.
Given sufficiently small €, 0 < ¢ < ||H||, we choose the numbers 0 = ¢ <

g <cg < - <ceyop <ceny <cengr = oo and intervals I = [k, cpi1],
k=0,1,...,N, such that

(5.3) Ale1] = Alen] =&,
where

Ala] = sup A(t) = sup Ixtt.en@lly (X009 x.

Aol = s A= s ool Ievavlc
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Lemma 5. Let X andY be BFS satisfying the Berezhnoi {-condition,
and suppose Y and Y' have AC-norms. Let 0 < a < b < oo, I = (a,b)
and

F@)z/mwwf@my e<z<h
(5.4) Fr = ﬁ /1 Py,
u(I) = /1 du,

where du(x) = p(x)g(x) dx, and g(x) is a function on I satisfying the
inequality

(5.5) (1 =) Ixta,plly IX[a,p9lly < /Icp(fv)g(w) dz

for a sufficiently small 0 < 6 < 0,01. Then

F—-F
3 ae(By, By) < sup X1 = )y

2
<8—d3d3 By, B),
0 IXeaflx T 250" 2 max(Bo, By)

where

By = sup |[Xe,q?llx IX[a,210lly
a<lzx<c

B = sup ||X[c,a:]wHX'||X[L’E,b]@||y'
c<x<b

Proof of Lemma 5: Given f € X4y, ¢ € (a,b) we put

—/Cw(y)f(y)d% a<z<c,
V(z) = :

[ vwsway o<
AW, =— /q/ dji. Th
an e, ] =~ c . en
! () Jr s
F(x) = Fr = We(z) = Ve .

To obtain the lower bound, we take f € X[, ; such that supp f C [a, c]
and suppose, that the inequality

[X1a.019(F = F)|ly < C X0 f | x
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holds for all f € X[, with a constant C' independent of f. Then
Clxafllx = Xwae® = FOlly = X0 (Te = Ty

> HX[a,c]SO\I]cHy - |lI/c,I| HX[a,c]‘PHy
1

= Iniwaeelly = 775 | [ e el
1

> xeae¥elly = o7y ) ek lxeaely

1 -
= Iteae¥elly = gy | e el

1
> ||Xfa,q o ¥elly — D X109 %y X109y || X100y

el ) o apvelly

= ( T u) HX[a,c]g}

Via,c
- (125 Inavel,

where V(a,c) = HX[a,C]‘/’Hy ||X[a,c]g| v+ Because of the absolute continu-
ity of the norms Y and Y, we can for any fixed 8 € (0,1—6) find a point
¢ € (a,b) such that V(a,c) = Bu(I), therefore by Theorem 4 restricted
to the interval [a, ¢] we have C' > (1 — §)By. A similar argument applied
for all f such that supp f C [c,b) gives

W (e, b)
Clhvenflly > (1= 502 Ienovel, -

where W(e,0) = [|xe.51#lly [|xe.19]

.
CWleb) 1
1= =0 = @) = Wieb)
- ﬁ((l = 6) [xtam#lly [Xtenlly: = W)
> B(1 - 6) — W (e, b)

u(l) -
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If ¢ — b, then 8 — (1 —¢) and W(e,b) — 0, therefore we can choose
¢ € (a,b) such that

51— )
Wn Sz

B -9)
2

By Theorem 4 we get C' >

. 5(12—5)

% max(Bo, Bl)

Bi. Now, if we take # such that

, then 8 = and the required lower bound C' >

3-90

Sufficiency: Using Holder’s inequality and the Berezhnoi ¢-condition,
we see that

X510 (F = 1)y = [[Xia,510(Te = Pe1) |y

< Xtme@elly + 1Yol [IXranelly

< Xt o ¥elly

1
+ 7 e Pelly [xiaglly. Ixaoely
2
S (1 _ (S) Hx{a,b]SO\I]CHY
2
< gy eaeelly + Ixenevell ],
8d2d3
< T max(Bo, By) [xtanif| x -

and the required result follows. The proof of Lemma 5 is complete. B

By Lemma 5 the norm of the operator

Hif(x) = x1(x)p(z)(F(z) — F)

depends continuously on the interval I. We choose the intervals I =
[ek, k1), E=1,...,N — 1 so, that

|Hp,||=e, k=1,...,N—2,
(5.6)
[Hn-1] < e
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Now we follow the construction from ([7, Section 3.1]) adjusted to the
present case. Let for k=1,... ,N —1

Fe(a) = xn (@) | ") 1) dy,

Pif(z) = x1. () {Hf(z) — p(x)(Fi(z) = Fr.1,)} -

N-1
Observe, that the operator P = Z Py is a bounded linear operator

k=1
P:X —Y and rank P < N — 1.

Theorem 6. Let X and Y be BFS satisfying the Berezhnoi {-condi-
tion, and X', Y, Y’ have AC- norms. Let H : X — 'Y defined by (3.8)
be a compact operator. Given € > 0, ||H| > ¢, let the integer N > 2
and intervals Iy, = [ck, cgt1], Kk =0,1,... , N be chosen so that (5.3) and
(5.6) hold. Then the upper bound

(57) CLN(H) S d1d2€,
is valid, where the constants dy, dy are determined by (2.3), (2.4).

Proof of Theorem 6: Using Theorem 4 and the Berezhnoi ¢-condition
we see that

N-1
|Hf —Pflly <da | HX[O,C]]f“X +e€ HX[CN,oo)fHX + Z HHkaHY
k=1 ¢
N
Sedy | D Ixnfllx| < edidellflx,
k=0 Vi

and thus, ay(H) < didse. B

Theorem 7. Let the assumptions of Theorem 6 hold and, moreover,
let X be £y, -convex BFS andY be £y, -concave BFS for BSS 4, , €,, with
p2 > p1 > 1. Then the following lower bound

1
2,02

1

(58) (LN(H) > 6d171d271N$_P1

holds.
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Proof of Theorem 7: Let A € (0,1). We take the sequence of functions
fr € X, such that supp fr C Ix, and

x5, oFilly

(5.9) IXLPZilly 5 \e i=0,N
| fillx
F.—F
o) e Fen)ly s Ny
Il £l x
where

a@»z/'w@wuwd% k=0.1,... N -1

In this construction we follow [5]. Let P : X — Y be a bounded linear

map and rank P < N. Then we choose constants vy, v1,vs, ... ,vy such
that
_ /N
(5.11) P (Z ukfk> =0.
k=0
N
Put f = Z vk fr and as before
k=0

Fa) = [Cvwiwdn o>
For all z € I
F(z) = vipFy(x) + p, k=0,1,... N —1,
for some constant uy. For all c € R

Ixre (F = Fi)lly < llxip (F —c— (F—=¢c))lly

Ix1p(F —e)lly + [(F = o)l Ixrelly

IN

2
< 75 Ixre(F = olly <2,02{Ixre(F = c)lly -
Hence,

(5.12) Ixre(F = Fi)lly < 2,02 inf [Ixro(F =)y -
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Applying (5.9)-(5.12), £,,-concavity of Y and ¢,, -convexity of X, we find

|Hf— Py =|IHf3

N-1
>d <X10¢F0||§7/2 + ) IxnoF I + XINWFNHI;VZ)
k=1

N-1

>d; ™ ((AE)”2||V0f0|§?+ > IxnepviFi + m) I + (Aﬁ)p"‘IIVNfN|§?>
k=1

>d; " <(>\€)pz||'/0f0|§<2

o N—
1
t(5m) S it Fk,mny)”+<As>m||uNfN||§z>

k=1

> d "™ ((AE)” v foll%

Ae \ P2
" (m) 2 (wllfillx)™ + <Ae>"2|uNfN||§?>

k=1

_ Ae \P2 =
— a7 ((Aa>p2||uofo||§§ (o) X il O I il

k=1

(2 02d, ) ZHkak %
e p2 [ N P1/p2
& (2 02d1> (Z ||kak||§§> (N + 1)L/

k=0

> (o)
=\ 2,02d,d- X

Thus,

CLN(H) > L

> 303 1—1d2—1)\5(]\7+ 1)1/p271/p1’

and, letting A — 1 the required lower bound follows. W
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Remark 6. For Lebesgue spaces Theorems 6 and 7 were proved in
[5], the extension to Lorentz spaces was given in [11].
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