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SAMPLING AND INTERPOLATION IN
THE PALEY-WIENER SPACES [P, 0<p<1

KRISTIN M. FLORNES

Abstract

Following Beurling’s ideas concerning sampling and interpolation
in the Paley-Wiener space L2°, we find necessary and sufficient
density conditions for sets of sampling and interpolation in the

Paley-Wiener spaces L% for 0 < p < 1.

1. Introduction

This work is inspired by Beurling’s lectures on balayage of Fourier-
Stieltjes transforms and interpolation for an interval on R. In our terms,
his problem concerned the so called Paley-Wiener space L? with p = oo.
This space consists of entire functions of exponential type at most 7,
bounded on the real axis. Beurling proved that a discrete set of real
numbers is a set of sampling for this space if and only if its lower uniform
density is bounded by 7/m, and the set is a set of interpolation if and
only if its upper uniform density does not exceed 7/7. We prove that
the same density results are valid for sampling and interpolation for
functions which belong to LP, 0 < p < 1. The Paley-Wiener spaces
with 1 < p < oo have different properties. The density restrictions
turn out to be sufficient but not necessary conditions for sampling and
interpolation. In [4], Lyubarskii and Seip describe complete interpolating
sequences in the Paley-Wiener spaces for 1 < p < co. Their work shows
that the difference between 0 < p < 1 and p = oo on the one hand and
1 < p < oo on the other is related to the problem of boundedness of the
Hilbert transform.

To see how to proceed in our case, we have been guided by Seip’s
analysis of corresponding problems for the Bargmann-Fock space [5].
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2. Main results

For 0 < p < oo the space L? is defined to be the collection of entire
functions f of exponential type at most 7 for which

i1, = (/ f(x)lpdx>1/p <o

Unlike the regular LP spaces, these spaces are nested, i.e., L2 C L4
for 0 < p < q. According to classical results |f(z + iy)| < Ce™¥I||f|,
50 || flleo < C||fllp where C depends only on 7 and p. Basic facts about
entire functions can be found in e.g. [8]. LP? is a Banach space for
1 <p < oo For0 < p<1thenorm | -], is a quasinorm and L?
is complete with respect to this quasinorm [3]. We fix the type of the
functions to be 7 for the rest of the paper. The other cases are handled
by a change of variables.

For f € L? and A = {);} a discrete set of real numbers, we write
IFIANG = 225, ea [F(Aj)P. The set A is said to be a set of sampling if
there exist positive numbers A and B such that

AlFIE < 1AM < BIFIG

for all f € LP. A is said to be a set of interpolation if to every sequence
w = {w,;} € [P we can find a function f € L2 such that f(\;) = w; for
all . We will consider sampling and interpolation for functions in L?
for 0 <p<1.

For the description of the density of a set of real numbers, we use the
following concept introduced by Beurling. Let A = {\;} be a uniformly
discrete set, i.e. there exists § > 0 such that |X\; —\;| > 8, ¢ # j. Let 7(r)
and n(r) denote respectively the largest and smallest number of points
in any interval [z, 2 + r] for r > 0. We define the upper uniform density
of A (u.u.d.(A)) and the lower uniform density of A (1. u.d.(A)) to be

u.u.d.(A) = lim @ and lLu.d.(A) = lim w,

r—oo T r—oo T
where the limits exist because of the subadditivity of the function
r+— 7i(r) and the superadditivity of the function r — n(r).

The following two theorems are our main results.

Theorem 2.1. A discrete set A is a set of sampling for LP if and
only if it can be expressed as a finite union of uniformly discrete sets
and contains a uniformly discrete subset A’ for which l.u.d.(A") > 1.

Theorem 2.2. A discrete set A is a set of interpolation for LY if and
only if it is uniformly discrete and u.u.d.(A) < 1.
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3. Auxiliary results

The following classical result of Plancherel-Pélya [8, p. 97] states that
the upper sampling inequality holds for any uniformly discrete set.

Lemma 3.1. Let f € LP and {\} be an increasing sequence of real
numbers such that |\ — A\j| > € >0, k # j, then

1Al < Bl fllp:

where B is a constant depending only on p and e.
Moreover we have the following lemma.

Lemma 3.2. There exists a positive constant B such that
1Al < Bl fllp

for all f € L2 if and only if A can be expressed as a finite union of
uniformly discrete sets.

Proof: The “only if” follows from Lemma 3.1. For the converse sup-
pose that such a B exists and that there is no bound on the number of
points from A to be found in translates of a unit interval, I, = {x : n <
x < n+ 1}, n € Z. This means that we can find a sequence {n;} such

that #(AN1,,) — oo. Pick z; € I, and let h, (z) = [2rea)/m] "
Choose m a positive integer such that h,,(z) € LE. Then

Hhxj |A||p — 00,
which is a contradiction. We conclude that there has to be a bound,
say N, on the number of points found in I,,. The set A can be divided
into 2N uniformly discrete sets by letting Ay for £k =1,2,... , N consist

of point number k in [, for n even, and Ay for k= N+1,N+2,... 2N
consist of point number k£ — N in I,, for n odd. &

We conclude that every set of sampling is a finite union of uniformly
discrete sets and we do not have to consider the upper sampling inequal-
ity which always holds for such sets.

For a discrete set A, let K (A) = K(A,p) denote the smallest number
K such that

(1) 1Fllp < K[ FIAl

for all f € LP. We shall refer to K (A) as the sampling constant.

From now on, we assume every set of sampling to be uniformly discrete.
The following lemma shows that this assumption can be made without
loss of generality. The lemma was proved by Seip in [6, p. 141], for the
space L2.
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Lemma 3.3. If A is a set of sampling for LY, then it contains a
uniformly discrete subset A’ C A which is also a set of sampling for LP.

Proof: The Paley-Wiener spaces L2, p > 0 are closed under differen-
tiation, i.e. |f'|l, < C|fllp, (see e.g. [8, p. 99]). Seip’s proof for L2 is

thus valid for any p > 0. Suppose that

N
A= U A™  where  inf |A\; — X\ >8>0 forall n.
n—1 AGQ<-H)
i#]

Let 0 < € < 6/4 and construct a uniformly discrete subset AcCA
s.b. [N — 5\| < € for every A\; € A. Then for arbitrary /\gn) e A we can
find a point S\EH) €A st. \)\En) - S\EH)| < €. The points S\En) are distinct
for fixed n. The mean value theorem gives

PO = SO = ™A™ = A,
where ugn) is a point between S\EH) and )\En). We use the inequality
1£+gllp < 2P(IfI5+]lgllB) instead of the triangle inequality for p € (0, 1].
This yields

N
LFIALL < 22N FIALE +27 € > 1 Kt

n=1

< 2N fIA|lE + C(8, N, p)e | fIb,

where the last step follows from an application of the Plancherel-Pélya
inequality and the fact that L? is closed under differentiation. The set
A is a set of sampling provided ¢ < 1/(C(6, N,p)K) where K is the
sampling constant for the set A. B

For a given closed set @ and for t > 0 let Q(t) denote the set of
points which are a distance less than or equal to t from Q). The Fréchet
distance [R, Q)] between two closed sets R and @ is the smallest number
t such that @ C R(t) and R C Q(t). Let Q; be a sequence of closed
sets. @; converges weakly to @, denoted by @; — @, if for every finite
interval L = [—1,1] we have [(Q,NL)U{-1,1},(QNnL)U{-l,1}] — 0. If
Q is a uniformly discrete set, then every sequence of translates Q + z,
contains a subsequence converging weakly to another uniformly discrete
set. Let W(Q) be the collection of weak limits of translates of ). The
next lemma implies that for a given set of sampling A, every set A’ in
W (A) will be a set of sampling for LP.
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Lemma 3.4. Let A’ be a uniformly discrete set. A, — A’

K(A) < lim K (A,).

implies

Proof: By Lemma 3.1, given f € L? and ¢ > 0, we can find T > 0
such that R
IFIAN S]] > TH|p <€

for any uniformly discrete set A. We can of course assume that K(A,,)
is finite for all n. The set A, is a set of sampling, so we know that
Ifllp < KAL) ([fIAn N [=T,T)||p + €). Since [-T,T] is compact, the
Fréchet distance [(A, N [T, T)U{-T,T},(A'n[-T,T))U{-T,T} — 0
and we have lim || f|A, N [T, 7|, < [|[fIA N [=T,T]||,- This gives the
inequality

1l < lim K (A (1A O =T, T, +

for all n. Letting e — 0 we get K(A’) <lim K(A,). &

The sampling inequality (1) gives a bound for the density of the sam-
pling set.

Lemma 3.5. If A is a uniformly discrete set of sampling for L2, then
Lu.d.(A) > 0.

Proof: Let A be uniformly discrete with 1.u.d.(A) = 0 and suppose
that ||fll, < A|lf|Allp, Vf € L2. Let T, be the translation operator,

T f(y) = f(y — ). Since [T f[lp = |Ifllp and [|Tuf|All, = [[fIA — ],
it follows that for all x € R we have

(2) ”pr = HTa:pr < A||Tzf|A||p = Al fIA — x||p7 VfelLkt.

The fact that 1. u.d.(A) = 0 implies that we can find an arbitrarily large
interval I(zg, R) for which I(zr, R) N A = (. Choose n such that the

function g(z) = {%ﬂ/"} is in L2. We can make the right-hand side
of the above inequality arbitrarily small for this function by choosing R

large, so (2) does not hold for g. We conclude that 1.u.d.(A) > 0. =

A set A is said to be a set of uniqueness if every function f € LP that
vanishes on A vanishes identically. The sampling inequality (1) implies
that a set of sampling is also a set of uniqueness. Beurling showed that
for the sampling problem in LS° even more is true (see [1, p. 345]):

Theorem 3.6. The set A is a set of sampling for L if and only if
every set Ag € W(A) is a set of uniqueness.

Beurling’s density result for L (Theorem 5 [1, p. 346]) is crucial in
our analysis.
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Theorem 3.7. The uniformly discrete set A is a set of sampling for
L if and only if d =1.u.d.(A) > 1.

If A = {);} is a set of interpolation for L2, standard arguments based
on the open mapping theorem for Fréchet spaces [7, p. 75] shows that the
interpolation is stable. This means that there exists a positive number K
such that for every sequence {w;} € {? we can find f € L? such that

3) 1fllp < KFIA]-

The smallest such K is denoted by Ky(A).
Lemma 3.8. Every set of interpolation for L is uniformly discrete.

Proof: Choose f(Ar) = 1 for some arbitrary k and let f();) = 0,
Vi # k. Then ||f|Al[, = 1. We know that we can find f such that
|l fllp < Ko. By Bernstein’s inequality [8, p. 84] for LS° and the fact that

[flloo < Clflp, we get

L= 1f(N) = fFOR)loo S 1 fllocm|Aj — M| < CKom[Aj —Ax|. B

Lemma 3.9. Let A be a uniformly discrete set. Then A,, — A implies
Ko(A) < lim Ko(Ay).

Proof: Let A = {A\;} and A,, = {)\;n)}. We may assume without loss
of generality that Ko(A,) < oo for all n, and thus there exists a solution

fi € LP to every interpolation problem f{,j()\én)) = wy, such that

1flly < Ko(An)[[w][p-

Choose a subsequence A,,, for which Ky(A,,;) — lim K¢(A,,). Then there
exists a subsequence of n;, say n;;, where fg” — fuw and fi,(A\g) = wy,
[ fuwllp < lim Ko (An)|[w]],. ®

Assume that A is a set of interpolation and a set of uniqueness. Every
function is then uniquely determined by its values on A. This implies
that (3) holds for every f € LP and thus A is a set of sampling. A set of
interpolation can only be a set of uniqueness if it is also a set of sampling.
The key lemma in the next section shows that this can not be the case,
i.e., there are no discrete sets which are both sets of sampling and sets
of interpolation for LP.
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4. The key lemma
The following lemma is our main auxiliary result.

Lemma 4.1. For 0 < p < 1 there is no discrete subset of R that is
both a set of sampling and a set of interpolation for LP.

Proof: We argue by contradiction. Suppose that such a set A exists.
Choose a Ag € A and consider the unique function gy € L2 satisfying

()_{1 ifZ=>\0,
=0 ifze AN\ o)

Let g(2) = (z—Xo0)go(2). It is clear that the function f(z) = g(z)/(z—
A) lies in L2 for arbitrary A € A. The fact that A is a set of sampling
implies that

1/p
[£2llp < K[[fA[A]lp, = K ( > fA(/\k)lp> = Klg'(\)|

A EA

because g(A;) = 0, for all Ay € A. The sampling constant K is inde-
pendent of the choice of A. Using the subharmonicity of |fy(2)|P we get
(with z = x + iy)

B =l¢ 0P <@ [[ la)rdeay
R(X\e,1)
where R(w,a,1) ={z:w—-a<z<w+a, -1<y <1}, wa€eR
and € is chosen so small that inf |A; — Ag| > 4e for A; # Ag. The fact
that a set of interpolation is uniformly discrete implies that we have a
finite number of points from A in any R(w,a,1). Collecting our results
we obtain independently of w

@ wi Y A [[ e dsay
£€ER(w,T,1)
AEANR(w,T,1) R(w,T,1)

< v //m )P da dy

AeANR(w,T,1) Y~

(5) < ). CldwP

AEANR(w,T,1)

(6) <c [[ lo@rdsa,

R(w,T,1)
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where we have used a classical result by Plancherel-Pélya [8, p. 94]

B %) [e%)
[ ) / fa(a + ig)lP dz dy < C1(B, p) / @) de.

Inequality (6) implies that the sum is bounded even when T tends to
infinity, i.e.,
7 inf A—z|TP L C
(7) KD

AEA
But in Lemma 3.5 we found that l.u.d.(A) > 0, so the sum does not
increase if we exchange the \’s by points on a grid where the separation

is large enough. Choose e.g. the grid {cn}ncz. Since ) 5 1/nP diverges
for p < 1 we have a contradiction. This concludes the proof. B

From the key lemma we see that the spaces L2, 0 < p < 1 are funda-
mentally different from L2, 1 < p < oo for which there exist sets which
are both sampling and interpolation sets. (See Lyubarskii and Seip [4].)

The following three results are direct consequences of the key lemma.

Lemma 4.2. We can remove a point from a set of sampling and still
have a set of sampling.

Proof: Removing a point from a set of sampling does not change the
fact that the sampling operator has closed range. The operator is injec-
tive so the open mapping theorem yields the lower frame bound. B

We shall need the following notion of distance from a point x on the
real axis to the set A. For z € R, let p(x;A) = supy |f(z)|, where f
ranges over all functions f(z) € LP vanishing on the set A and for which
Il fllp <1 (see [1, p. 352]).

Lemma 4.3. If A is a set of interpolation then p(z;A) >0, ¢ A.

Proof: If A is a set of interpolation, it is not a set of uniqueness as
remarked in the last paragraph of section 3.

Given xg ¢ A, pick f € LP, where f|p = 0 and f # 0. We can find an
integer n, n > 0 such that the function

f(x)

SN CErT

is analytic at z¢ and g(z) # 0. Hence p(zo; A) # 0. B
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Lemma 4.4. Adding a point to a set of interpolation yields another
set of interpolation.

Proof: Let wy be the value at xy and w, at A\, where |wg| < 1 and
|wy,| < 1. Using the result in the above lemma we can find a function
fo € L2, such that || fo|l, <1, fo is vanishing on the set A and fo(z¢) =
p(xo) # 0. If f solves the interpolation on A, the function

wo — f(x0)

ola) = fla) + 7

fo(z)
solves the interpolation on A U {zo}. W

5. Sampling

5.1. The necessity part of Theorem 2.1. We assume that A is a
set of sampling for L2. Let Ag € W(A). According to Lemma 3.4. every
set in W(A) is a set of sampling, so Ag is a set of sampling and thus a
set of uniqueness. We want to show that Ag is a set of uniqueness not
only for L2 but also for L3°. If we can show this, we can use Beurling’s
results for L° as cited in Theorem 3.6 and Theorem 3.7.

Suppose that Ag is not a set of uniqueness for L2°, i.e., that there exits
g € L such that g # 0 but g|p, = 0. Define the function

9(2)
= D W , np > ,
f(z) VI W e e where A1,... , A, € Ag, np > 1+¢€

This function is an entire function and f(A) = 0 for every A € Ag \

{AM,...,Ax}. Since g € L$°, we have sup,cg|g9(x)[’ < oo so
|f(z)]P ~ O(|z|717¢) which means that f € LP. According to
Lemma 4.2, Ag \ {\1,..., .} is a set of sampling and thus a set of

uniqueness. But f # 0, so our original assumption about the set A is
false. The set Ag is a set of uniqueness for L2°. We conclude that every
Ag € W(A) is a set of uniqueness for L°. By Beurling’s Theorem 3.6
this implies that A is a set of sampling for L2°, and applying Theorem 3.7
we find that 1. u.d.(A) > 1. This completes the proof.

5.2. The sufficiency part of Theorem 2.1.

We suppose now that a =1.u.d.(A) > 1. By Theorem 3.7, A is a set
of sampling for every space L3° ., e < a— 1. If, say, e = %(a —1), we get

[flleo < CllfIAlloc forall fe L7
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The set of sequences {f(A) : f € L35} is a closed subspace of ¢
(co C 1% consists of all bounded sequences converging to zero). The
mapping f(A) — f(x) with z fixed is a bounded linear functional on
this space. By the Riesz representation theorem, we have therefore

(8) fl@)=> er(z)f() where > [ex] < M| f]loo-

k

Given f € LE, we put g,(t) = f(t) [%} € Ly, ., and ap-

ply (8) to this function. Since g.(x) = f(x), we obtain by integrating
and using the inequality (3 |ag])? <> |ak|?

[ = [[Sawson [ om ) F

sin(e(\, —)/n)]" "
< /Z ck (@) f(Ar) [W] o
=Slap [lawp TR

< O f[Allp-

The last inequality follows from the fact that {ci(z)} € I'. We have
thus proved that 1. u.d.(A) > 1 implies K(A) < oco.

6. Interpolation

6.1. The necessity part of Theorem 2.2. The next lemma corre-
sponds to Lemma 5 in [1, p. 354]. Its proof is a bit simpler than for L2°,
since all functions in L2, 0 < p <1 tend to zero when |z| — 0.

Lemma 6.1. Given 6y, ko there exists a constant C = C(8o, ko) such
that if A is a set of interpolation with Ko(A) < ko and if dist(x, A) > b,
then

plx; A) > C.

Proof: If the lemma is false, there exists a sequence of sets A,, all
with Ko(A,) < ko, and points x,, with dist(z,,A,) > &y such that
p(xn, Ap) — 0. By translating A,, for all n we may assume that z, = 0
for all n and that A,, — A’. By Lemma 3.9

Ko(A') < lim Ko(Ay) < ko.
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We have that the point 0 ¢ A’. We arrive at a contradiction by proving
that p(0,A,) has a positive lower bound. Fix y, y ¢ A’, y # 0. By
Lemma 4.4 we have Ko(A' U {y}) < oo. The distance from zero to
AN U{y} is p(0,A" U{y}) =~ > 0. Hence we can find f € L2 such that
1fll, <1, f(X) =0, for all ' € A’. Since A,, — A/, f vanishes on A’
and moreover f(z) — 0 when |z| — oo, it follows that || f|A, ||, =€, — 0
when n — oco. Choose f, € L? such that f,(A\) = f()A) for all A € A,,.
This implies that || f,||, < ko€p,. Define the function

@) )
9@ = 71T koen

Then g, € L? with ||g,]|, <1 and g,, vanishes on A,,. Hence

Since the supremum norm is bounded by the LP-norm, we have
| frn(2)] < Ckoep, and thus

f0) v

lim p(0, Ay) > 2 =
tim (0, &) > 7 = 1AL,

This contradiction concludes our proof. H

Lemma 6.2. Given A and suppose that Ko(A) < kg < oo. Then
there exists a positive constant Cy(ko) such that

1
/ log p(x, A) dz > — Cy (ko).
0

Proof: The lemma and its proof are identical to Lemma 6 in [1, p. 354].
Since A is uniformly discrete, we can find zg € (0,1) such that
dist(xg,A) > 1/7kg. According to the previous lemma, there exists a
lower bound C'(ko) for p(xzg,A). This implies that we can choose f € L2,
f vanishing on A but with f(z) > C. Denote by D the domain bounded
by the circle |z| = 3 and the slit (0,1). By the maximum principle
f(z0) > C for some z on the circle |zp| = 2 and

log C <log|f(z0)] < %/ an (25 20) log|f(2)| ds
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where G is Green’s function of D and 9/0n is differentiation along the
interior normal. Since dG/dn < const and |f(z)| < e™¥!, we have that

1 1
log C' < const [/ log | f(x)| dx + 377} < const {/ log p(z, A) dx + 3w
0 0

and the result follows. H

Because of translation invariance we have
t+1
(9) / log p(z, A) dx > —Cq (ko).
t

Assume now that Ky(A) < oo. Inequality (9) and the fact that L2 C
L2 enable us to copy Beurling’s proof for L2°. Its basic idea is to
adjoin single points over large intervals, and summing estimates based on
Jensen’s formula over even larger intervals, to obtain sufficiently strong
estimates.

We need the following construction. For every interval (¢,t+41),t € Z,
choose a point z; such that dist(z¢, A) > 8y where &y is independent of
t. Fix x and choose t such that « € (¢t,t +1). Set Ay = AU {z:}. By
Lemma 4.4 and Lemma 6.1 Ky(A;) < ki, where k; is independent of ¢,
and thus

t+1
(10) / log p(z, Ay) dz > —Ch (k).
t

Choose f € LP with || f||, < 1, f vanishing on A; and | f(z)| = p(z, Ay).
Denote by D the disk |z — 2| < r. Let z1,..., 2, be the zeros of f(z) in
D. Jensen’s formula applied to D gives

s

1 .
— log | f(x + re®)| db
2m

(11) log p(x, A¢) = log | f ()|

~ r
— E log
o el
L[ i
— log |f(z + re)|do
2 J_,

A — Ty — X
+ Z 1og‘k |+log|t |
r r
AxEAND

—~
[a—y
[\

~

IA

1 [" ,
(13) < o log | f(x + re?)| do

—T

Ak — 1
+ E log‘ b x|+log—.
r r

Ax€EAND
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Using the fact that | f(x 4 re??)| < e™159 we get that the integral in
(13) is less than or equal to 2r. The sum in (13) can be written as an
integral with respect to the discrete measure dn(s) where n(ts) —n(t1) =
#(points of A in (¢1,%2))

o0

)\ _
> log—‘ - x|:_/ log™*
T

ALEAND >

r

‘ dn(s).

S —X

Collecting our results we get the following inequality

(14) /OO log*

— 00

r

1
dn(s) <2r —logr + log ——.

This inequality holds for all x € (¢,¢ + 1), thus we can integrate over
this interval and use (10)

S§—X

%x‘ dn(s)] dx < 2r —logr + Cy (k).

t+1 [ee)
/ [ / log™t
t —o0 5

Fix zg and R and sum the preceding inequality from ¢ = x¢o — r to
t=x0o+7r+R—1. We get

zo+r+R [e%)
(15) / {/ log™t
To—T —o0

Noting that
s+r
/ log™
S—r

we obtain by changing the order of integration in (15)

2r(n(zo + R) — nlxo)) = / o { / gt

o s—r

L‘ dn(s)] da

S—X

< (2r —logr + Ci(k1))(R + 2r).

dr = 2r

’
S§—X

ﬁ‘ da:] dn(s)

< (2r —logr + C1(k1))(R + 2r).
This gives

(n(zo + R) — n(xo)) _ (1 _ logr Cl(kl)) (1+ ﬁ)

R or 2 R
— 14+ C(r R, Cy (k).
Let R =2, and choose 7 such that C(r,r2,C; (k1)) < 0. This implies
that w < (1—=106) < 1. For this particular r and arbitrary
every interval (zg, o +7?) will contain less than (1 — §)r? points from A.

6 does not depend on . Every interval of length ms2 can be expressed
as a disjoint union of m intervals [xq,z + r?) with less than (1 — §)r?

points from A. It follows that ﬁ(mL::) < 1—6. Letting m — oo we get
the desired density bound u.u.d.(A) < 1.
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6.2. The sufficiency part of Theorem 2.2. We shall give a con-
structive proof, consisting of an explicit construction of a linear opera-
tor of interpolation, analogous to that of P. Beurling [2]. Assume that
u.u.d(A) = d < 1. We will show that Ky(A) < oo, and begin by choos-
ing a rational number d; between d and 1. By the definition of d, for
large L, the largest number of points from A in an interval of length L is
bounded by Ld;. Without loss of generality we can choose a large L such
that m = Ld; is an integer. Divide R into intervals {wy }*° of length L
and add points so that each interval wjy contains exactly m points. The
points we add are chosen in such a way that their distance from A is
uniformly bounded away from zero. The resulting set is still called A.

The following lemma is verbatim Lemma 7 from Beurling [1, p. 357].

Lemma 6.3. Let A be as above and assume 0 € A. The limit

. z
f) = Jpm ¢ ]I (1‘7,)
0<|>\k‘<R
AL EA

exists for all z € C and f is an entire function, vanishing on A\ {0},
f(0)=1 and

[f(z +1iy)| < C(lz] + 1)°me™ =W dy < 1.

We use the lemma to carry out the interpolation on A.
Fix € between 0 and 1 — do and choose

h(z) = <smez/n> , where n>
ez/n

=[N

This function satisfies the inequality

C

ey
(2] + 1)5m+ne

h(2)] <

For every A € A we apply Lemma 6.3 to construct a function f) using
A as the origin such that fy(u) =0 for p € A\ {A}, fu(A\) =1 and

1£r(2)] € C(1L+ ]z — A|)>memdalvl,

Define the function gx(z) = fa(z)h(z — A). This function has the
following properties: gx(p) =0 for p € A\ {A}, gx(\) =1 and

C

Y mdatolyl
(== A +D"

9 (2)] <
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Since wdy 4+ € < w, we see that gy € L2, A € A. Their LP-norms are all
bounded by the same constant C’. Furthermore ), , [gx(2)[? < oo, for
all z € C. If {w(\)} € IP is any sequence defined for A € A, then

9(2) = Y wNga(2)

AEA

solves the interpolation problem. We see that

[l aa= [

S w(Na (@)

AEA

do < S0 [P [ lov@)l? do

AEA

<O fwWP < oo,

AEA

so g(z) is a function in LP. This implies that Kq(A,a) < co. Our proof
is finished.
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