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EMBEDDING THEOREMS INTO LIPSCHITZ
AND BMO SPACES AND APPLICATIONS
TO QUASILINEAR SUBELLIPTIC
DIFFERENTIAL EQUATIONS

GUOzHEN Lu!

Abstract

This paper proves Harnack’s inequality for solutions to a class
of quasilinear subelliptic differential equations. The proof relies
on various embedding theorems into nonisotropic Lipschitz and
BMO spaces associated with the vector fields X1,... , X, satis-
fying Hormander’s condition. The nonlinear subelliptic equations
under study include the important p-sub-Laplacian equation, e.g.,

m
Z X5 (1XulP~2X;u) = A[XulP + B|Xu[P~! 4+ CluP~! + D,
j=1

1<p<oo

1
where |Xu| = Z;nzl (|Xju|2) 2 and A is a constant; B, C' and
D can be in appropriate function spaces. We note that A can be
nonzero.

1. Introduction

One of the main purposes of this paper is to show various embedding
theorems into nonisotropic Lipschitz and BMO spaces associated with
the vector fields satisfying Hérmander’s condition. The other, more im-
portantly, is to apply some of our new theorems proved here to study the
local regularity of certain classes of nonlinear subelliptic PDE formed by
vector fields. These nonlinear subelliptic equations studied here include
the important p-sub-Laplacian as a special case.

1Results of this paper were presented at the 890th AMS special session at Lexington,
Kentucky in March, 1994. The author is supported in part by the National Science
Foundation grant #DMS-9315963.
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Let 2 be a bounded, open and pathconnected domain in R™, and let

X1,...,Xm be a collection of C real vector fields defined in a neigh-
bourhood of the closure Q of 2. For a multi-index o = (41, ... , i), de-
note by X, the commutator [X;,,[Xi,, ..., [Xi_,, Xil]s ... ;] of length

k = |a|. Throughout this paper we assume that the vector fields satisfy
Hormander’s condition: there exists some positive integer s such that
{Xa}|a|<s span the tangent space of R? at each point of Q. We can
define a metric as follows: An admissible path « is a Lipschitz curve
v : [a,b] — Q such that there exist functions ¢;(t), a < ¢ < b, satis-
fying 1", ¢;(£)* < 1 and /(t) = Y 1%, ¢;(¢) X;(y(t)) for almost every
t € [a,b]. Then a natural metric on Q associated to Xi,...,X,, is
defined by

0(¢,m) = min{b > 0 : 3 an admissible path 7 : [0,b] — Q
such that v(0) = ¢, and ~(b) = n}.

The metric ball is defined by B(&,r) = {n : o(§,n) < r}. This metric
is equivalent to the various other metrics defined in the work of Nagel-
Stein-Wainger [NSW]. Note that the Lebesgue measure is doubling with
respect to the metric balls as shown in [NSW]. Thus (€, g) is a homo-
geneous space.

By the Rothschild-Stein lifting theorem (see [RoS]), the vector fields
{X;}, on Q C R? can be lifted to vector fields {X;}/, in @ = Q x
T C R* x RN=? where T is the unit ball in RV~? by adding extra
variables so that the resulting vector fields are free, i.e., the only linear
relation between the commutators of order less than or equal to s at
each point of € are the antisymmetric and Jacobi’s identity. Let G(m, s)
be the free Lie algebra of steps with m generators, that is the quotient
of the free Lie algebra with m generators by the ideal generated by the
commutators of order at least s + 1. Then {X} <, are free if and
only if d = dimG(m, s). We also define Q = Y77_, jm; where m; is the
number of linearly independent commutators of length j. This integer
Q is called the homogeneous dimension associated with the vector fields.

We now define the Sobolev space W1P(Q) to be the completion of
C> () under the norm

1/p 1/p
|f||W1,p(m=(/Q fl”) +(/ IXf|p> ,

1
where | X f| expresses (327, |X;f|?)?. We also define Wy"”(Q) as the
completion of C§°(€2) under the above norm || - ||yy1.r ().

Let us review briefly the known results on embedding theorems, espe-
cially Poincaré type inequality for vector fields satisfying Hérmander’s
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condition. We refer the interested reader to, e.g., [CDG1], [FGW] and
[L1], for the embedding theorems of Sobolev type (i.e., the functions
under consideration are assumed to be with compact support). For em-
bedding theorems on groups, we refer the reader to [FS], [Kral, [Va] and
[VS-CC]. For nonsmooth vector fields, extensive study has been given
in [Fr], [FrL], [FrS] and [FGuW].

Theorem. Let E CC Q, 1 < p < oo, then there exist some q =
q(p) > p and constants 7o > 0, C > 0, ¢ > 1, such that for any metric

balls B = B(x,r) with cB = B(z,cr) CQ, v € E, and any f € Lip,(B),
the following inequality holds

1 . 1/q 1 m
— _ Or | — L fIP
(g1 Lr=stt) < T(BMLZJXf)

provided 0 < r < 1o, where C, ¢, ro depend only on E, Q, fg may be
taken to be ﬁfB f.

1/p

Such an inequality was first proved by D. Jerison [Jer]| for all 1 < p <
oo and g = p. The same inequality in the setting of subelliptic operators
was proved by Jerison and Sanchez-Calle in [JeS]. After the work of
[Jer| and [JeS], the author of the present paper improved the result in
[J] for p > 1 and extend it to weighted case ([L1]-[L2]). Especially,
when 1 < p < @, it is shown in [L1] and [L2] that ¢ can be taken as
1<g< 2.

We remark here that by the Rellich-Kondrachov compact embedding
theorem for vector fields satisfying Hormander’s condition (see, e.g.,
[L4]) and together with a well-known compactness argument (see, e.g.,
[L5]), one can recapture the proof of the Poincaré inequality with 2B on
the right side for all 1 < ¢ < Qp—?p except the endpoint ¢ = %. How-
ever, such a Poincaré inequality usually involves a constant C' possibly
depending on the ball B in general.

When p = @, the following inequality was shown in [L3] that for all
balls B with ¢B C

Q
1 |f — fBl )m
— xp [ A - de < C
wu@ep< <|Z_AXJmmw> ) "

where A > 0, C > 0 and ¢ > 1 are absolute constants provided that

f € Lip,(B) is not constant.

All the Poincaré type inequalities proved so far are with the restric-

tion % — % < % However, if we consider embedding theorems on the
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Campanato-Morrey spaces, we will get inequalities with larger differ-
ences % = %. To state the theorems proved in [L3], we briefly define the
Campanato-Morrey spaces as follows:

Let now fp = ﬁ fB f(y) dy be the average over the ball B of the
function f. We define the following two types of Campanato-Morrey
norms:

Fix any R > 0. Let £7*() be the spaces of all functions f € LV (1)
such that

Illersioy =sup (BB [ 17 = ) <oc

where the sup is taken over all the balls B=B(z,r) with ¢B = B(x,cr) C
Q with x € E CC Q for some subset K and p(B) = r (the radius of the
ball B) < R. Tt is easy to see that two elements of £P* can be identified
if they only differ by a constant.

We also define the space MP* of functions f € LY. () such that

loc

1
lhemscor =sup (P15 [ 177)" <

where the sup is taken in the same sense as above.
Then one of the main theorems proved in [L3] is the following:

Theorem. Given any f € VVﬁ)Cp(Q) the following is true:

£l 2oy < CHD X f a0

=1

where 0 < A < Q, 1 <p < A and p* = ;—f;, provided that the num-
ber R > 0 is small enough in the definition of the spaces LP() and
MPAQ).

We note in the above that 1 — # = % can be taken much larger than
the known gap in the Poincaré inequality, which is known to be true so
far for %

Recently, Franchi, Wheeden and the author showed in [FLW] that a
% (when p = ¢ =1, the
result was due to Jerison [Jer]). We mention that this endpoint result
for p = 1 contains certain important geometric information. Indeed,

applying this Poincaré inequality, we also derived a relative isoperimetric

Poincaré inequality holds when p =1 and ¢ =
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inequality ([FLW]). A new representation formula was derived in [FLW|
which improves the one obtained in [L1]. Results in [FLW] also sharpen
the exponents given in those inequalities in [L1]-[L2].

One of the main goals of this paper is to show some new embedding
theorems for Hormander’s vector fields which will complement the theo-
rems mentioned above. The current theorems shown here together with
the previously known ones will give a fairly complete picture of embed-
ding theorems for vector fields of Hormander’s type. More importantly,
we will employ these new theorems to prove a Harnack inequality for
a certain class of quasilinear subelliptic differential equations formed by
vector fields satisfying Hormander’s condition.

We first state the embedding theorems. From now on, we use fre-

1
quently | X f| to express (31", [ X, f|*)?.

Theorem 1.1. Suppose p > Q. Then there exists some constant c > 1
such that for any f € WHP(Q), for any ball Br with cBr C Q we have

sup [ f() — f(y)| < C|Br|® % || X || Lo(esn)-

z,yEBR

Furthermore f € CO’W(Q) (the local nonisotropic Lipschitz space),

loc

where v =1 — %, in the sense that for any compact subset K C ()

wp @) =)

< C|| X fllria
syeKaty PTY)7 X FllLe )

provided that one of the metric balls B(x, o(x,y)) and By, o(y,x)) is
contained in €.

The embedding W' (Q) — CY5(Q) is compact provided 5 < ~.

loc

Remark. If we assume f € Wg’p(Q), p > @, then we can show
feC®(Q),ie.,

V=10

< OlIX fllLe(a)-
z,y€Q,x#y, p(x7y Y ()

Theorem 1.2. Given any 1 < p < oo and ¢ > 1. Suppose K and
0 < a <1 are two positive constants. Let f € WHP(Q) satisfy

/ | X fIP(z)de < Kp|BR|R(_1+0¢)P7
Br
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for all balls Bg C Q, then f € CE)CO‘(Q) and for any ball Br with cBr C Q)
we have
sup |f(z) — f(y)| < CKR"
z,yEBR
where C = C(Q,a). Moreover, for any compact subset K C §) there
exists g > 0 , we have

sup |f(z) — f(y)] < CK.
ryeK atyo@y)<re P&, Y)*

Theorem 1.3. Given any 1 < p < oo and ¢ > 1. Suppose f €
WP(Q) and also that there exists a positive constant K such that

/ X f[P(z) dz < K?|Bg| R,
Br

for all balls Br C Q. Then there exist positive constants o and C such
that for all balls B with cBr C Q)

| ew (F1r = 1ol @) de < C|Bal.

We remark here that Theorems (1.2) and (1.3) do not involve the ho-
mogeneous dimension @), both the theorems and proofs work in more gen-
eral settings, say, for Grushin or nonsmooth vector fields (see [FGuW]).

By employing the above theorems when 1 < p < oo, we shall estab-
lish certain Harnack inequalities for weak solutions, subsolutions, and
supersolutions of quasilinear second order subelliptic partial differential

equations of the form
(1.4)

ZX;Aj(x,u,Xlu, Xou, ..., Xmu) + B(z,u, Xqu, Xou, ... , Xpu) =0
j=1

where X7 is the adjoint of X, which is not necessarily a vector field

in general; u(z) is assumed to be in VVl(lmp(Q) As a special case of our
theorems, we will be able to obtain the local regularity for the well-known

sub-Laplacian.

The Harnack inequality will be established under certain structural
assumptions on the equation (1.4) (see Theorems (3.9), (3.13), (3.15)
and Corollary (3.11) in Section 3).

We now let © = (z1,...,2,), n = (M1,... ,Mm) denote vectors in
R"™ and R™ respectively and Xu = (Xju,...,Xu). Let A(x,u,n) =
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(A1 (z,u,m), ..., An(z,u,n)) and B(z,u,n) be, respectively, vector and
scalar measurable functions defined on Q2 x R x R™, where € is a domain
in R™.

The structure of the equation (1.4) throughout this paper will be as-
sumed to satisfy the following:

| A, u,m)| < aolnP™t + (a1 (@) [u))"" + (as ()",

(1.5) - A(z,u,n) = P = (az(2)|ul)” — (as(2))",
| B(a,u,m)| < bolnf? +bu ()P~ + (ba())” [ul" ! + (bs(x))”

where 1 < p < 00, ag, by are constants, a;(x), b;(z) are nonnegative
measurable functions satisfying certain integrability properties which will
be described in Section 3.

Such type of equations when X; = a%i (i =1,2,...,n) in R™ have
been studied in the literature (see [Ser], [GiT], [Tru], [Zie]). We point
out here that the equation (1.4) has been studied in [CDG1] when p is
restricted to 1 < p < @ under the assumption of by = 0. Our theorems
proved in this paper include all 1 < p < oo and also by # 0. Moreover,
the results in [CDG1] require higher integrability conditions on the co-
efficients a;(z)(i = 1,2,3,4), bj(z)(j = 1,2,3) than the ones given here
(see Section 3 for details). For example, by our theorems in Section 3 the
solutions of, e.g., the following very simple equation for all 1 < p < oo
satisfies a uniform Harnack inequality:

ST X; (1XulP~2Xu) = A Xul” + B|Xul["~ + ClufP~" + D,

j=1

where again | Xu| = Z;":l (|Xju|2)%, A is a constant; B, C' and D are in
appropriate function spaces which will be specified below. We should also
mention that when 1 < p < @ we shall assume the solutions are a priori
bounded (when by = 0 such an assumption can be dropped, see Section 3)
while when p > @ the local boundedness and Holder continuity of the
solutions follows by the embedding Theorem (1.1) proved in this paper
without obtaining Harnack inequality first. However, one still needs to
prove the Harnack inequality for p > @ because Holder continuity of the
solutions does not lead to this.

We also remark that the proofs of the Harnack inequalities for the
solutions of the equation (1.4) rely on Sobolev embedding theorems (see
for example [L1], [FGW]) and embedding theorems into Lipschitz and
BMO spaces proved here. We will also need to adapt the well-known
Moser’s iteration argument [Mos| to our nonlinear subelliptic case. For
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elliptic Euclidean case, we refer the interested reader to [LaU], [Mos],
[Nas], [Ser], [GiT], [Tru], [Zie] and references therein. Our Harnack
inequalities extend to the subelliptic context results due to J. Serrin,
N. Trudinger, Ladyzhenskaya and Ural’tseva (see [Ser|, [Tru], [LaU]).
We also mention that subelliptic variational problems have been studied
by Xu in [X1].

The organization of the paper is as follows: Section 2 contains the
proofs of the embedding theorems which will be needed in proving the
Harnack inequality. Section 3 devotes the proof of the Harnack inequal-
ity, Holder continuity, and estimates of the solutions at the boundary.

We will use the letters C, ¢, etc., to denote the absolute constants and
may differ from line to line.

2. Proofs of Theorems (1.1), (1.2) and (1.3)

We recall again that by the Rothschild-Stein lifting theorem (see
[RoS]) the vector fields {X;}, on © C R? can be lifted to vector
fields {X Jm in Q=QxT c R*x RN=4 where T is the unit ball in
RN—4

There is also a metric ¢ : Q@ x Q — Rt associated with the lifted
vector fields X7i,...,X,,. We note that the Lebesgue measure of the
ball |B(§, r)| ~ rQ, Where @ is the homogeneous dimension of G, and
B(¢&,r) is the metric ball in (€, §). Thus (€, §) is a homogeneous space
in the sense of Coifman and Weiss. We should mention the proofs given
in this section are not the simpliest ones.

The following lemma is necessary in order to show Theorem (1.1).

Lemma 2.1. Given any metric ball B c Q and any Lipschitz contin-
uous function f € Lip,(€2). Then there exist constants ¢ > 1 and C > 1
such that for any & € B and any constant Cy the following is true:

~ . M (S 1Xif L+ 1f = Col ) x5 ) (n)
|f(f) _fB‘ < C/_ (( - ~(§ n)Q—l ) B) dn
where fB |B‘ fB n)dn, and 9(&,n) is the metric distance associated

to the lifted vector fields {X;}™,; M(g) is the Hardy-Littlewood mazimal
function for g.

This lemma was essentially proved in [L1] (Lemma (3.2) in [L1]). In
[L1] it was shown that there is a constant C'5 such that

oo, MEL
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But we can show such a constant C'z can be replaced by fB' Moreover,
if we replace the function f by f—Cy, we will get Lemma (2.1). Actually

in the proof below we will take Cy = f_5.

Remark. In the above representation formula, it contains the Hardy-
Littlewood maximal function and also the zero order term |f —Cp|. Such
a formula is good enough for most LP estimates for p > 1 as demonstrated

n [L1]-[L3]. The proof of Theorem (1.1) given below by using this
formula is interesting itself when we get rid of the Maximal function by
using the boundedness of the maximal function in L? norm and control
the terms containing the zero-order term | f — Cp| by using the known
Poincaré inequality from L? to LP. (See the similar argument in [L3].) Of
course, the proof can be much simplified by using the new representation
formula obtained in [FLW]. We thought the proof of Theorem (1.1) given
below may have its own interest.

Before we start to prove the Theorems (1.1), (1.2) and (1.3), we briefly
explain how the proofs go. We will first prove the theorems for free vector
fields {X’Z} and the functions f defined on . Secondly, for any function
f defined on € which satisfies the assumptions in the theorems associated
with the vector fields {X;}, we define the new function f(&) = f(z,t) =
f(z) forz € Q and € € Q and we prove for so defined f it satisfies the
conditions associated with the lifted vector fields {X;}. Thirdly, we then
show the conclusions of the theorems for so defined f will lead to the
conclusions for the original function f.

We also mention that on the nilpotent Lie group some similar results
to our Theorem (1.1) were derived in [Fol], [SC], [Cou] and [Kra].

_ Proof of Theorem (1.1): We first show that the theorem holds for
f € Lip;(22). The general case follows by an argument of approximation.
leen any ball B C Q, and anyf e WhP(Q) N Lip,(Q), p > Q. Let f5 =
IB\ J f(n)dn. Taking Cy = ch in Lemma (2.1), then by Lemma (2.1),

for any ¢ € B,

o -zc | M (S IX%fl+ 17 = Fusl) xes) (1) "

78 - 5 e

N </B <M ((2 Xifl+17 - fCB|> XCB>< >>pdn) )
(/ o(&,m) (Q 1)p dﬂ)l/p,
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m P 1/p
<C (/B ((Z 1 Xifl+1f - fcg|> (n)) dn) -p(B)'

b m 1/p
< C(p(B) +1) ( / D XJ|P) (B
B =1

In the above we have used the Holder’s inequality in the second inequal-
ity, the LP boundedness of the Hardy-Littlewood maximal function in the
third inequality and also the Poincaré inequality in the fourth inequality.
So

=10

sup 1F(6) = Fal < Cop(B) % (0(B) + DIIX fll 1oey-
S

Then for &, n € B,
1F(&) = FI < IF(€) = fal+ 1 F(m) —
< Cp(B

l

B
)

1—

Els)

(p(B) + DIIX Fll o (e)-
Now let £, 7 € Q, and set y =1 — % and B = B(€, 5(€,7)). Then

7€) = Fm)l < Ca(&,m) (@& m) + DIXFll Lo (o)
< COQaEMNX SN Lo (e)-
Now given any function f € W1P(Q) and p > Q, and any metric
ball B = B(xg,T) C Q, and any z, y € B, we can define the ball
B = B((%0,0),7) C Q. Then { = (2,0) and n = (y,0) € cB. If we set
f(&) = f(z) for all £ = (2,t) € Q, z € Q, then by the above formula
(@) = FW) = (&) = )| < CEDa&n) | X Il 1 en)
< C(Q)p(B)||X fllLr ()
by noticing X; (&) = X f(2) and || X f|[ 1o (.5) < COIX fI]Lr(cB)-

We now consider any z, y € . If we assume that either B =
B(z, p(z,y)) or B = By, p(z,y)) is contained in ), we then get

[f (@) = f()| < Colz,y) | X fllr(eB) < Col@,y) X fllLr ()

Therefore, the assertions in Theorem (1.1) follow.
The compact embedding follows easily from the Ascoli-Arzela Theo-
rem. We omit the details here. B

We now turn to the proof of Theorem (1.2). We first state the following
lemma:
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Lemma 2.2. Given any metric ball B = B(fg, r) C Q and any Lips-
chitz continuous function f € LipL(Q). Then there exist constants ¢ > 1
and C' > 1 such that for any & € B the following is true:

|<>fa<c/'2ﬁ%%¥lm

where fB = ‘B| fB n)dn, and 9(&,n) is the metric distance associated
to the vector fields {X;}™,.

For general free vector fields of Hormander type, this lemma is a recent
result showed in [FLW] (even for the original vector fields, the above for-
mula was also proved in [FLW], but we do not need that version here).
We also remark here that such a representation formula for functions
compactly supported in the ball is immediate by the fundamental solu-
tion estimate for the sum of squares (see [FeS]|, [FeP], [NSW], [San]).

Since we do not have the adapted “Polar Coordinates” in the setting
of Hormander vector fields, we will prove the theorem by cutting the
kernel on metric “annulus”.

Proof of Theorem (1.2): We only prove the theorem for the case p = 1.
The general case for p > 1 follows by the Holder inequality by observing

that .
1 1 P
— X - X f|P
wu@'”g(wué'”)

Given any metric ball B = B(&,R) c Q. Note for any £ € B, B C
B(¢&, cR) for some absolute constant ¢ > 1. Then by Lemma (2.2) for
any ¢ € B,

oy F >y [Xif|(n)

feo-fs<c | izt XN g,
B cBecr) 06,191

m

Ko l(ma(e, n) -2 d
/B(E - ;I flm)a(&,n) 7

Note

o0

s
h—o B(&;c2™ k+1 R\ B(€,c2— kR)

<CY (27*R)~ Q/
Z B(¢,c2=*+1R) §

SCZ le Q . K(2 kR)Q*1+o¢

< C’KR“.



312 G. Lu

Therefore, for any &, n € B,
7€) — F(m)| < CKR®,

where R = p(B).
Reasoning as in the proof of Theorem (1.1), we can actually show

7€) = Fm)| < CKa(E,m)°.

For any given ball B C Q and function f € wtep ~(Q), as in the proof of
Theorem (1.1), we define the new function f(§) = f(x) for { = (z,t) € ,
where z € Q, and the ball B. It is easy to check that the condition for
the function f

/ | X f|P(x)dx < Kp|BR|R(_1+O‘)P7
Br

for all balls Br C €2 for the original vector fields will lead to the same
condition for the function f defined by f

[ X FP(€)de < K?|Br|RC1HP,
Br

for all balls Br C Q. Thus arguing as in the proof of Theorem (1.1), we
get the desired result. B

Proof of Theorem (1.3): There are several ways to derive this lemma.
One simplest way is to use the LP to LP Poincaré inequlity, and then
use the known John-Nirenberg Theorem. But we will give the proof here
without using the known Poincaré inequlity at all.

_ Again, we will cut the kernel on the metric annuli. Recall for £ € B=
B(&y, R) C Q the following holds:

iy 1 Xifl(n)
fo-Fsl<c [ ZoLmia,
Note for any given ¢ > 1 we have,

2211 |Xzf‘(7l) dn

B 0(&m@t

N / ST IRl ae, )@ VT - (e, Q0D @ E Y ay
B =1

m 1/q
< (/ ZIX Fl(mae,m =i~ ”an)

cB

: (/B a(e,n)@@ta " I)@fl(n)dn>
¢ i=1

q—1

q
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The last inequality above follows by the Holder inequality.
We also note

| STIxfiyate )= D9 dyde
B B
b =1

~ 1 > 7
<cC suI{/~ 8(&,m) @ VLdg - (|X fll 1 o)
necB JcB

< CKqRY1R®.
On the other hand, by noticing B C B(€,cR) for any € € B, we get

/ ZIXfI a(&, )@@t a D dy

Flin) 5 14
§/~ > IXiflma n)@=ate Y dy
b(e CR)Z 1

oo

<c / ZXf (m)a(e, m) Q@ HED ay
o B(6,c2- 1R\ B(¢,c2-*R) =

<C’Z 27"R) Q<Qq+a—1>/ Z|X fl(n

B(£,c2-F+1R) 1

< CZ 2 FR) @itV . K2 FR)Q!

< cZ(z—k)% - KR7
k=0
1 1
<C - - KR
1—2"4
< CgKRi.
Therefore,

[ 17(6) - Fglode < (o' RO,
B
This inequality holds for all ¢ > 1, thus we have shown that

/ e ©~F5lge < OKRQ
B

provided p (independent of B and f) is not too large. The above in-
equality says

1 ~ ~
(2.3) ﬁ /[; et O-F5l ge < CK.
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For any given fugction f and ball B = B(zg,r) C Q, we define B =
B((z9,0),7) C Q, f(x,t) = f(z). By using the following fact proved in
[NSW]

Bl

ngatdtgc—
J xatwnin < iy

we will get from (2.3)

ﬁ/ et f@=Ielgy < K. m
B

3. The Harnack inequalities

We will establish in this section certain Harnack inequalities for weak
solutions, subsolutions, and supersolutions of quasilinear second order
subelliptic partial differential equations of the form (1.4) under the struc-
tural conditions (3.1) below on the equation (1.4).

We recall that * = (z1,... ,2n), 7 = (N1,... ,Mm) denote vectors in
R"™ and R™ respectively and Xu = (Xyu,...,Xnu) and A(z,u,n) =
(A1 (z,u,m), ..., Am(z,u,n)) and B(z,u,n) denote, respectively, vector
and scalar measurable functions defined on 2 x R x R™, where 2 is a
domain in R"™.

The structure of the equation (1.4) throughout this paper will be as-
sumed to satisfy the following:

A, u,m)| < aolnP ™ + (ar(@)[ul)’ ™ + (as(@))"

B1) - Alz,u,n) = " — (ax(@)[ul)” — (as(2))",
| B, u,m)| < bolnf” + by (2) 0"~ + (ba(2))” [ul”~" + (b3 ()"

where p > 1, ag, by are constants, a;(z), b;(x) are nonnegative mea-
surable functions satisfying certain integrability properties which will be
described below.

We now define the notion of solutions, subsolutions and supersolutions
of the equations (1.4). A function u(z) is said to be a weak solution
(subsolution, or supersolution) of (1.4) in Q if u(z) € W2 (Q) and

loc

(3.2) /Q{ng~A(:E,u,Xu) — ¢B(z,u, Xu)} de =0 (<0, or >0)

for all bounded ¢(x) € W, P ().
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We note here that if (3.2) holds for all ¢(x) > 0, ¢(z) € CH(Q) and
a;(x), bi(x) € LI%C(Q), u(z) € LYY, then a standard argument of approx-

imation will show that it still holds for all ¢(x) given in the definition.

We now let €(p) be a smooth function defined for p > 0 and such that
e(p) — 0 as p — 0. We also define the space L@<P) by

L2e0) = fu(z) € L2AQ) : ||ul

Qelp) < OO} )

where

3.3 o= sup e(p) Hull,. - .
(3.3) lllon = swp el vy, oy
We assume the functions a;(z), b;(x) in the structure condition (3.1)
in such space with certain €(p). More precisely, we will assume when
p < @ that
ai(x), bj(x) € L2 (Q) for some a >0, i=2,4;5j=1,2,3
and
ai(z) € L2(Q), i=1,3,
and we in this case set B = Bs,(x¢) and
(3.4)
A= /fl||a1||Q;BmQ + p°]ag + by + ballg poim 02
ot
m(p) = llasllg.p Yo + P lasllg s o + (P10l g e )
When p = Q, we also assume a;(z), az(x) € L9*"(Q) and set for B =
Bs(20)

A= pa_lual + ag + bl =+ b2||Q’pa;BﬂQ’
(35) . . st
m(p) = p Ha3+a4HQ’pa;BﬂQ+ (P Hb3HQ,pa;BnQ> :
If p > @ we assume that all a;, b; are in LP(Q2) and set
(3.6)
A= pr/pHal + az + bl + bQHQ,p(’;BﬂQ’
P

p—1

m(p) = p'~/"ljas +asllg oy + (027 Nesl ] o5 0)

Remark. If we only assume €(p) > 0 satisfies a certain Dini condition,
ie., fol 5(5) dp < oo, then the proofs of all the theorems below still hold
with minimal modifications.

Besides the embedding theorems proved in Section 1, we also need the
following lemma to prove the Harnack inequality.
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Lemma 3.7. Suppose that u(z) € Wy P(Q), f(z) € L (Q) if p <
Q; f(x) e LL, () if p=Q; f(x) € LP(Q) if p > Q. Then for any € > 0

3.8 lfullp.o < €| Xu|

p.Q T C(p, Q,a, HfH)E_B”u”:D,Q’

where 3 = ((p,Q) >0 if p>Q and § = B(p,Q,) > 0 if p < Q.

Remark. When p < @, if we only assume f € LIOC(Q) but assume
the L% norm is small then this lemma still holds as one can see from the
proof given below.

Proof: We first assume p < Q). Given each fixed small enough r > 0.
Then we can find a partition of unity of the domain 2. More pre-
cisely, there exists a finite sequence of metric balls B; = B(x;,r), i =
1,2,...,M and functions n;(z), i = 1,2,... , M such that supp{n;} C
B, | Xni| <Cr~t, QC Ui\il B; and Zf\il nf(z) =1 for all x € Q. Thus
if we set u;(x) = w(x)n;(z) fori=1,... ;M

/f Pule)? de =Y /fp Yo (e () dor = 3 /fp
o)™ )
([ s ([ i)

| A

<
< crwi ( /B Z7f(x)|Xu|p(a;) do+ /B lyp(x)|X77i(x)|pdx)

< crap/ \Xu\erCr“p”’/ Jul?.
Q Q

We note that we have used the following Sobolev inequality since u;(x)
has support in B; (see, for example, Theorem C in [L1])

pQ QQ;p %
Bi Bi

If we replace the constant Cr®? by ¢ > 0 we will get our proof. We
note the precise constant C(r,p, @, @) can be calculated.
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Now let p > @, we use the same partition of unity as above. Then

|yt i - ﬁ / P () de = ﬁ /| P

We note again supp{u;} C B; and p > @, then we have by Theo-
rem (1.1) in Section 1, u;(x) € L°°(B;) and its norm is bounded by
Cr'=Q/P||Xu||p 5, < Cr'=%/P||Xu|p.q. Therefore,

M
| s@ruerar <3 [ g2z,
Q i=1 7 Bi 7
<O Ifllp.o - [1Xully o + Clfllpor™?lully.-

Then by setting e = CrP~@ . I[f1I) o we will get the proof.

When p = Q, u; is exponentially integrable as shown in [L3] and
especially in L{ . for all ¢ > Q. We now assume f € L} () for some
t > @, then arguing as above

JECRC de-Z/fQ o) () do= Z/fQ

é:(/ T dx)Q/t' </B ul (@) dx)¥

i </ fi(x dm) t PRUE-Q)/t (/BiXudQ(z) da:)

_ ( [, A1) i
+ [ we@on >|de)

< Crat-Q)/t 79 / Xu[® + Clr,p, Q.1) /Q @,

| A

| A

CTQt Q)/t

Taking C'r )

.o = € we will get the desired result. W

All the results proved in this paper will be of local nature. We will
simply denote a ball of radius p as B, and drop the center in the notation
because the centers are not important here.
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Theorem 3.9. Suppose that u(x) is a nonnegative weak solution of
(1.4) in a metric ball Bz, C Q with 0 < w < M in Bs,. Then

(3.10) maxu(z) < C <min u(z) + m(p)) ,

3 P

where C = C(p, Q, ag, boM, \p).

For the standard Harnack inequality stated below to hold, we need to
assume that as(z), as(z), b3(x) = 0.

Corollary 3.11. Suppose that u(zx) is a nonnegative weak solution of
(1.4) in a metric ball B3, C Q with 0 < u < M in Bs,. Assume that
az(x), ag(x), bs(x) = 0. Then

(3.12) max u(z) < C'minu(x)

B, B,
where C = C(p, Q, ap,boM, \p).

The special case of our theorem, i.e., by = 0 has been found in [CDG1]
when 1 < p < @, but with stronger assumptions on the coefficients a;(x)
and b;(x). In this case by = 0, we do not need to assume the boundedness
of u(x) provided that the functions in the structure conditions (3.1) do
not depend on M (since bpM = 0). We treat all the cases 1 < p < oo
here in a unified way. One of the main features is the availability of the
new embedding theorem proved in this paper.

For the weak supsolutions of (1.4) we have the following weak Harnack
inequality.

Theorem 3.13. Suppose that u(z) is a weak supsolution of (1.4) in
a metric ball B3, C Q with 0 <u < M in Bs,. Then

(3.14) o @), < € (nginate) +mio))

for any v < %__;) ifp < Q, v < o0 ifp>Q and where C =
C(p7Q7a07b0M7)‘p)'

For the weak subsolutions of (1.4) we have the following estimate:
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Theorem 3.15. Suppose that u(zx) is a weak subsolution of (1.4) in
a metric ball By, C Q with 0 <wu < M in Bs,. Then

(3.16) maxu(x) < C (7" lu()]

v,B2, + m(ﬂ))
for any v > p—1, where C = C(p,Q, ag,boM, \p).

We remark here that Theorem (3.15) also holds for p = 1 as one can
see from the proof below. It is clear that Theorem (3.9) is a consequence
of Theorems (3.13) and (3.15).

The proofs of the above theorems adapt the well-known iteration ar-
gument of Moser [Mos]. More closely related arguments can be found
in [Ser], [GiT], [Tru] and citeZie. We now define the functional

317) (s, h) = {L |u|sdx}s, 540, h>0.
|Brl /B,

Thus

¢(o0, p) = r%apxu(w),

(318) $(=00,p) = minu(z).

P

Consequently, the inequalities (3.10), (3.14) and (3.16) may be written
as

P(00, p) < C (¢p(—00,p) +m(p)),
(3.19) o(7,2p) < C(d(—00,p) +m(p)),
p(00,p) < C(</>(%2p) +m(p)).

Before we prove all the Harnack inequalities we first make the following
reductions. We define

as(z) = a(z) +m(p) " aa(z)
ba(@) = ba(x) + m(p)7~'bs(z)
a1(z) = a1(z) +m(p) 'as(x)

ZX;‘A_j(x,ﬂ, X\, Xo@, ..., X,,0) + Bz, 0, X170, XoT, . .. , Xp@W) =0
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where A(x,u,n) and B(z,u,n) satisfies the following conditions:

A, u,m)| < aoln?™* + @i () ul)”~,

(3.20) - A, u,n) = nlP — (@z(z)ul)”,
|B(z,u,m)| < bolnl? + ba(@) 0"~ + (Ba())” [ul" .

Therefore this reduces the structure conditions to the cases az(z) =

bs(z) = as(x) = 0, i.e., m(p) = 0. For simplicity we will also drop the
“bar” from A, B, m, ai(z), @a(x), by(z) and simply write A, B, u(z),
a1(z), az(x), ba(x).

Proof of Theorem (3.9): We assume with no loss of generality that
u(z) > e > 0. We select a test function in (3.2)
(3.21) o(z) = fp(x)uq(x)e(sgn Dbou(@)

where ¢ # 0 and &(z) > 0, {(x) € C§°(B3,) will be specified later. By
(3.21), we have

(3.22)

X¢(x)=(sgn q)gpe(sgn Q)bou(bouq+ \q|uq_1)Xu—|—p§p_1uqe(sgn q)boqu7
where X f = (X1 f,...,X,nf) is the subelliptic gradient vector for the
given function f. Substituting (3.21) and (3.22) into (3.2) we get

(3.23) (sgn q)/ gPelsen Dbou(poyd 4 glut™) Xu - A(x, u, Xu)
B

+p/ £p—1uqe(sgn q)boqulA(I7u7Xu)_/ §qe(sg“ q)bouqu(x7u,Xu)
B B

< 0 if u is a subsolution, (> 0 if u is a supersolution.)

The above - stands for the inner product.

In the following calculations, it will be understood that ¢ > 0 when u
satisfies the hypothesis of Theorem (3.15) and that ¢ < 0 when u satisfies
the hypothesis of Theorem (3.13).

By employing the structure condition (3.20) and together with (3.23),
we get

[ o ey ¢ jghur ) xup
B3p
S/ e(sen qﬂ’““f”(bou—f—|q\)a§’up+q_1
ng

(3.24)
+p / e(s&n @bouer =1 X ¢|(ao| XulP~ + o]~ ur~t)ut
B3,

+ / e(s8m Wbouel (| Xy|P 4 by | XulP~1 4 bhuP~1)ul.
B

3p
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We note the term

bo/ olsen q)bf’“g”uq|Xu|p
ng
can be dropped from both sides of (3.24).

After calculation and Holder’s inequality and together with the esti-
mate 0 < bou < bgM, we can bootstrap the terms involving | Xu| and we
will get

(3.25) / Py XulP
B3,

<+ g7y /

{(6@1 +as + b1+ b2)PEP + €%|X§|p} upP Tl
Bs,,

for any given 0 < e < 1.

Set f(x) = (ea1 + az + by + ba), then by Lemma (3.7) (£ plays the role
of u there) and the assumptions on a;(x) and b;(z) (¢, j = 1,2) we get

(3.26) Put=1 [ XulP < C(1+ Jg) 1) / (€0 + | XePyurta!
Bs, Bs,

where C depends on Ap (see definition of A at the beginning of this
section) and etc.

‘We now let

¢ h t = —1f 1—p;
(3.27) U(x):{U(w) where pt = p +q orq#1—p;

logu(x) for g=1-—p.

Thus (3.26) can be written as
(3.28)
CIEQ + g~ DIIE + [XENvllps, for g #1—p, 0;
16X 0]lp, 5, < { e

ClIE + X1, B, for g =1—p.

We counsider the case ¢ # 1—pin (3.28). By Sobolev embedding lemma
(Theorem C in [L1]), and the exponential integrability when p = @ and
Theorem (1.1) when p > @ in Section 1, we get

— 11
(329)  [l6vllxp,Ba, < CIHIL+ gl )P Bspl 37 77 |I(€ + |XE])0]lp,Bs,

where y = & if p < @, and x can be arbitarily large if p = @, and

x = o0 if p > Q. Let now rq, ro satisfy p < ry, ro < 2p and select £(x)
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as a cut-off function such that {(x) =1 on B,, and £(z) = 0 outside B,.,
and |£(z)| < C(ry — 1) 1. The existence of such a cut-off function was
proved in [L1].

— _ 11
(3.30)  lllxp.s,, < CRIA+Ial™)(r2 = 1) plBap| 5o~ 7 [[v]p, 5, -

ry —

We note here that ri, ro, p are comparable, and also note that the
Lebesgue measure is doubling with respect to the metric balls by the
work of [NSW]. Thus by taking ¢-th root of both sides of (3.30) and
setting s = pt = p+ g — 1, we will get the following for positive s

(3.31) (xs,m) < [CIHI(L+ a7 (r2 — 1) 7] 6(s, 72),

while for negative s we get

(3.32) Blxs,m) = [CIUL+1g1 ™) (2 =) 717 6(s,7).
We now fix some sg > 0 and define
s=5; =’ s0, r; = (1+2779) p,j=0,1,2,...

We assume sq is so selected that no s; will coincide with p — 1 for
otherwise s = s; = p — 1 and ¢ = 0. Therefore 1 + |¢|~! < C for all j.

By (3.31) we obtain
(3.33)

B(sj41,7541) < [CX)]75 d(s;,7)
< CLX[C@2x)P/)2 X G (s0,2p) < Cls0,2p).

We have used the fact that xy > 1 and then the corresponding series in
the above converges.

If we let j — oo we will get
(3.34) $(00, p) < Co(s0,2p).

It is clear then for any sp =~ > p — 1, (3.34) holds and then we have
shown Theorem (3.15). Actually, Theorem (3.15) also holds when p =1
because in the above proof sq is allowed to be any positive number.

Suppose now that u(z) is a supersolution, (3.33) holds for any sy > 0
and s; < p—1 and thus

(3.35) 60:20) < C0 (0.5 )
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forany50>0,7<%ifpﬁ@and’yﬁooifp>@.
We note that the iteration of (3.32) will lead to

(3.36) ¢ (—30, %) < C¢(—00,p)

for any so > 0.
Therefore, if we can show that there exists some sg > 0 such that

p (so, %) <o (so, 52—”)

then we will have proved Theorem (3.13).

We now let B, be any ball contained in B,, and choose £(x) such that
&(x) =1 on B, and 0 outside Ba, and |(z)| < Cr~!. Then we get

1X0|[p5, < Cr7,

where v is as in (3.28) when ¢ = p — 1. Thus Theorem (3.9) and (3.13)
will follow from Theorem (1.3) in Section 1. W

One application of the above theorem is the Holder continuity of the
weak solutions of (1.4).

Theorem 3.37. Suppose that u(zx) is a weak solution of (1.4) in Q
which is also locally bounded. Then u(z) is Holder continuous in Q and
if By, C€) then

(3.38) oscp,u(z) < C (£>a {sup lu(x)| + m(po)} :

Po PO
for all B, C B,, and some o > 0, and C = C(p, Q, ap, boM).

The proof of the above theorem is fairly standard and we omit the
details.

We now consider the estimates of the solutions at the boundary of the
certain domains.

Let S be a subset of 9Q and u(z) € V[/I})f(ﬂ) Then we say that u < D
on S if for every € > 0 there is a neighborhood of S, called Mg, such
that u < D + € a.e. in Q[ Mg. With such a definition we may easily

define the notions supg v, infgu and oscsu = supgu — infg u.
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We consider the equation
(3.39)

ZX;‘Aj(x,u,Xlu, Xou, ... , Xppu) + B(z,u, Xju, Xou, ... , Xpu) =0
j=1

under the following structure condition (for simplicity):

Az, y,m)| < aolnP~" + a3
(3.40) - A, u,n) = " — aa,
|B(x,u,n)| < bg|n|P — bk.

Then

Theorem 3.41. Let u(x) be a weak solution of (3.39) in Q. Let
B = ng(l'()) and

L= sup u(x),
B[ o9
M = sup u(x).
BN

Then the function v(x) given by

B M —sup(u, L) forxzeQB,
v(m)_{M—L for x € B\Q

will satisfy
__Q .
(3.42) p ol < € {4 i)}
P

where C = C(p, Q, ag, bg, M).

We now introduce the notion of a “regular point” on the boundary 9.
A point zg € 09 is called “regular” if there exists a positive constant
po = p(xg) such that for all p < 7
(3.43) By (20)\Q2] = 60| By (o)

If every point of 0f) is regular we say 0f2 is regular, and it is called
“uniformly regular” if py and 8y can be selected independent of x.
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Corollary 3.44. Let u(zx) satisfy the hypotheses of Theorem (3.41)
and suppose that xo € O is reqular. Then for all p < py,

(3.45) s}tglpu(:c) — L <¢(M—L)+Cm(p),

where €9 < 1 and C is a positive constant depending on p, Q, ag, by, M
and 0.

We also state a theorem which is an extension of Theorem (3.37) to
the boundary.

Theorem 3.46. Suppose that u(z) is a weak solution of (3.39) in
Q which is also locally bounded. Let xq € ) be regular. Then for any

p§P0;7<17

a(l—7y)
(3.47) oscp ﬂQu(x) <C { (p%) + e(p)} ,

where C' and o > 0 depend on p, Q, ag, b, supp, U, 0y and ps and

e(p) = OSCBQﬂBwpl_wu
0

All the proofs of the above Theorems (3.41)-(3.46) follow by modifying
the proofs of corresponding Theorems (3.9)-(3.15) and (3.37) and we
omit the details. One needs to assume that all the vector fields are well
defined and satisfying the Hormander’s condition in a larger domain €2
containing © so that all the embedding theorems hold for those balls
considered in the theorems.

After the paper was written and first circulated (with a slightly longer
title) in February 1994, we learnt that some related work on Poincare
estimates has also been obtained in [BM], [MS], [Cou2], HK]. A
Poincaré type inequality with |f(z) — fg| replaced by |f(z) — f(zo)|
for solutions to subelliptic quasilinear equations studied in the current
paper has been given in [L5] for p > 1 and in [BKL] for p < 1, among
other things. We also became aware of the work [HH] for Harnack esti-
mates on Carnot groups in conjunction with the quasiregular mappings,
and the interior regularity for subelliptic systems [XZ], and isoperimetric
inequality independently derived in [CDGZ2] similar to that in [FGW].

Acknowledgement. The author wishes to thank the referee for his
many useful comments and remarks, which help and improve the expo-
sition of the paper.
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