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GENERATING FUNCTIONS

ON EXTENDED JACOBI POLYNOMIALS

Abstract

FROM LIE GROUP VIEW POINT

MANIK CHANDRA MUKHERJEE

Generating functions play a large role in the study of special func-
tions. The present paper deals with the derivation of some novel
generating functions of extended Jacobi polynomials by the ap-
plication of group-theoretic method introduced by Louis Weisner.
In fact, by suitably interpreting the index (n) and the parameter
(B) of the polynomial under consideration we define four linear
partial differential operators and on showing that they generate a
Lie-algebra, we obtain a new generating relation (3.3) as the main
result of our investigation. Furthermore, some generating func-
tions of Laguerre, Hermite, Bessel and Jacobi polynomials are ob-
tained as the special cases of our main result. Some applications
of our results are also pointed out.

1. Introduction

The extended Jacobi polynomials as defined by I. Fujiwara [1] are as

follows:

(1.1)

b—a

Fo(a,Biz) = (—nl!)” ( A )n (x—a) (b—a2)"

d
x D"[(x — a)"**(b— z)""#], where D = o

They satisfy the following ordinary differential equation:

(1.2) [(x—a)(b—2)D* +{(a+1)(b—2) — (B+1)(x —a)}D

+n(l+a+p+n)y=0.

Recently, some attempts [2], [3] have been made by researchers for de-
riving generating functions of the polynomials under consideration from
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the Lie group view point. The aim at presenting this article is to apply
L. Weisner’s group-theoretic method [4] with the simultaneous suitable
interpretations of the index (n) and the parameter (3) in the study of
extended Jacobi polynomials. It may be mentioned that in the course of
constructing a four dimensional Lie algebra we have obtained two oper-
ators such that, when operated on the polynomials under consideration,
simultaneously raise (lower) and lower (raise) the index and the param-
eter by one unit. Such type of operators do not seem to have appeared
earlier in the study of extended Jacobi polynomials. The main results of
this paper are the formulas (3.3) to (3.6) given in Section 3.

2. Group Theoretic Method

Replacing % by %, n by ya%, G by z% and u by v(z,y, z) in (1.2),
we get the following partial differential equation:

0%v 0%v 0%v
0%v v v
2 _ _ _ - _ =
+y a7 +{(1+a)b—2z)—(z a)}ax +(2+a)yay 0.

Thus vy (2,9, 2) = F,,(a, B;2)y"2” is a solution of (2.1) since F,(a, 3; )
is a solution of (1.2). Let us now introduce a set of linear partial differ-
ential operators, A;, i = 1,2, 3,4, defined as follows:

0
Al - ya_yv
0
A2 = Za,
(—ay'z0 20
(2.2) Az = 3 or Aoy’
_ A 49 2,19
Ay = T (x —a)(x —d)yz p + (z —b)y*z a9
Ha —a)y5-+ (1 +a)(z—byz""
Then
Ai(Fo(a, B52)y"2") = nFy(a, B;2)y" 2",
23) Ao (Fo(a, B52)y"27) = BFa(a, B52)y" 2",
' A3(Fala, B 2)y"2") = (n+ @) Faoa(a, B+ L)y 127,
Ag(Fp(a, B;2)y"2") = (n+ 1) Fopa (@, f = L)y 20
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We now proceed to find the commutator relations satisfied by A;
(i=1,2,3,4). Using the notation

[A, Blu = (AB — BA)u

we get
[A1, As] =0,
[A1, A3] = — A3,
[A1, Ay] = Ay,
24 [A2, A3] = As,
[ J
[ ]

So from the above commutator relations we can easily state the following:

Theorem. The set of operators {1, A; (i = 1,2,3,4)} where 1 stands
for the identity operator, generates a Lie-algebra L.

Now the partial differential operator L given by
2 32 82

0
L=(- a)(bix)@ * (aix)zaxaz erzay@z

+y28—2+{(1+a)(b—x)f(x—a)}%+(2+a)2

Oy? dy
can be expressed as follows:
(2.5) (x —a)L = (b—a)(A4Az + A2 + aA,).

We can easily verify that each of A; (i = 1,2,3,4) commutes with L. In
other words,

(2.6) [(x —a)L, A;] =0.

Now the extended forms of the groups generated by A; (= 1,2,3,4) are
given as follows:

(27) ealAlf(x7yvz) = f(l', €a1y7 2)7
(2.8) e f(x,y,z2) = f(x,y,e"2),

(2.9) 6“3A3f(x,y,2)=f<a(y_a;§)+(x_a)y,y—a3f,z>,

—a3§ A

A y —(1+a)
(2.10) e f(x,y,2) = (1 ~3 (x — b)a4—>
z

z— 22 (2—b)ay y z (1+Xaqs?)
x f I

Y
e —ta 1= —bert” (1= 2 (@~ bay?)
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Thus we have

(2.11)

A
ea4A4ea3Asea2A2ea1A1 f(ﬂ?, Y, Z) — {1 _ (.’17 _ b)a4

—(1+a)
b—a }

M (2 @ —bast) —aasz (10 2) (1= g (e —bas?)
(1—m(x—b)a4%) (Ay—asz (14+Aast))

@ Ay — azz (1 + )\a4%) ey (1 + )\a4%)
e )
M- @ —bat) ) 1= pmale = Dait

ISEIES

xf

)

3. Generating Functions
From (2.1) it is seen that F},(c, 8;x)y"2” is a solution of the system:

{(Al—n)uzo_ {(Ag—ﬁ)u:(). { (A1 +A4—n—RBu=0
Lu=0 "l Lu=0 "l Lu=0 '

From (2.5) we observe that

S(x—a)L(Fn(a,ﬁ;m)y”zﬁ) (x — a)LS(Fp(a, B;2)y" B) =0,

where

S = etaAagasAsaz Az a1 s
Therefore, the transformation S(F,(a,3;z)y"2”) is annihilated by
(x — a)L. Now putting @; = a3 = 0 and replacing f(z,y,2) by
Fo(a, B;x)y"2" we get

(3.1)

444 ga3ds (Fn(a, 5; x)y”zﬂ)

—(14+a+p+n)
_ A y y\”?

—a
(-5 o))
F a’@/\y( _ﬂ( ) aasz (1+)\a4 )(1—ﬁ(m—b)a4g>

b)ay
(1= 525 (@=b)as? J(Ay—asz (14+Aas )
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But

(82)  emAiemds (R, <a m) ”zﬁ>
oo n+k

ZZ (=1)P(=n—a)p(n —p+ 1)

k=0 p=0
X Fo_pii(a, B+ p — ks o)y PHr0tp=k,

Equating (3.1) and (3.2) we get our main result:

A Yy y\”»
(1 — (x — b)a4; (1 + day ;)

>—(1+a+5+n)

)\y(x—af)‘a(m—b)(mg) —aazz(1+Xas?) (1—%(95—[))(14%)

Fn a7ﬂ7
<1fﬁ(:ﬂ7b)a4%) (A\y—asz (14+Xas))

?r'

o n+k

(=1)P(=n = a)p(n —p+ 1)k

k=0 p=0
X Fy_pinla, B+ p— kya)y" PHeote=k,

Before discussing the particular cases of (3.3) we would like to point
out that the operators Az, A4 being non commutative, the relation (3.3)
will change if we change the order of the Lie element e*141e®s43  This

is done in Section 4.

Now we discuss several cases:
Case 1. Putting ay =0, a3 =1 and —% =t in (3.3) we get

(3.4) (1+§>n (5”61?)

S g o B pra

p=0
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Case 2. Putting a3 =0, ay =1 and £ =t in (3.3) we get

(3.5)
A —(1+a+pB+n) 5 a_A (J? _ b)t
-y (’L*,;—,l)’“Fm(a, 6 — k)t
k=0 '

Case 3. Putting a3 =1, as = = and £ =t in (3.3) we get

(3.6)

A " —(14a+B+n) )\ B 1 AN
(1_ba(x_b>5> (H_E) (1—E 1—&—;))

Ay (a:—%(x—b)%) —az (1+2L) (1—1)%(33 — b)%)

xF, [ a,8, .
(1- 25 (@=0)%) Qy—2 (1+ 1))
oo n+k n_a)p
-3 kk'T(n—p—i—l)k
k=0 p=0 :

X Fp_pir(, B+p—k;x)th P,

We now proceed to find some particular cases of interest of results (3.4)
and (3.5).

Particular Case 1: (On Jacobi Polynomials).

Putting —a =b=1and A =1 in (3.4) and (3.5) we get the following
generating relations of Jacobi polynomials [8]

(3.7) (1 + £)"p(fe) <1+t> Z (En =y @tpe) )y
and

_E - —(14a+B+n) . _— %(x— 1)
(3.8) (1 5@ 1)) (14+t)"py, <—1_£(£_1)>

= ’I’L+1 k,«
=Z Eph o @)tk
k=0
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Now by using the symmetry relation
PO (—x) = (=1)"pi ) ()

we get the following generating relation [9]

(3.9) (1+ t)"ple?) (x - t) = i Mpi{ﬁ”’ﬁ)(x)tp

|
1+t o p!

and

(3.10) 1+t~ (1 — %(I _ 1)> —(14a+8+n) ) ($)

Particular Case 2: (On Laguerre Polynomials).
Putting a = 0, A = 1, § = b and taking limit as § — oo, we get the
following generating relations of Laguerre polynomials [6]

(311) (1—t)"'"* "exp < <1ti5t>) L) (%—t)

and

Cpyrp (2 5 En—adp @
(3.12) (1 —t)" L <1_t> => Ly (x)tP.
p=0
Particular Case 3: (On Hermite Polynomials).
Putting a =8, —a=b=/a, A\ = \/ia and taking limit as o — o0, we
get the following generating relations of Hermite polynomials [5]

n

(3.13) Hy(x+y)=> (Z) H,_,(x)(2y)P

p=0

and

2 =1
(3.14) U Hy(z—t) =Y HHnM(:r)tk.
k=0 "
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Particular Case 4: (On Bessel Polynomials).

Replacing = by 14 22 ¢ by 2 putting —a=b=A=1,a=v—c—1,

S
08 = & — 1 and then taking the limit as ¢ — oo, we get the following

generating relations of Bessel’s polynomials [7]

(3.15) (1 —zw)' 7", (1 —xa:ww’ s)

:ZekYn-Hc('r;V_kvs)F
k=0 ’

(3.16) (14", (% v, s> - zn: (") Yo p(@;v + p, s)P.

4. Variants of the Result (3.3)

Since [A3, A4] # 0, we can well aply the operator €343 x et444 op the
function F,,(a, 3;2)y"2".

Now

(4.1)
@343 g@ada (Fn(a, B; m)y"zﬁ)
(x =)

A y —(14a+B+n) asz n
=J1- 4 1 48~
{ a4(a3+b—a z)} Ay

X <1 + %()\y — a?,,z))ﬁ

o ((lav25) —ae (=) (an + (o - 1))
N ) (- (w2 n2))
Again
(4.2) 343 g@ada (Fn(a, B m)y"zﬁ)
R (a3)p (a0)®
:ZZ o (—1)P(—a—n—k)p(n+ 1)k
k=0 p=0 ’ ’

X Fpip—p(a, B —k + p;x) (%)kip.
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Equating (4.1) and (4.2) we get the following result
(4.3)

—(14+a+pB+n) n
A Y asz
_ A4 1— =22
{1 “ <a3+b_a(x b)z>} ( )\y)

X (1 + 2—4(/\y - agz))ﬁ

(09— 252) a0 (y = %) (o + 250 — 0)2)

x F,

2 (ag)p (ag)*
=) S (1 (o~ n = K)y(n + Dy

|
k=0 p=0 p:

X Foyp—p(a, B —k+p;z) (%)kip.

Application

Relations (3.4) and (3.5) may be applied in deriving bilateral gener-
ating functions involving the special function under consideration. We
shall give an application by using the relation (3.5) in deriving the fol-
lowing theorem as bilateral generating relation.

Theorem. If

(1) G(z,w) = Z anFy (o, B; x)w™
n=0

then

(ii) (1+At)ﬁ{1— ; A

—Qa

— 2% (p — b)t
XG 'T b;a(x ) 9 )\Zt
—m(x—b)t l—bT(Jf—b)t

where
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Proof:

(oo}
Z t"on(z, 2)
n=0

Z t" Z ay, 4(1425_1)]:;1@ F.(a,—n+k; ;z:)zk

Zzakuﬂz%(a 8 —mn;x)zhn T

n=0 k=0

o~ (k+1
:Zak zth ( + ) " Fpi(a, B —n;x)t"
n=0

0o 2 —(1+a+pB+k)
Zak(zt)k{l b_a(xb)t} (1+At)?

k=0
T — b)‘_—aa(x —b)t
* (O"ﬁ’ 1— 2 (z—b)t
—(14+a+p)
:{ - (m—b)t} (1+At)
> A (x — b)t 1
X (2t) n<0476§ ba >
kZ:O — 25 (=)t (1—17A (x—b)t)k
—(14+a+pB)
:{1— )\a(x—b)t} (14 At)

The importance of this theorem lies in the fact that one can get a large
number of bilateral generating relations from (ii) by attributing different
suitable values to a, in (i). H
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