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CONTINUITY AND
CONVERGENCE PROPERTIES
OF EXTREMAL-INTERPOLATING DISKS

PascaL J. THOMAS

Abstract

Let a be a sequence of points in the unit ball of C™. Eric Amar
and the author have introduced the nonnegative quantity p(a) =
infq infy Hj:j;ék dg (o, ar), where dg is the Gleason distance in
the unit disk and the first infimum is taken over all sequences « in
the unit disk which map to a by a map from the disk to the ball.

The value of p(a) is related to whether a is an interpolating
sequence with respect to analytic disks passing through it, and if
a is an interpolating sequence in the ball, then p(a) > 0.

In this work, we show that p(a) can be obtained as the limit
of the same quantity for the truncated finite sequences, and that
p(a) depends continuously on a when a is finite. Furthermore,
we describe some of the behavior of the minimizing sequences of
maps involved in the extremal problem used to define p.

0. Introduction.

This article is being written to provide some additional properties
of the notion of extremal disks introduced in the joint paper [A-T]. It
would not have arisen without the stimulating discussions I had with
Eric Amar, for which I wish to thank him. Some of the genesis of this
work took place while I was enjoying the hospitality of the University of
California at Los Angeles and the University of Wisconsin-Madison, and
my thanks go to them as well.

First we recap and simplify a few notations from [A-T.

As usual, D denotes the unit disk in the complex plane, and B™ the
unit ball in C" : B" :={z € C"stz-z =7 |z]*> < 1}.

Let a = {ax, k € Z3} C B", a = {oy, k € Z } C D, possibly finite
sequences. Given ¢ a holomorphic map from D to B", we shall employ the
abbreviated notation ¢(a) = a to mean that for all k € Z%, ¢(o) = ax.
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When « is such that a ¢ as above does exist, we say that o maps
to a, and write o — a for short. It means that the map ¢ describes
an analytic disk passing through the points of the sequence a without
“slopping over” the boundary of the ball.

Definition [A-T]. For a C B", n > 1, k € Z7,

pr(a) == inf {0 () : @ — a};

and
pla) :=inf{é(a) : a — a},

where

or(a) =[] d&(ar, ),
jiitk
0(a) = ir}if ok (),

and, for z and w in a domain §2, dg denotes the Gleason distance:

dg(z,w) = sup{|f(w)| : f € H*(Q)st f(2) = 0 and || f]|oc < 1}.

Note that, for any nonnegative integer n,

L (st — (L 10—l

|1 — 2z - w|?
in particular
z —w|
d2 = |7
G(Z,’U)) |1 B Z’LD|

(see [Gal, [Ru]).

Definition [A-T]. We say that ¢ is an extremal-interpolating disk iff
there exists an o C D such that ¢(a) = a and §(a) = p(a).

Such disks are those for which the pre-image sequence « is, in a sense,
as close together as it can within the unit disk (the Schwarz Lemma is
preventing its points from being arbitrarily close to each other).

Results about existence of extremal-interpolating disks and some of
their first properties were given in [A-T] (where they were simply called
“extremal disks”), as well as motivations for the study of this notion.
Essentially, p measures whether a is an interpolating sequence with re-
spect to holomorphic functions bounded on the analytic disks passing
through it (as opposed as being interpolating with respect to functions
bounded on the whole ball).
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1. Convergence along finite subsequences
and semi-continuity.

Theorem 1.
Let a = {ay, k € Z.} C B", then

= 1 <k < = i <k< .
pla) = lim_ p({ar, 1 <k < N}) ngzf*+ p({ar, 1 <k < N})

Corollary 1.

The function a — p(a) is upper semi-continuous with respect to the
topology given by the distance d(a,b) := sup, dg(ag, by)-

Proof of Corollary 1:

Lemma 2 in [A-T] proved that the function p is u.s.c. over the set of
finite sequences with a given number of points, thus a — p({ag, 1 < k <
N}) is an u.s.c. function, and the greatest lower bound of a family of
u.s.c. functions is also u.s.c. W

Corollary 2.

Any sequence a C B™ verifying p(a) > 0 is separated, i.e. there exists
d > 0 such that for any j # k, da(aj,ar) > 9.

This Corollary is interesting in the context of interpolating sequences
for bounded holomorphic functions (see [C], [Ga] for definitions). Sep-
aratedness is an easy necessary condition for a sequence of points to be
an interpolating sequence. One also easily sees that p(a) > 0 is another
necessary condition for a to be an interpolating sequence [A-T]. Thus
we see that this new necessary condition implies a better-known one.

Proof of Corollary 2:

By renumbering the sequence, take j = 1, k = 2. It is easy to see
(cf. [A-T)) that p({a1,a2}) = dg(ai,az). Apply Theorem 1 for N =2 :
dg(ar,az) > pla) >0. W

Proof of Theorem 1:

Given any € > 0, let a C D be such that d(a) < p(a) + €. Then there
exists k and N such that

I dolan ;) < pla) + 2
jijAk, 1<j<N
Thus by definition p({ar, 1 <k < N}) < p(a) 4 2¢, and we have

> < k< .
pla) > ngi p({ar, 1 <k < NY)

The rest of the Theorem will follow from the
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Proposition 3.

Suppose a is a sequence in B"™ and ¢ a holomorphic map from D to
B™, and, for 1 <k < N, ai € D such that ¢(ay) = ar. Then, given any
€ > 0, there exists a holomorphic map v from D to B™ and a sequence
8 C D such that

Y(B) =a and 6(B) < 0({ar, 1 <k < N}) +e

In particular, for any N < M, p({ag, 1 <k < N}) > p({ar, 1 <k <

The proof of Proposition 3 will be given in Section 4.

FEnd of Proof of Theorem 1:

The last clause of the proposition shows that the limit in the theorem
exists and equals the infimum. Furthermore, by choosing a sequence «
such that 0(a) < p({ar, 1 <k < N})+ ¢, we have

pla) <6(8) < p({ag, 1 <k < N}) + 2,
which proves the required inequality. W

2. Convergence of mappings.

The first section lends some validation to our approach (in [A-T]) of
studying the behavior of p(a) mostly when a is a finite sequence. In that
case, since p is defined as an infimum, it is legitimate to wonder what
happens when we take a sequence of mappings ¢ and sequences af
such that, for any p, ¢,(a?) = a, and lim,,_,, 6(a”) = p(a). By Montel’s
theorem, a subsequence of {¢P}, will converge uniformly on compact
subsets of I, but no such convergence is guaranteed for the points in the
sequences af; so the question arises of what the relationship between the
limit of the mappings and the original sequence.

Normalizations.

Since we are dealing with a finite sequence a, we may always assume
(after re-numbering) that p(a) = p1(a), and shall do so for the remainder
of this section.

Likewise, when have a sequence a which maps to a, by applying an
automorphism of the disk, we reduce ourselves to the case where oy = 0.

We introduce a class of special holomorphic mappings from the disk
to the ball:
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Definition.

We say that ¢, a holomorphic map from D to B", is a ball-valued
Blaschke product of degree N iff for ( € D,

Pi(¢) Pn(C))
Q)T TR/’

where Pp,...,P, and @ are polynomials with max(degP;,1 < j <
n, deg Q) = N, Q has no zeros in D and for any ¢ such that |¢| = 1,

00 = (

~ B
1=1p(QF =) ~
STSIE
The following was essentially proved in [A-T, Theorem 1]:

Theorem.

Ifa = {ax,1 <k < N} CB", a CD, with ¢ a holomorphic map
from D to B"™, such that ¢(a) = a, and 01(c) = p1(a) (in particular
if ¢ gives an extremal-interpolating disk for a) then ¢ is a ball-valued
Blaschke product of degree no greater than N — 1, uniquely determined
by a.

Only the precise form of the rational map was not explicitly given in
[A-T], but it is easy to obtain by following the induction performed there,
observing that at each step we only perform composition by Mdbius
automorphisms of the disc or ball, and multiplication by (.

‘We can now state:

Theorem 2.

Let a = {ak, 1 < k < N} C B", and {¢”}, a sequence of mappings
from the disk to the ball such that for each p, ¢*(ok) = ar, 1 <k < N,
where of, € D, off =0, and

N
l. 5 p = 1. p = .
Jim 61 () = lim g\akl p(a)

Then there exist subsequences, denoted again by {¢*}, and {aP},, a
ball-valued Blaschke product ¢, and a sequence a = {ay, 1 <k < N} C
D such that

(1) limpy_oo ¢P = ¢, uniformly on compact sets of D,

(i) limp—oo of = oy, € D, and

(iii) @(ag) = ak iff |ax| < 1.
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Let S :={k € {1,... ,N}st|ag| < 1}. Then p({ax, k € S}) = p(a)
and ¢ is of degree no greater than #S — 1.

Remarks.

This theorem says that we do have convergence towards some
extremal-interpolating disk, but passing only through a subsequence of
a.

In the case where N = 3 and a itself does not admit an extremal-
interpolating disk, we see that the theorem implies that a subsequence
of the minimizing sequence of mappings has to converge to an affine disk
through two of the points of the original sequence.

Proof of Theorem 2:

By Montel’s Theorem and compactness of D, it is easy to extract
subsequences having properties (i) and (ii). The “if” part of (iii) follows
by equicontinuity of the converging subsequence of maps.

Now

pla) = pi(a) = lim oi(a”) = lim | JT lof| ] lofl

pmee k>2 k€S k¢S
=0 ({an, k € S}) > pi({ar, k € S}) > p({ax, k € S}),

which itself is no less than p(a) by Proposition 3, so we actually have
equality throughout. Since ¢({og, k& € S}) = {ar, k € S}, and
h({an, k € S}) = p1({ak, k € S}), ¢ is a ball-valued Blaschke prod-
uct of degree no greater than #S — 1, so that for k ¢ S, |¢(ax)| = 1, so
that ¢(a) # ak, which finally proves the “only if” part of (iii).

It would be nicer to be able to describe the subsequence through which
an extremal-interpolating disk passes, {ax, ¥ € S}, in terms of the se-
quence a. Observe that {ax, k € S} is a sequence with the same p as
the original sequence. If such a subset S is given, we have the:

Theorem 3.
Let S C{1,... ,N}, such that 1 € S, be minimal for the property that

pr({ar, k € 53) = pu(a) = pla).

Then there exists a sequence of finite sequences in the disk, {a}, and
a sequence of mappings from the disk to the ball {¢P}, such that

(i) ¢*(a?) = a,

(ii) p1(a) =limy_oo 01 (aP),
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(i) limp oo af =y €D and S = {k € {1,... ,N}st|ay| < 1},

(iv) limp_00 ¥ = ¢, a ball-valued Blaschke product of degree no grea-
ter than #S — 1, and

(v) o({ag, k € S}) = {ar, k € S}, h1({ak, k € S}) = p1({ax, k €
S}) = pi(a) = pla).

Proof of Theorem 3:

The sufficient condition for p to be attained given in [A-T, Lemma 3]
covered the special case where the only such set S is the whole
{1,...,N}. The present proof will use the same idea.

For a given p, pick first, using the definition of p;, a sequence {3}, k €
S} so that

51({BL. k€ 8}) < p1({ax, k € S}) + ]10;

then modify and complete this sequence according to Proposition 3 to
get of = {a}, 1 <k < N} so that

pr(a) < 61({a?}) < 1 ({ax, k € S}) + 2 — pu(a) + %

This forces lim, .o [af| =1 for k ¢ S.

On the other hand, for k¥ € S, by the minimality property of S,
p1({a;. j € S\ {k}}) > pla). Then

|ap| _ HjGS ‘04:;| HjeS |a§|
i [Lies jei 1%l = p1({ay, 5 € S\ {k}})

S’Yk<1,

for p large enough. Taking subsequences as before, we get the conver-
gence of the points o, to limits within the open disk when k € S, and of
the mappings to a mapping ¢. We obtain (v) as in the previous proof,
and the resulting extremality forces to ¢ to be a ball-valued Blaschke
product.

Questions.

Is the set S of Theorem 2 always “minimal”, i.e. of the type given
in Theorem 37 It is clear that it contains a “minimal” set S’, and that
any “minimal” set that contains it must be equal to it. Also, the set S
is included in some set S maximal for the property that an extremal-
interpolating disk does pass through {ax, k¥ € S”}; must S, S’ and S”
coincide?

More modestly, are there examples of sequences where several different
minimal sets S’ can be found?
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3. Continuity in the finite case.

Despite their limitations, the ideas of the previous section enable us
to prove the following continuity result:

Theorem 4.
For every N € Z , the function {ax, 1 <k < N} — p({ag, 1 <k <
N}) is continuous from (B™)N to R, .

Proof of Theorem 4:

We shall adopt the same normalisations as those in the previous sec-
tion.

Since p(a) = mini<k<n pr(a), it will be enough to prove that pq is
a continuous function. By Lemma 2 in [A-T], we already know it to
be upper semi-continuous. We shall proceed by induction on N. Since
p({a1,a2}) = dg(ay,as), the case N = 2 is clear.

Now suppose the property true for all sequences a such that #a <
N — 1. Given a € (IB%”)N, assume, to get a contradiction, that there is
a sequence of sequences a? C (B™)™ such that lim,_o p1(a?) < p1(a).
Then for any proper subset S C {1,..., N}, by the induction hypothesis,

Jim p1({af, k € 5}) = p1({ax, k € 5}) = pi(a),
by Proposition 3. Therefore for p large enough,
p1(a?) < min{p;({a}, k€ S}): S C{l,... N}, #S <N -1},

so an application of [A-T, Lemma 3] shows that for each such p there
exists a sequence o? in the disk such that §; (a?) = p1(a?) and a mapping
@P such that ¢P(aP) = aP.

Now, for e small enough, p large enough, and any k € {2,... , N}, we
have

a? b1 (a?) p1(a”) limy,— oo p1(a”)

N Sl i 20 = il 2R = o)

This implies that all the points o} remain in a relatively compact disk
within the unit disk, therefore by extracting a subsequence we may as-
sume that for each k, lim, .o o} = oy € D, and lim,_. ¢P = ¢, with
uniform convergence on compact subsets of the unit disk. This implies
that ¢(«) = a, but since

+e<1.

01(a) = lim 01(a?) = plin;o p1(aP) < p1(a),

p—o0

we get a contradiction with the definition of p;. W
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4. Proof of Proposition 3.

As usual, we may assume without loss of generality that a; = 0 and
d(a) = 61(a), where o = {ej }1<j<n. Also, renumber a so that |a;y1]| >
la;| for any j > N + 1.

We write Mg for the constant of interpolation of a sequence g, i.e.
Mg := inf{M > OstVa C B", thereis ¢ : D — B"(0, M) st ¢(3) = a}.

Pick 7o < 1 such that a C D(0,7) and

N

H

< 51 + €,

and €; > 0 small enough so that ¢ < % and ¢(D(0,7)) C
B (0,1 — (Mg + 2)eq).

Lemma 4. There exists a holomorphic function E € A(D) (i.e. con-
tinuous up to the boundary) so that
(i) |E(Q] <1, forany(eD;
(i) |E(C) — 1| < €1, for any ¢ € D(0,r0);
(iii) E(1) =0, but E(¢) # 0 for any ¢ € D.

Proof:

For a € (=1,+1) let ¢o(¢) = $=%, and E() = (1 — $4(¢))/2. Then

E(1l)=0and |E|le < 1.

But the disk ¢,(D(0,70)) admits the line segment [Trss 1] for
ro—a

its diameter and lim,_,;- o = —1, so that for a close enough to 1,
$a(D(0,70)) C D(—1,2¢1), which yields (ii).

Lemma 5. There exists F' € C%([ro,1),B") and {o;};j>n+1 a strictly
increasing sequence such that
(i) F(aj) =aj forj>N+1;
( ) M{a3}7>1 — M{a]}1<J<N +1
(i) 1 —|F(x)] > e1(My + 2)|E(x)], for any x € [ro,1);
(iv) F(ro) = ¢(ro).

Proof: Once the «; are given, we will define F' by linear interpolation:

Ffro+ (1 —0)ant1) == 0p(ro) + (1 — 0)an+1
and F(GO(]‘ + (1 — 9)()[j+1) = Haj + (1 — 0)a]‘+1,
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so that

min (11— |F()]) = min(1 - o(ro)l, 1 — |ay-1)

z€[ro,an+1]

min (1 —[F(z)) = min(1 — [F(ay)], 1 = [F(a;+1)])

r€laj,a;11]

=min(l — |a;], 1 = |aj41|) =1 — [a;41].
By the choice of ¢,

|E(rg)] <1< min(1 — |¢(ro)|, 1 — lan+1])-

1
(Ma + 2)61

Choose ay41 > rg and inductively for j > N + 1, aj41 > ay, large
enough so that, for any j > N,

1 — a0

Ea; <
‘ (a]Jrl)‘ = (Ma+2)61

and

Moy, 1<k<1y < Miay,12neyy + 27 770
The first condition can be met since E(1) = 0. In order to estimate the
constant My, r<ji1), let E1 be a function as in Lemma 4, this time
with r{ = |a], € = 2N7j’2M{ak7k§j}.

Suppose {vk, k& < j + 1} is a sequence of values in the unit ball.
Pick a map f; such that fi(ay) = % for & < j, and || filloon <
(1= €)™ Mo, k<jy-

Choose p > 0 small enough so that |F;(¢)| < € Mq,, 1<;} for ¢ €

N
D(1, p); pick f2(¢) = (%) , with NV large enough so that |f2(¢) —1| <

€1M¢q,, k<jy for ¢ € D\ D(1, p). Now we take aj 11 > 1 — p, and use as
interpolating function

o v, f2(¢)
f(C) == E1(Q) f1(¢) + vj41 —f2(aj+1).

Thus for ¢ € D\ D(1, p),
[FOI < (1= €)™ Moy k<jy + (1= €)1 Mo, k<)
< Moy, k< (14 3€1) < Mo, k<) + oN=J,

and a similar estimate is true for ¢ € D(1, p).

We shall need the following simple modification of Brelot’s proof of
Carleman’s theorem, see [Gl] and [Ka].
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Lemma 6.
For any G € CO(D(0,79) U [ro,1); B™) N H(D(0,70)), for any e €
CO(D(0,70) U [ro, 1); RY.), there exists f1 € H(D) such that

For any ¢ € D(0,10) U[ro, 1), [f1(€) = G(Q)] < e(¢).

Proof:

Choose a strictly increasing sequence rg < 11 < -+ Ty < Tpp1 — 1.
Let {em }m>0 be a strictly decreasing sequence of positive numbers such
that

(¢l<ro or ro<¢<r ()
em < min le(z)], m>1,

TE[Tm,Tm1]

and lim,, o €, = 0. Let dy, == e, — €1 > 0 for m > 0.

We shall set fi = lim,,— o0 pm, Where the p,, are polynomial mappings
which will be defined inductively as follows.

First let go := G on D(0,79) U [ro, 1]

Now, for any m > 1, suppose we have already chosen continuous maps

9o, - - - »gm—1 and polynomial mappings p1,... ,pm—1 such that for any
k in the relevant ranges,

(1) 9k S CO(E(Oa Tk) U [T‘k, Tk-‘rl];Bn)v

(ii) lgk(z) — G(z)| < dy, for any z € [y, rg41]s
(iii) gk(rkJrl) = G(Tk+1);

and

(iv)  For any ¢ € D(0,7%—1) U [rr—1,7%), |pr(¢) — gr—1(¢)| < di.

By Mergelyan’s theorem (applied to each component function), we can
choose p,, a polynomial mapping such that

For any ¢ € D(0,7—1) U [Fim—1,7m]s  [Pm(C) = gm-1(Q)] < dun,
so it clearly verifies (iv) for kK = m, and we define

gm(o = Pm(C) for ¢ € E(O,Tm)
In(Q) = G(O) + (D) — Glr)) "™ for ¢ € [rn, Prasal.

T'm — Tm+1
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To verify (i) for k = m, it’s enough to notice that g,,(rm) = Pm(Tm);
(iii) is clear; (ii) follows from the fact that |py, (rm) —G(rm)| = [pPm(rm)—
Im—1(Tm)| < dm, by (iil) for £ =m — 1 and the definition of p,,.

The sequence {p,,} will converge uniformly on compact subsets of D
since on any given D(0,7,,), for any k > m,

> i = pil =D Pt — il €D dipa = exqa.

jzk jzk jzk
Furthermore, on the interval [r,, 7mt1],

< Z dj"'dm-‘rl"’dm:emge'
j>m+2

For m = 0, this also applies to points in the disc (0, (), so we're done.

Let G be the map in C°(D(0,7¢) U [rg,1),B") obtained by “gluing
together” the map ¢ given in the hypotheses of Proposition 3 and the
function F from Lemma 5. We take e({) = €1|E(¢)], and apply Lemma 6
to this G to obtain a map f;.

Recall the notation

[f1ln.00 = sup{|f ()] : ¢ € D},

where f is a map from the disk to C".

By our choices of constants of interpolation, the interpolation problem
—f1(a;)+G(ay)
E(a;

@ can be solved by a holomorphic

at the points a;; with data
map h with

15|

oo < €1(M{a;y,5,) < €1(Ma +1).
Let fo = f1 + hE; this is a holomorphic map such that fa(a) = a, and
1£2(O] < [f1(O] + (Mo + 1er| E(Q)]-
Lemma 6 implies, for ¢ € D(0,70), | f1(¢)] < |0(¢)| + €1, so
[f2](Q) <1 —(My+2)er + €1+ (Mo +1)er = 1,

by our previous choice of e1; and for ¢ € [ro,1), |f1({)] < |F(Q)| +
e1lE(Q)], so

1£21(C) < [F(O] + el E(Q)] + (Mo + Dear|[E(] < 1,
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by our choice of F.

Let Q = {¢ € Dst|f2]({) < 1}: by the above, Q is a neighborhood of
D(0,70) U [rg, 1), which is simply connected by the maximum modulus
principle. Let A be a Riemann mapping from D to €2, and set § :=
A~!(a). The desired map will be ¥ := fy o \. Since, for any j, k €
{1,...,N},

A2\ ), AN aw)) = d(ay, ar) < de7 (@, )
D

=d
= dg(aj/ro, ar/ro),

we have

S({A M (ey), 1<j< N}

5(8) <
<6({a;/ro, 1<j < N}) <di(a) +c. m
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