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CALCULATING THE GENUS
OF A DIRECT PRODUCT
OF CERTAIN NILPOTENT GROUPS

PETER HILTON AND DIRK SCEVENELS

Abstract

The Mislin genus G(N) of a finitely generated nilpotent group N
with finite commutator subgroup admits an abelian group struc-
ture. If N satisfies some additional conditions —we say that N
belongs to N1— we know exactly the structure of G(N). Con-
sidering a direct product Ny X --- X N}, of groups in N7 takes us
virtually always out of N7. We here calculate the Mislin genus of
such a direct product.

1. Introduction.

By Ny we denote the class of finitely generated infinite nilpotent groups
N with finite commutator subgroup [N, N]. From [1], [2] we know that
the (Mislin) genus G(N), for N € Ay, may then be given the structure
of a finite abelian group. Moreover, if N is a nilpotent group and we
consider the short exact sequence 0 — TN — N — FN — 0, where
TN is the torsion subgroup of N and F'N the torsionfree quotient, then
N € Ny if and only if T'N is finite and F'N is free abelian of finite rank.
If additionally

(1) T'N is abelian;

(2) 0 = TN — N — FN — 0 splits on the right, so that N is the

semidirect product for an action w : FN — Aut(T'N) of FN on
TN,
(3) the action w satisfies w(FN) C Z Aut(TN), where Z denotes the
centre,
then we say that N € M; C Np. Note that (finite) direct products of
members of N; inherit properties (1) and (2) above, but not, in general,
property (3).
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Recall from [3] that, given (1), (3) is equivalent to requiring that for
each £ € FN, there exists u € Z, prime to expT N, such that £ - a = ua
for all a € TN (TN is here written additively).

Now if ¢ is the height of kerw in F'N (meaning that ¢ is the largest
positive integer m such that kerw C mFN), then we know from [3]

1.1. Theorem. G(N) = (Z/t)*/{£1}, for N € N;.
Moreover it is proved in [4] that

1.2. Theorem. For N € N with FN not cyclic, G(N*) = 0 for any
k> 1, where N* is the k' direct power of N.

Now, if expTN =n = p" ...p0", p1 < p2 < -+ < ps, my > 1, we
know that ¢t must have the form ¢t = pi‘lpéz co.pe, with 0 < N\ < my
(i=1,2,...,s); we write p}i|| t, i = 1,2,... ,s. We also write T(N) for
the collection of primes (p1,pa, ... ,Dps).

In [5] the authors calculate G(N*) for N € N with FN cyclic and

k > 2, obtaining the following theorem.

1.3. Theorem. For N € N1 with FN cyclic and for any k > 2, we
obtain G(N*) from G(N) by factoring out those residues m mod t such
that

m=e€; modpf‘i, e ==x1,i=1,2,...s.

In this paper we will generalize these calculations to obtain a result for
the genus of a direct product, G(N7 X - - - x N), where Ny, ..., Ni € N7.
In the third section we will show that, if the direct product involves a
group N; € N; with a non-cyclic torsionfree quotient FN;, then the
genus of the direct product is trivial. Note that this is a generalization
of Theorem 1.2. In fact, we prove

1.4. Theorem. For Ny € N; with F Ny not cyclic and Ny € Ny, we
have

Q(N1 X N2) =0.

In the case where the direct product only involves groups
Ni,Ns, ..., N, € Ni, all with a cyclic torsionfree quotient F'N;, an
important role is played by the so-called generators that obstruct an iso-
morphism. In the definition below, we write |a| for the order of the
element a in some given group.
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1.5. Definition. Let N1, No € N7 and p € T = T(Ny x N3). Suppose
that

(TN1)p = {a1(1)) ® (az(1)) & -+ & (a5, (1)),
where exp(T'N1), = |ayqy| > |agay| > -+ > |as, ()5

(T'N2)p = (ai(2)) @ (az2)) @ -+ @ (as,2)),
where exp(T'Na)p = |ay2)| > |ag@)| > -+ > |as, @)l

Let 2 < 2 < min(s1, s2) + 1, and suppose that

\111(1)| = |al(2)\, |a2(1)| = |a2(2)\,... ,|%—1(1)\ = |%—1(2)|~

Then we say that a1y obstructs an isomorphism between (T'Ny), and
(T'N3), if either [aza)| # lag@)| or # = so +1 < s1. Similarly we
speak of a,(2) obstructing an isomorphism. We call the order of obstruc-
tion (of (T'N1)p, (T'N2)p) the maximum of the orders of all generators
of (T'N1)p, (I'N3), obstructing an isomorphism. Of course, the order of
obstruction is independent of the choice of direct sum decomposition of
(T'N1)p, (TN2)p.

In the course of the fourth section we will prove our main theorem,
namely,

1.6. Theorem. Let N1, Na,..., Ny €Ny with G(N;)=(Z/t;)*/{x1}.
Set
t:ng<t1,... ,tk) :pi\l ...pg\s.
Let FN; = (&) with & - a = w;a for a € TN;. Define P to be the set of
prime divisors p of t such that there are distinct v, v € {1,...  k} for
which the following conditions hold:
(1) exp(T'Ny)p = exp(T'Ny)p;
(2) uy € (ur), ur € (uy), where u,, u, are viewed as elements of
(Z/ exp(TNy)p)*;
(3) On those generators of (T'N,.), and (T'N,), that obstruct an iso-
morphism between these two torsion groups, the actions of &, &
are trivial. This means that

Uy = ur = 1 modulo the order of obstruction.

Then we obtain G(Ny X -+ x Ny) from (Z/t)* by factoring out the residue
class of —1 and those residues m mod t such that

m=1 mod pf‘ for allp; ¢ P
m=1or —1 modpf‘i for all p; € P.
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Note that this is indeed a generalization of Theorem 1.3. For if N3 =
Ny = .- = Ng, then P would consist of all primes p; dividing ¢, so that
G(N*) would be obtained from (Z/t)* by dividing out those residues

m mod t which are congruent to 1 or —1 mod p;\i for all p;.

1.7. Corollary. Assume further that t = p*. Then, with no further
hypothesis,

G(Ny x -+ x Ny) = (Z/t)* /{£1}.

It is also interesting to note that the condition (2), namely, u, € (u,),
Uy € (ur) is in fact equivalent to |u,| = |u,|, if the group (Z/ exp(T'N,)p)*
is cyclic. This group is indeed cyclic if p # 2. However if p = 2 and
m > 3, the group (Z/2™)* is not cyclic, and in this case we cannot
replace the given condition by the weaker condition |u,| = |u,|, as Ex-
ample 4.4 will show.

We anticipate that the notions of generators obstructing an isomor-
phism and the order of obstruction to an isomorphism may prove to be
of interest beyond the scope of this paper. Notice that we only apply
these notions to groups Ny, N such that exp(T'N1) = exp(T'Na), since
we insist in Definition 1.5 that z > 2.

2. Some preliminary results.

Recall from [2], [3] the following exact sequence (where N € Np)
T-Aut N L (Z/e)* J{£1} — G(N) — 0.

Here T = T(N) is the set of prime divisors of n = expTN, QN =
N/FZN, FZN being the free center of N, e = exp Q Ny, and T-Aut N
is the semigroup of self T-equivalences of N. Recall also how 6 acts. For
any T-automorphism ¢, 6(¢) is the residue class modulo +1 of det ¢, ¢
being restricted to FZN. (In [1], [2] it is shown that a T-automorphism
sends FZN to itself). Moreover in [5] the authors show the following.

2.1. Lemma. Let p: N — N be an endomorphism. Then ¢ induces
Y :FN — FN. If o(FZN) C FZN, then det(p|FZN) = det 1.

So, for a T-automorphism ¢ of N, () is in fact the residue class of
det ). For N € N satisfying conditions (1) and (2) of Nj, we also have
the following ([5], [6]).
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2.2. Lemma. An endomorphism ¢ of N induces a commutative di-
agram

0 TN N FN 0
I L
0 TN N FN 0

and ¢ is a T-automorphism if and only if « is an automorphism and v
1s a T-automorphism.

2.3. Lemma.

(i) For all§ € FN and for alla € TN, we have a(§-a) = ¥(€)-a(a).
(ii) Suppose that a diagram

0 TN N FN 0
L= v
0 TN N FN 0

is given, such that a(&-a) =¥ (§)-ala), for allé € FN and for all
a € TN. Then we may find ¢ : N — N making a commutative
diagram as in the previous lemma.

We call (i) above the compatibility condition.

3. The genus of a direct product, involving a group in N;
with a non-cyclic torsionfree quotient.

Proof of Theorem 1.4: Set T = T(N1) UT(Ns). Since N1 x No € Ny,
we have the following exact sequence:

T-Aut(Ny x Ny) —2— (Z/e)*/{£1} —— G(N; x Ny) — 0

where e = lem(ey, e3). We show that we can realize the residue class of
any m, prime to e, by some T-automorphism ¢ of N7 X Ny. In other
words we show that for any m prime to e, there exists a commutative
diagram

0 —— TNl XTN2 _— N1><N2 E— FN1><FN2 —F 0
‘| L !
0 —— TN1 XTN2 _— N1><N2 e FN1><FN2 — 0

where « is an automorphism and ¢, 1 are T-automorphisms, such that
dety = m.
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Choose a basis for F'N; such that

FNy = (1,8, ... ,&), kerwy = (t1&1,t2e, ..., 1:&)

where t =t | to | ... | ¢ and wy is the action of FN; on TNy. Let
& -a = wu;a for a € TNy. Remark that the order of u; modulo exp(T'Ny)
is then t;. Now set

o =IdrN, x7TN,

and (in additive notation)

Y(&1) = m& + &, where | remains to be determined
V(&) =¢& G#1)
G|FNy = Idpy, .

Then we have only to verify the compatibility condition (Lemma 2.3) for
61. Now
a(&-a) =19(&) - ala) for all a € TNy x TN

if and only if
ura = uT'uba for all a € TNy,

which is equivalent to
(3.1) u"tul, =1 mod exp(TN).

We now have one of the following three possibilities:

(1) If e is even and ¢, is even, then m is odd, m — 1 is even and thus
ui' ™" € (ud);
(2) If e is even and t¢; is odd, then u; € (u?), since t; is odd;
(3) If e is odd, then t; is odd (because t1|e1le) and u; € (u?), since
t1 is odd.
Moreover, by the same argument as in Theorem 1.1 of [4], we can show
that in any case u? € (uz). Thus in each of the three cases it is clear that
we can always solve (3.1) for I. Moreover det ¢ = m, which completes
our proof. W

4. The genus of a direct product of Ni,... ,N; in Nq, each N;
having a cyclic torsionfree quotient F'N;.

Let N1, Na, ..., N, € N7 with G(NV;) = (Z/t;)* /{£1}, t; being defined
as in Section 1. Set t = ged(ty,... ,t;) = p}* ... ple and set T = T(N; x
Ny X -++ X Ni). Suppose that, for p |t and for i = 1,... ,k,

(T'Ny)p = (a15)) © {(az)) © - © (as, (1))
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with exp(T'Ny), = |aiiy| > |ag@)| = -+ > |ag, |- Let FN; = (&) with
& - a = u;a for a € TN;.

To calculate G(N7 x -+ x N) for Ny,..., N, € N1, we will use the
exact sequence

T-Aut(Ny x - x Ni) 2 (Z)e)* {1} — G(Ny x -+ x Ny,) — 0,

which is valid, since clearly N1 x --- x N € Ny. In the following two
propositions we will give a description of im#. From these we can then
conclude how to use Theorem 1.6 to obtain G(Ny X - X Ny).

4.1. Proposition. Consider the following commutative diagram:

0—>TN1><"‘XTNk —>N1><~~~><Nk .>FN1X"'XFNk — 0

[ e v
0 — TNy x---XTN, — Ny X+ XN, — FNyx---xFN, — 0

where « is an automorphism and p, ¢ are T-automorphisms. Let p | t.

Let ¥(Em) = 3251 Brns&y form =1,... |k, and let

S2 Sk
£(1) £(2) L(k)
p(@iw)) Z Qi) Be(1) + D Oy Qe oo+ D ) e
=1 =1
forve{l,...  k} andie€{1,...,s,}.
Then there exists a bijection f : {1,...  k} — {1,...,k} : j — f(J),
where f(j) is the unique index such that

p)[aq(} for some q € {1,... ,s570;)}.

Moreover, we also have
(1) exp(T'N;)p = exp(T'Ny(j))ps
(2) u; € (uggy), upy € (uz), with uj, ug;) viewed as elements of
(Z/ exp(TNj)p)*;
(Note that, of course, (1) and (2) become trivial if j = f(j).)
o(r .
(3) ugy = upey = 1 mod |aq((f)(j))ag(r)| for all v # 4, for all £ €
{1,... 8.} and for all g € {1,... ,s540;)}.
Further, if f(j) = j for all j € {1,... ,k}, then detv) = 1 mod p*;
and if there exists j € {1,...,k} such that f(j) # j, then
dety = 41 mod p*. In the latter case we need, moreover, the condition

u; = ugjy = 1 modulo the order of obstruction of (T'Nj)p, (TN (j))p-
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Proof: The compatibility condition (Lemma 2.3) tells us that
w(fm) ’ a(ai(v)) = a(&m - ai(v))
for m € {1,...,k}, v e {1,... k}, i € {1,...,s,}. This yields the

following.
If m = v, then

Z up! 1(1))@@(1) +ee Z ug”kal(v)a@(k)
:;uvai(v)aam + - +Zuv Z(U)ag(k
If m # v, then
Z“fﬂ 1(1})@4 ot T+ Zuﬁm’“ Z(U)ag(k)

_Zaf(vgaz(l -+ Zaf((f) gk

This means that, for all m, v, r € {1,... ,k}, foralli € {1,...,s,}, and
forall ¢ € {1,...,s.}:

If m = v, then v’ a ((Ugag(r) uvafggae(r);

If m # v, then u’mr o ((Ugag(r) = af((,:;a[(r)‘

Thus
(4.1) If m = v, then v’ =u, mod \af((zgag(rﬂ;
(4.2) If m # v, then v’ =1 mod \af((lga@(rﬂ.

We now assert that
¥je{l,....,k} Ff()E€{1,... k} such that pals,, for some g.

Indeed, since p does not divide the determinant of «, there certainly
exists such a f(j). And if we suppose that there exist v, v’ such that

pta, (]) for some i € {1,...,s,}

and
p)[oz ) for some i € {1,... 8y},
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then it follows from (4.2) that
Vm#v ufJ =1 mod |ay;)| = exp(TNj),
and
Vm #v uf’"j =1 mod |ay;)| = exp(TNj),.
If v # v, this would imply that
Vm Py =0 mod (t;)y,

where (t;), stands for the p-part of ;. Hence it would follow that det ¢ =
det(5;;) = 0 mod (t),. However, this is impossible, since p { dety (¢
being a T-automorphism). The assertion assures us that the matrix of
oy, reduced mod p, looks like

o O o o

a1 (T Ng(j))p

o0 -

0
Note that the above also implies that exp(T'N;), < exp(T'Ny(;))p-

Thus we have set up amap f:{1,... .k} — {1,... ,k}:j— f()).
We claim that this map f is a bijection. Indeed, if we suppose that
f(4) = f(4") = v, meaning that p { a;g% for some ¢ € {1,...,s,} and

that p ¢ a;,(g;g for some ¢’ € {1,...,s,}, then we would get from (4.2)
that

Vm # v uf’"’j =1 mod |ayj|

Vm #wv uf,mj/ =1 mod |ay(jl,
and thus

Vm#v fm; =0 mod (¢)p

Vm 7é v ﬂmj/ =0 mod (tj/)p.
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If j # 7/, this would again imply that det¢ = 0 mod (t),, yielding a
contradiction. So we conclude that f is a bijection. The above means
that the following situation is impossible for the matrix of ¢, (each
column being reduced mod p):

ai(y) aijn)

0 0
0 0
0 0
0 0
%

a(TN,), *
0 0
0 0
0 0
0 0

Now note that p ¢ aég?(j)) for some ¢ implies (using (4.1)) that

(4.3) (taking m = f(j)) u}’" Zup;) mod |ay;)| = exp(TN;),;
and by (4.2) that
vYm # f(j) uf”” =1 mod |ay;)| = exp(TN;)p;
and thus
(4.4) Vm # f(j) Bmj =0 mod (t;),.

Moreover, restating (4.1), (4.2), we get that, for all r € {1,... ,k}, for
all € {1,...,s.},and forall g € {1,... s},

. Briyr :
(4.5) (for m = f(j)) w’"" = uyy) mod |Oéf;((})(j))al('r')‘;
. L(r
(4.6) Vm # f(5) ufm =1 mod |Oéq((f)(j))(lg(r)‘.

If we take r # j in (4.5), then we know that (), =0 mod (), (see
(4.4)) and thus, again using (4.5),

— £(r)
(4.7) 1 =wuy; ) mod \aq(f(j))ag(,ﬂﬂ.



THE GENUS OF A DIRECT PRODUCT OF NILPOTENT GROUPS 251

If we take r # j and m = f(r) in (4.6) (note that we then still have
m # f(j), since r # j), then we get

WO" =1 mod \af;((})(j))ag(m.

But of course

Bfryr _ o(r
uy" " =gy mod |aq((f)(j))ag(r)|,

since, due to (4.3), this congruence is true mod exp(T'N,),. Thus we
get

_ (r)
(4.8) ufry =1 mod |aq(f(j))ag(T)|.

Let us reformulate what we have already proved. We have a bijection

f:{l,...,k}—>{1,...,k}:j|—>f(j)

such that
"
pj(aqgc)(j)) for some ¢ € {1,... ,5¢(j)},

and f is uniquely determined by this property. Indeed,

(4.9) Vm # f(j) Pmj =0 mod (t;)p;
(4.10) uff(j)j = uy;) mod exp(T'N;)p;
(4.11) Vr#i¥ee{l,... sy, Vee{l,... 5}

_ £(r) .
us) =1 mod fay i aem;
(4.12) Vr#jVae{l,...,spnhVee{l, ... s}
— £(r) )
Up(ry = 1 mod |ozq(f(j))a¢(r)|,
(4.13) exp(T'N;)p < exp(T'Ny(j)p-
So we have already established (3) in the statement of the proposition,

which is simply (4.11) and (4.12).
We now distinguish two cases.

Case 1: f(j)=j forall j € {1,... k}.
We then see, from (4.9) (4.10), that, for all j,

[ =0 o0 () G2
Bi; =1 mod (t;)p.
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Thus the matrix of v, reduced mod (t), = p*, looks like the identity
matrix, and thus

detyy =1 mod p*.

Case 2: f(j) # j for some j € {1,... ,k}.
Suppose that

fG)=mn
fyn) = y2
f(y2) =ys
f(ys—l) =Ys
f(ys) =7

Note that, since f is a bijection, we are certainly able to form a “closed
chain” for f as above. Note also that the above implies that

eXP(TNj)p < eXp(TNy1)p <--- < eXP(TNys)p < eXp(TNj)p-

Thus all exponents are equal, meaning that all p-torsion groups appear-
ing in a “closed chain” have the same p-exponent. This already estab-
lishes (1) in the statement of the proposition. Moreover, in this chain,
we also have

Bmj =0 mod (;), for m # 1
ufy” = u,, mod exp(TN,),, since f(j) =y
Bmy: =0 mod (ty,), for m # yo
uﬁf”l = uy, mod exp(T'Ny,)p, since f(y1) =y2
Bmy._» =0 mod (t,. ), for m # v,
uiyfﬁs’l = u,, mod exp(T'Ny, ,)p, since f(ys—1)=ys
By, =0 mod (ty,)p for m # j
u;f“’ =wu; mod exp(T'N,,)p, since f(ys) = 7.
So we get
_ Biys _ ﬁjysﬁysys,l _ ﬁ]‘ysﬂysys—lu'ﬁylj

Uj = Uyl = Uy, == mod exp(T'Nj)p.
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From this it follows that

(4.14) BiyBysyss - Byij =1 mod (t5)p,

while all the other (’s in the columns j,y1,ys2,...,Yys are congruent
to 0, modulo (¢),. Moreover, from the above, it is also clear that
gy = Uy, € (u;) and that u; € (upiy = uy,) if we view these as
elements of (Z/exp(T'N;)p)*. This establishes (2) in the statement of
the proposition.

Repeating this process of constructing “closed chains” for f, until we
have exhausted the whole of {1,... ,k}, we obtain a number of congru-
ences of the form (4.14), while all the other §’s are congruent to zero
modulo (%)p.

Combining all this together, we get

detvy = &+ H B=41 mod (t)p:pk.

all non-zero 3’s
It only remains to verify that
u;j = ug(j) = 1 modulo the order of obstruction of (T'N;),, (T'Ny(;))p-

Of course, since u; € (uy(;)) € (Z/exp(T'Nyjy)p)* = (Z/ exp(T'N;)p)*,
it is sufficient to prove that

uy(;) = 1 modulo the order of obstruction of (T'N;),, (T'Ny(j))p-

We now have two cases. Either the order of obstruction is the order of
some a(;) or else it is the order of some a,(f(;)). Suppose that the order
of obstruction is equal to [a,(;)|. Then it is sufficient to prove that there
exists v # f(j) such that p 1 af((j)), for some i € {1,...,s,}. Indeed, this
would imply that |af((g))aw(j)\ = |ag(;|, which in turn would imply, by
(4.12), that ugjy =1 mod |ay(j)|, as required. Reduce the matrix of o,
modulo p, and consider the columns of ay(;), azjy, .- ,@z—1¢j).- We may
suppose that

D | 043((3)), D a?((g)),... .0 | af(;)l(j), for all v#£ f(j) and all i€ {1,... s, }.

Indeed, otherwise we would obtain that |af((iiag(j)| = |agg| for some
¢ < x, which would lead by (4.12) to wuy;) = 1 mod |ay;)l,
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and thus mod |ag;)|. But of course, p t deta,. So we can find
41,92, - - - yqz—1 such that ¢; # g2 # - -+ # q,—1 and such that

1(7) 2(5) e—1(j)
Prag oy PO Gan - P %, L Gay

Moreover, we then know that

lag, (sG5| = largy)l
g, (£ 2 lazgy)]

|ag, (1G] = laz—10)-

Of course, due to the supposition on the orders and the order of obstruc-
tion, we are now unable to find for a,(;) a generator ay, (¢(;), such that
pfaﬁij(}(j)) with ¢z # g1, G2, ., @z—1 , implying that |ag, (s(j))| = [az |-
This means that, since p { det ¢, there exists v # f(j) such that

p{af((vj)) for some i € {1,...,s,}.

In other words, in the column of a,(;) in the matrix of a,, reduced
modulo p, we must have a non-zero number on a row outside a(T'Ny(;))p,
which is what we had to prove.

Suppose on the other hand that the order of obstruction is equal to
laz(sj))]- It is then sufficient to prove that there exists r # j such that

or
|aw((f)(j))ag(r)| = |ay(s(;))| for some .

Indeed, by (4.11), it would then follow that uy;) = 1 mod |ags(;y)l-

We will use the following notations:

—

(T'Nj)p = the direct product of all (T'N;),, except (T'N;),

pr; = the projection onto the (T'N;),-component

pr = the projection onto the rest, that is, onto (T'N;),.
Thus ay, = (pr; o) + (procay,). Now

ap(ai(s())) = (prjoap)(a(s(y)) + (Proay)(ai(s()))
ap(as(s(yy) = (Prj oap)(az(s(;))) + (Proay)(az(s()))

ap(az—1(5(j)) = (Prj oop)(az—1(s())) + (Proay)(az—1(s(j))-
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We may suppose that the second components in these sums have smaller

order than |ay(¢())ls--- s |az—1¢¢y| in (T'Nj),, respectively. Indeed,
otherwise there would exist r # j such that

[ e | = lagesin]
a(£(5))%e(r) q(f(4))
for some ¢ € {1,...,x — 1} and some ¢, which would imply by (4.11)
that
upy =1 mod |ag(s(sy)|
and thus also mod |a,(f(;))|, which is what we wished to prove. But

then we need that the first components of these sums have orders
larcronls lazcsnls - -+ 5 laz—1(#())| respectively in (T'Nj),. Now set

Hy = ((pr; o) (ar(s())))
Hy = ((pr; oay) (as(s(5))))

Hy oy = ((prj 0op) (@ —1(5()))-
So H, (for ¢ =1,... ,2 — 1) is a subgroup of (T'N;), of order |a,(¢(;))|-
Moreover, we claim that Hy, N Hy, = {0} if ¢1 # ¢2. Indeed, suppose
that 0 # x € Hy, N Hy,. Then there exist A1, Ay (where we may assume
that either pt A1 or pt A2) such that

z = M (pr; oay)(ag, (7))
= >\2(ij oap ) (g, (£(5))-

But then it is easy to see that this yields a contradiction with the injec-
tivity of ay,. We now have

H&H @ - ®Hy_1 — (TNj)p > (TN;)p/H1 & - D Hy_q.

We see that in the quotient we have to factor out cyclic subgroups of
orders |ai(s(jy)| = laiyl, laarinl = lazyls - laz—1¢s6n | = laz—1(5)]-
This quotient thus has exponent < |a,((;))|- It is then easily seen that,
since

ap(aa(r(i)) = (Prj 00p) (@a(s(5)) + (Proap)(au(s());
the order of the first component in the above sum in (T'N;), is <
laz(sjy)|- This means that the second component of the sum has or-

-

der equal to |az(f(;y)| in (T'Nj)p, so that there exists r # j such that
|ai((?(j))ag(r)| = |ag(s(jy |, which is what we wished to prove. This con-
cludes the proof of Proposition 4.1. &

Thus we know that any m in im # must fulfil the conditions given in

Theorem 1.6. We now proceed to the converse; that is, we show that
any such m is realizable.
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4.2. Proposition. Let m € (Z/t)* with m = ¢; mod p), for all
ie{l,... ,k} wheree; =1 or —1. Additionally if ; = —1, then suppose
that there exist v, v € {1,... ,k} such that r # v and

(1) exp(T'Ny)p = exp(T'Ny), (that is |ayy| = |aiw]);

(2) uy € (up), up € (uy), where u,,u, are viewed as elements of

(Z] exp(TNy)p)*;
(3) wy =u, =1 modulo the order of obstruction of (T'N,)p, (T'Ny)p.

Then we can realize m, that is, [m] € im 6.

Proof: We will construct an automorphism o € Aut(T Ny x - - - x T'Ny,)
and a T-automorphism 9 € T- Aut(F Ny X - - - X F'N), which satisfy the
compatibility condition of Lemma 2.3, such that dety = m mod t. It
will follow that any endomorphism ¢ of (N7 X - - - x N}), compatible with
a and v, will be a T-automorphism realizing m. We will determine «
completely, but we will only determine the matrix of ¢» mod ¢.

Fix a particular p among the prime divisors of ¢ and let

Pt Pt ™ e DOt

Set
Y(&) = P& + - + P

V(&) = P& + - + Brrée.

The idea is the following. If m = 1 mod p*, we will construct oy
as the identity on (T'N; x .-+ x TNg), and the matrix of
¥, reduced mod p*, should look like the identity matrix. If
m = —1 mod p*, then a, should map (T'N,.), to (T'N,), and vice-versa
as much as possible. This means that we map the respective generators
with the same order (for example a;(,) and a;(,)) on each other. On the
generators of (T'N,), obstructing an isomorphism, and on later gener-
ators, we define oy, to be the identity, and likewise for (T'N,),. On all
other p-torsion subgroups (T'N;),, for j # r, v, we also define «, to be the
identity. The matrix of 1, reduced mod p*, will look like the identity
matrix outside the " and v*" columns. These two columns contain Gy,
and f3,, such that u, = u?, u, = u~ mod exp(T'N,)p. Then, as we
will show, det ) will be congruent to —1 mod p*.

Case 1: m=1 mod p*.
Define o, =1Id : (T'Ny % -+ X T'Ny), — (T'Ny x -+ - x TNy)p, and let
{ﬁiizl mod p* forallie {1,... ,k}
Bij =0 mod p' if j # .
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Case 2: m=—1 mod p*.
We then know that there exist r,v € {1,... ,k}, r # v such that

(1) exp(T'N;)p = exp(T'Ny), (that is a1y | = |aiw)]);
(2) uy € (ur), up € (u,) viewed as elements of (Z/ exp(T'N,)p)*;
(3) uy = u, =1 modulo the order of obstruction of (T'N,.),, (T'N,),.

Define o : (TNy X - - X TNy)p — (T'Ny X --- X TNy), as follows

ap =1d  outside (TN, x T'Ny)p;
ap =1d  for the generators of (T'N,), and (T'N,),
obstructing an isomorphism and for later generators;
(@) = @) and ap(a;w)) = a;er)
for the other generators of (T'N, x T'N,,)p;

and let
Bis =1 mod p* fori#r, v

Boo =0 mod p
Brr =0 mod p'r
Br» and (,, be chosen such that
uy = ulr, up = ul mod exp(TN,),

(which is always possible, by hypothesis)

Bi; =0 mod p%  otherwise .

Remark that in both cases we can solve all the congruences
(by the Chinese Remainder Theorem) and that g;; will be
determined mod t;, so that the entries of the matrix of ¢ will be de-
termined mod ged(ty,... ,t;) =t. We will now check that o and v, as
constructed above, satisfy the compatibility condition (Lemma 2.3).

Case 1: m =1 mod p*

a(8s - aq) = V(&) - alag) (ag € TNg) (q # s)
= aq = uf;sq ag, and the latter holds since 8,, =0 mod p‘s
O‘(fs . as) = ¢(§s) . a(as)

= Usls = uf“as, and the latter holds since B, =1 mod pés.

Case 2: m=—1 mod p*

If {q,s} # {v,r}, we get similar equations to those above. If {q, s} =
{v,r}, we have for generators a;(,y, a;(,) that are mapped under o on
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each other:
a(& aj(r)) = (&) 'O‘(aj(r)) = Qo) = Aj(v)
(€ aj) = (&) - alaj() <= uoaje) = ula;e)
a6 - ajm) = V(&) - alaje) <= urajw) = u) M aj)
o 'aj(v)) =) - O‘(aj v)) = Gj(r) = Qi(r)>

and the latter relations all hold.

If {q,s} = {v,r}, we have for generators a;(,), a;) on which «a is
defined as the identity (that is, generators obstructing an isomorphism
or later generators):

a(€y - ajm) = ¥(&) - aji) <= aimy = ul aje
&y - ajw)) = V(&) - alajv)) == Uuajw) = i)
(& - ajimy) = Y(&) - alajy)) <= uraj) = aje
al&r - aj) = (&) - alaj) <= ajw) = U™ aj),

and the latter relations all hold, by (3) above.
Finally we look at det . For each pl|t, we have

1 mod p* if m=1 mod p*

det ) = det(3;;) =
et et(Bij) {_ﬂwﬁw mod p* if m=—1 mod p*.

However in the second case we know
u, = ul = (uPr)P mod exp(TN,),.

From this it follows that By,.Gry = 1 mod pf = p®*, so in either case we
have
detyy =m mod p*.

Thus
detyp =m mod t,

which concludes the proof of Proposition 4.2. With these two proposi-
tions our main result, Theorem 1.6, is established. ®

We now give an example of how one can use Theorem 1.6 to calculate
the genus of a direct product of groups in M.

4.3. Example.
Let Ny € N} with TN, = Z/9 ® Z/49, FN; = (&) and & - a = 22a
foralla € TNy. Sous =1+3-7andt; =3-7=21. Let Ny € NV
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with TNy = Z/9 & Z/3 ® 7,/343 and FNy = (&) where & - b = 148b for
allbe TNy. Sous =1+3-7% and ty =3-7=21. Thus t = 21. Then
P = {3} (see Theorem 1.6). Note that 22 = 148 = 1 mod 3 (3 being
the order of obstruction of (T'Ny)s, (T'N2)3), but plainly 7 ¢ P. Thus we
have to factor out of (Z/21)* the residue classes of 1, —1 and of those m
such that m =1 mod 7, m = £1 mod 3. This means factoring out the
group H generated by {—1,m}, where m =1 mod 7, m = —1 mod 3.
Thus H = (—1, 8). Thus

G(Ny x N3) = (Z/21)*/H = 7./3.

Of course, we can explicitly describe the groups in the genus of N1 x Na,
using the descriptions of the groups in G(N), for N € N7, given in [3].

Finally we give the promised example to show that the condition u, €
(ty), uy € {u,) cannot be replaced by the weaker condition |u,| = |u,]
in Theorem 1.6. That is, we will give an example where 2 ¢ P, although
the prime 2 satisfies (1), (3) and the weaker form of (2); and where
the compatibility condition of Lemma 2.3 excludes the condition det ¢ =
—1 mod 2*.

4.4. Example.
Let

1 3>

5>'

Ny =(z,y|a®=1yry ' =2
Ny = (z,y | =1, yzy =2

Then

Nl ENl, with TN1 = Z/lG = <a1>, FN1 =7Z= <€1> and fl sl = 3a1
N2 S Nl, with TN2 = Z/].G = <a2>, FN2 =7 = <£2> and £2 s adg = 5@2.

Moreover t; =4 and t2 =4, so t=ged(t1,t2) = 4. Let ¢ € T- Aut(FN; X
FNs) be given by

Y(&) = Bin&r + Binka, fori=1,2,
and let o € Aut(TN; x TNs) be given by

ala;) = ajra1 + ajoag, for j =1,2.
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Expressing the condition «(§; - a;) = ¥(&;) - a(a;) for i, j = 1,2 yields
the following equations :

3aq1a1 + 3ag2as = 011136116“ + a125512a2
Q2101 + aaas = a913% ay + 2572 ay
ar1a1 + 1202 = 1137 aq + @125 ay

Bagiay + dagsas = 012135216” + 01225522(12

Now, we have at least one of two cases; either 2 t ay; or 2 4 agy. If
2 t a1, then we need 2|ag; (otherwise (1) and (2) contradict) so that
2 { agg (because 2 t det «) and so 2|aq2 (otherwise (3) and (4) contradict).
However, in this case we obtain

Gi1=1 mod 4
B2 =0 mod 4
b1 =0 mod4
Boa =1 mod 4

So that dety =1 mod 4.

If 2 1 ap1, then analogously 2|aq1,2 t @12 and 2|age. Here we need

811 =0 mod 4
B2 =0 mod 4
3 = 5o mod 16
5=3%1  mod 16

The two last congruences however have no solution. We thus can con-
clude that for each ¢ € T- Aut(F' Ny x F'N3) we have det¢) =1 mod 4;
and dety = —1 mod 4 is impossible.

Of course, Corollary 1.7 gives us the simple formula for G(N7 x N3) in
this case, since only the prime 2 is involved; and the value of G(N; x Na)
is unaffected by whether we can find ¥ € T-Aut(N; x N3) with det ¢ =
—1 mod 4. To obtain a counterexample to the statement of Theorem 1.6
with the weaker version of condition (2), we need to complicate our
Example 4.4 by involving another prime p as a factor of ¢, in addition
to the prime 2, and arranging that p ¢ P. We would thereby obtain an
example in which all the hypotheses of Theorem 1.6 were verified, except
that condition (2) is replaced by the weaker version, but the conclusion
of the theorem is false.
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