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ABSTRACT
Several different ways of defining the Kéthe m—dual of echelon spaces of
Banach—valued functions are shown to be equivalent.

Let (&, X, ) be a measure space where I is a locally compact topological Hausdorll
space and u a regular non-negative o—finite measure defined on a ¢ -algebra ¥ con-
taining all Borel sets in 2. Let g1, g2,. .., be an increasing sequence of non-negative
measurable functions such that

/.L{.’L‘ € F:gr(z)=0"1orall k= 1.,‘2,...} = 0.

For p > 1 the echelon Kéthe space of order p associated to (gx)r is defined as the
space AP = .-'\T’(E,E.,/L,(gk)k) of all measurable functions f : £ — R such that

i/p
pe(f) = ( / |17 gk du-) <+ forall k =1,2,....
JE
With the system of seminorms py, pa,..., .\? is a L'réchet space and its topological

dual is the same as its K6the a—dual (AP)® defined by:

(AP)* = {g : I, — R: g is measurable and /!fgl dip < 400 for all f € .-\.”} .

* The research has been partially supported by La Consejerfa de Educacién y Ciencia de la Junta
de Andalucia.
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The theory of echelon Kothe spaces has been widely studied by J. A. Lépez Molina
[8-11], J. C. Diaz Alcaide [1-3] and K. Reiher [13,14]. This theory can be extended
to functions with values in a Banach space: Let X be a Banach space with dual
X', a function [ : kK — X is said 1o be u measurable if it is the p-a.e. fimit of a
scquence of simple functions [1. T1.1]. We define the corresponding Banach--valued
echelon Kéthe space as follows:

AP(X):={f:FE - X:[is p— measurable and || f]| € AF}.

When endowed with the topology defined by the system of seminorms gi(f) :=
re(llf1)s & = 1,2,..., AP(X) is a Tréchet space.

To extend the Kéthe o duality to this setting. one can follow several approaches,
see, ¢. g., [T], [12] or [15]. Cur purpose here is to show that these approaches are
essentially the same, namely:

Thecrem

For a u -ineasurable function g : ' — X', the lollowing arc equivalent:
h ? (=]

(i)
/ Sigildie < 40 for all f € AP(X).
Ji

(ii) llgll € (AP)*.
(iii)
j[ (), g(@)] du(z) <+ for all f e AP(X).

To prove this, we need the following slight extension of a lemma which was
stated in [6] and may be of independent interest. We include its proof for the sake of
completencss. We shall make use of of the following form of Luzin’s theorem: “If X
is a Banach space. A € X has finite measure, [ : A — X is a p measurable function
and g > 0, then a compact set K C A there exists such that u(A\ K) < ¢ and f is
continuous on K7 [5, 9.1 and 10.2].

Lemma

Letg: 1l — X'ande: I — R be p measurable functions, € in addition strictly
positive. Then there exists a pu—-measurable function n: Il — X such that

(1) n is countably valued with values in the unit ball of X, and

@) llo@)| < (g(z),n(@)) + ) p-ae. in E.
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Proof. Since (E,X, 1) is o finite, I can be covered by a sequence of pairwise disjoint
sets all of them having finite measure and, by using Luzin’s theorem repeatedly, we
can find a sequence (Agy)m of compact, pairwise disjoint subsets of I such that
p(l\ U, Am) = 0, and ¢ and ¢ are continuous on cach A,. lor every m we
shall construct a simple function n,, satisfying conditions (1) and (2) on A,,. Then
ni=Y . nm will be the req uired n.

Iix K = A,,. For x € K there exists a vector ¢(z) € X, with |le(z)|| £ 1 and
such that

lg(2)]] < {g(x).e(x)) +

Now, for x € K the lunction

(G

().

Le K v (g(t),e(2)) + (1) = gV

is continuous on X and strictly positive on z, therefore we can find an open neigh-
bourhood of z, U/(x), such that for t € K N U (x) we have:

Nlg(Oll < {9(2),e(x)) +(2).

Now {{(z) : z € K} is an open covering of the compact set K and therefore we
may take a finite covering from it: K C U(z()U---Ul(z,). Take B; = KN U(zy)
and in genceral

i1
Bi=(KnU@@,)\JB: forj=2,3,...,r
i=1

Then K ={J; Bi and, for ¢; = ¢(x;), we have forallie K

lg(Dll < <9(1),:Z f—’i,\"u.(t)> + (1)

Finally,

r

ni(z):= Z eixp, ()

i=1

is the desired function on K. O
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Proofl of the theorem. Bearing in mind that for f € A? and v € X we have
Ju € AP(X), a straightforward computation proves (i) <= (ii) = (iii). To prove
(iii) = (ii), take a p—measurable function g : I — X' such that

[| J(x), (1(1‘))|d/l( ) <

whenever f € AP(X). Tet (l?-,,,).”=1 be a sequence of pairwise disjoint, measurable
sets. all of them having {inite measure, that covers I and take

oS (@)
E(-l:) :,/—1 9n (’“(l ")+ 1)

Then elz) > 0 for all z € L, € is p—measurable and
\

1
J{:.E(J:)du(a:) <5 5 =

Take h € AP arbitrary, and apply the lemma above to ¢ and hg: there exists a
;¢ measurable function n from F into the unit ball of X such that:

|h(z)g()]] < (h(z)g(x),n(x)) + () B a.c.
Now, since ||A(z)n( .r)|| < |h(x)], we have that h-n € AP(X) and therefore:

’ | @)l o)l dute j Ih(z)o(z)] du(z)
< / (h(2)g(z), n(e)) dis(z) + | e(x) du(z)
E

n=1

Ji
< I{ﬂ(g(z),h(w)n(m)) du(z) + 1
< +00.

Since h was arbitrary, we have that ||g|| € (AP)*. O

DErINITION. According to our theorem the Xothe a—dual of AP(X) is defined as
the space of all y—measurable funtions from E into X’ satisfying cither (i), (ii)
or (iii).

Remark. For the case of echelon Kéthe spaces, our result extends [12, Prep. 12]
where the Banach space was assumed to be separable and reflexive. Also, (iii)
provides a new characterization of the topological dual of AP(X) when X' has the
Radon- Nikodym Property, see [1, IV.1] or, more generally, [7, Thm. 5].
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