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zquilibrium points foi a wice class of games
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ABSTRACT

in this paper we present the exisience of squiliciivm points for extension
of finite games having sum of quotienis of ¢rnectation funciions as payoff
function.

inirocuciio:

it is interesting to see that the minimax thecrem was gevneralized by von Mevmann [§)

for games with payofl functicns which are raies of expoctations. Cn the ciher hand

Nash’s equilibrivm points might be svitable for such a generalizaiion which was

obtained by Marchi [3].

Here we will consider iwe existence itheorems wiih different iechniques for non-

cooperative n person games with paysi functicn given by sum of quotienis of ox-

pectations.

i. General games
Let us consider an extension of the finite n—person game with payoff
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with the set of players . The player i € IV has the finite set of strategies i;. Then
the extension is defined on the set

N T &
Xi=| v.-’i-—-/‘(

where n = || is the number of players and W; = X; the set of mixed strategies.
The payoff funciions are given by

[(xyy...,2,) =

NIE

li
-
.
&
=~
—
8
=
) —

Z;':, Hf'# Fi(xyy..ytp) Ei(er....,x,)
.s_[;l:‘l i",",-(mh---:xn.)

where without loss of generality we assume all the {unciions to be strictly positive.
Intreducing the notation

(:’:lly) = (?/l-.---,?/i—h-'l"i,?/i+1,----.-yn.)

forz; € Xy and y = (y1,...,yn) € X we define the following funciions

Ti
= 11 Filailz) Bi(wile)
kst
and
- A
' (ails) = T 7ie) = [ Fiteilo).
k=1 k=1
Therelore _ . — )
gy o Ao (x) Z:j'=1 L;(:r,[.r)
K= ey T T i '
ot +(z) (i)

Ve have that the funciions £} are
ouly il ihe condition a)

'oncave in £; € X; for fixed z € X il and

-~

(1) Vi L2l - (2 — o) 2 Liwilz) — Li(z0]e)

is satisfied for cach 2V, #; in ;. Tere V; indicaies the gradient and - the inner
product. Cn ihe other hand, the payoll i7! is convex in z; € X; for fixed z € X if
and only il

(2) Vi ' (2) - (2 — 2¥) < Mi(z]z) - M (¥ e)

for each z?, a; € ;. This condiiion is b).
As a first rosult, we have the following
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Equilibrivm points

Theovem
Under conditions a) and b) the extension game has a Nash equilibrium point

PProof. tor a fixed y € X and any z; € &, let

N r
Silzny) = Mi(y) o ii(mily) — p ) Lily) M (zily)
j=1 j=1
which is concave in x; € A,
"Therefore the function
n

S(z,y) = Ciziy)

with respect to the variable € 7. Moreover, it is conitaucus.
rrespondence #(y) C X of those peinis ¢ € &
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is also concave
Cefining the nen-empty cons
such that
&(z,y) = max 8(2,9)
1;6_)(

then, by viriue of Xakvtani’s fixed point itheorem, we have tho existeace of a paint

# € & such that z € (%), cr

“*his is equivalent ic

for any = € X . "’his
Ji .
02> m'(2) , " Li(mile) — } ( Li(Z) ' (zilx)
i=1 j=i
K.
axisience of a

for cach player i € iV and each straiegy z; €
Dividing this inequality by  449(Z) 4 (1',|r) > {0, we have the exis
Nash equilibrium point.
vow we would like to show the gradient formulas which are given by
rl
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and
. o . i .
Vi di(@lle) = 3 Vi Fia?2) T{ Fi(2f]a).
i#k

>
-

As an example, we have that when the payoff function are given by

‘EI’;‘(J“) = E;';(-T,':) = ? flf;(u".;)z,'-(w;;)
wy,
Fi(e) = Fi(ey) = Z b (wy) ()

then, it holds true
£?) = dij(di(w]),...,25(w}j))

Py

Viwi(alle) = 65V

whara d;; indicates Xroneckei’s delta. Cn the other hand

Vs ei(a%) = Six T 9(a?) = Gun (Bi(w), ., Bh(wE)).
Therefore, it is casy to see that (1) and (2) hold irue. In order tc verify (1) i

is conveniani tc split the cases when j =1 and j # &.

As 12 secend exaimple, we introduce ihe case when r; = 1 and ‘“":i = d;j .A';::,. then

Vili=v,&0  and V=0,

Then b) and ¢) are

assured. Moreover if a) is assumed, we are generalizing von
umann’s case wiith n—players. Eesides i, when #} is consiant for cach ¢ € N,

\ o

an

the existence of Nash equilibrinm peint is gotion. O

2. foringr aporoech
As we have pcinted cui in the introduction, we are now going te study the existence
of equilibriuin peing for the extension already introduced. Pere we will de this using
a different technique which is based cn a generalization cf Xnasier-Kuratowski-
Mazurkiewicz lemma due io Peleg [3]. Using it we will present a different procf of
Theorem 1, enly in the case for  r; = 1. Fhis second technique will b2 as powerful
as that using Kakutani’s {fixed point theorem for such a case.
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Equilibrivm points 1
Theorew 2 (Peleg)

Let (,’L C X be a closed subset for any i € N and any w; € Wy, such that

U (_,f,’;_,l {reX tayuw)=0 for all uy € W — Q;}
w,€Q,

Then

N N Ci #0

IEN w EW,

Here § denotes the empty set.
Using this important Peleg’s result, we now have our second proof of Theorem 1.
Lot us consider the set D% of the x € X such that

1’"i(a:)[l:,',;(ur,-|.':¢') — Ei(u:il.r)] — i:"-,-(a:)[l"’,-('ei.l',|:n) — [",-(ur,:|.r)] >0

for all @; € §(=x;) where F; = &, Fi = ki, and S(x;) is the support of z; € N,
First. we want 1o see thai such a set is closed. Yndeed. consider a converging sequence
2(n) — z such that for each natural n, z(n) € D}, , then for each @; € .F;'(.r,-(n)):

wy

s'_l",-(u.'!-,'i[r,-,.'z:(n)) = (.'n(n)) [i'?,--(u}ilm('n)) - E,-(w,-l.r(n))]
Exla(w) [Fi(mile(m) = 7 (wilz(n)]

>0

but since each term is continuous, in the limii because there is an no such that, for
all m > nyp, S(:I:(n)) D Y(z), we have that the just written incquality holds true
also for z € X. Thus, € D, and D&, is closed. Gn the other hand, given any
subset Q; = {w},..., w7}, let F; with 5(&;) C Q; and & = (#1,...,%n). Therefore
:i'z-(w,-) =0 for u; € W; — Q,

Consider a @; such that

min if(@;,w;, #)= min  min fH;(wy,w;. T

'I'IE('?I 1( " b ) “‘llec?l "L'IE(;)I l( o ' )

which by finiteness always exist. For such a d it holds tiue H;(dy,w;,#) > 0 for
cach w; € Q;. Thus & € D, and Peleg’s condition in the Theoremn 2 for the sets
D, is satisfied. Thus

o N P

iEN w, €W

= ﬂ ﬂ {1- € X : Hi(w,, i) >0 forall w; € S(:L',-)}

iEN w,EW,
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or equivalently there exist a point & € X such that for cach i € .V and cach w; € W,

w; € 5(w;): Hi(ww; @) 200

Fi(e) Ei(wi|e) = Ea) Fi(uila) > Fi(z) E(wile) = Ei(x) Fi(uile) . ()

The right hand amount in this inequality has to be constant for ecach i € 5(; ).
therefore by convex combination of r; € X; since the function are linear:

0= Fi(a) By(F:)7) — Eix) Fileifd) > ti(e) Bi(uwg|a) — Ei(E) Fi(uile)
for all w; € Wi, By combining in a convex combination for x; € X;:

Ei(r) Fi(xg|2) > F(x) Fiai|7)
for cach ; € X;. Dividing by F;(7) Fi(2:{z) > 0 by condition a) we have that r € X
is an equilibrium point. O

We weuld like to meation thai ihe above resulis can be extended in a natu-
ral way for games defined on swuiiable linear topological spaces by using the Fan-
Glicksborg generalization of Kakutani's fixed point theorem [1.2]. This can be done
using the same Lechnique mentioned in ihe proof of Theorem 1.
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