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1. InTRODUCTION: Evaluating some of the infinite integrals
involving confluent hypergeometric functions 7 came across a double
series analogous to APPELL’S double hypergeometric function of the
form
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where as usual (a), = | (@ + #)/| (a). The series converges absolutely
when |x|, |y] < 1.
The series (1.1) is a very special case of the KAMPE’ de FERIET'S
hypergeometric function of two variables of higher order and in
Kampe' de FERIE1'S notation, the function
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In this paper, we shall study some of the properties of the series
(1.1) and its relation with other known ApPELL’s double hypergeo-
metric functions [3] We shall denote the series (1.1)
symbolically as

F© [C, d:a;b;x,y] (13)
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When d = e, this series reduces to a well known series F), defined
as
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When we take b = b’ in the series (1.1), it reduces to
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which we shall symbolically denote as
FG) [C’ d: a’; %, y] (16)
e: a

A Again, when a = a’ in the series (1.5), it re_duces to a known
expansion
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INTEGRAI, REPRESENTATION OoF F®) and F© :

For finding out the integral representation of F©), we shall first
find out the integral representation of F®), Now, by definition we have
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Using EULER’S integral

R | () : b=1 (1 _ fe—b=1 (] _ #,)\—a
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where R(c) > R(b) > 0 and |arg (1 —2)| <&, and on reversing
the order of summation and integration, which is justified as the
series is absolutely convergent for the conditions given above, we
get

F(S)[c’ d: al;x:y] =
e. a

(2.2)
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Again, using the EULER’s integral (2.1), in the relation (2.2), we get
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where R (¢) > R (b) > 0.

Now,
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Using the result [1., p. 200]
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we get

F) [C, d: a, b s x, ]: _ I—(bl)__ ozo (ﬂ), (C)r (d)f x
e:a; b [(6"—28) [(6),/=0 (&), (e), |7

1
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0

Expanding hypergeometric function ,F, in infinite series and
reversing the order of summation and integration, we get
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Interpreting the involved double series with the help of (1.6),
we get
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Now, using the relation (2,3), we get the required integral repre-
sentation of the series F© as
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3. We have the following two elementary expansions as
F [a b'c'x] F [a’ b"c"y]— § §___‘_f’__
2+1 y Yy by 2+ 1 ) > ’ =& I_S IZ (C)’ (c')s

and
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CHAUNDI & BURCHNALL [2., p. 250] have introduced the inverse
pair of symbolic operators

R RICE S R R NI
6+ 1) [(6' + ) [() [+ & + )
where 8, &' = x 8/6%, y 8/3y,

then

I
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Now using these definitions, the series can also be expressed in
terms of product of simple hypergeometric function as

F® [c' d: “ Z, ; %, y] =V (c)V (d) A(e) sF2 [u, ¢,d; a,c; %]
e a’; i

3F» [b, c,d; b, e; y] (3.3)

In the relation (3.3) if take d = ¢ we get the known result [2.,
p. 253]

F® [cia, b;a',b; %,y =V (¢) 2F1[c,a;a’; %] ,F1[c, b;0";y] (3.4)

Again, using the same definition and the result (3.1) we get the result
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’

2Fy [(l', b c; y] (3.5)

Now, using the relation [2., p. 270]
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In the relation (3.3), we get

v@a@Fe [Tl o pa[fiedhd ] g
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We can also relate the series F© with other known APELL’S
Hypergeometric series [3] in the following way:

Fio @0 0: B B

a)
Ve 61; )

;% y] = v (8) FWO [f/-'; B, B'; v %, }’] (3.8)

b) F® [“”fz;’i',;’f; my]=v(ﬂ’)A(V)F‘2’[oc:ﬂnﬂ':w,y’: %y] (3.9)

¢ F© f""“”'““':xl,«f]———v(ﬁ)v(ﬁ')m[al,u';ﬂ,ﬂ';y;z,y] (3.10)
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and
d) F®© [”” ’Z: Z 6,; %, vJ = /. (0) F@W [ou, B v, v % y] (3.11)
YV

CHAUNDI & BURCHNALL [2. p. 250] have given the following
results:

V@) FV[a;b,b5c5%, 9] =,F1(a,b;c;x+y], (3,12

F [a; 6,05 0;%y]=V(@)A(c) 2F1(a,b;¢; %] ,F1[a,b'5¢;5] (3.13)

vV (0) A (c) FD [a; by b; ¢, ¢; %, y] = ,F1[a1, b; ¢; x+y] (3.14)

F® lay,a;0:,05¢;%,y]=A() ,Fila1b;c;%] ,Fi{a"1 b;¢;y] (3.15)
and

A @) FO [a, B y1, ;1 y] = 2F1[og, By 2 +y]  (3.16)

Now using the result (3.12) in the relation (3.8) after putting
B = p we get

o0 5y | =@ 2@ [apnaty]| 610
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Using relation (3.13) in the result (3.8) we get

w6 [ 0: 88 ,
£ [ . P y] VOV A () 2 F, (5, B 73 4  Filo, B 7 9]
' (3,18)
Using relation (3.4) in (.9) & the relation (3.15) in (3.10) we get
o BBy
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F©)

;0 % y] =V (B)V()AWX) F lo By %], Fi [0, B39 )
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and

Fo [’9’ j’zﬁ",‘f ﬂ % y]= V(8) Y (B) 2 () o F, [, B 73 4, F, [, B3]
’ (3.20)

Using relation (3.16) in (3.11) after putting 9’ = y we get

A EICRICE A R D
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Using the result (3.14) in the result (3.9) after putting ' = 8 &
y" =y we get known result (3.2)

4. TwO EXPANSIONS

Using expansion (2. P. 252)

@ [a;b,0";¢,¢; %, y] = §] (), ©), ((), )r w Y JFi a7, b7 ct7; %
= IZ (C)r (C )r

o labn b 4y (41)
in the result (3.9) we get
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Writing the result (3.18) in the form

v (y) & (8) F© [al o: /Z,/f; ;z,y] —F [a; B By v % Y]
Y0,

and expending F(2) with the help of result (4.1) we get

v ) o () Fw[”"‘“ & ﬁ';x,y]
y:0;0

= OEO;M—’—@’ Xy 2 Fy[atr, fr, y+7; 2] 2F o [atr, B+ y+7, Y]
r=0 |7 (V)V (V)r
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