SOME, EXTENSIONS OF THE MEHLER FORMULA

by

I,. Caryirz

1. The Hermite polynomial H, (¢) may be defined by

o x”
Y H,(a) = = 2o,
n=0 n!

The bilinear expansién

=

(1.1) X H,(a)H, (b) :Tn, = (1 — 4x2)~% exp {4abx — 4l + bz)xz}

n=0 1 —44%x2

is known as Mehler’s formula [3].

In the present paper we shall obtain a number of extensions of
(1.1). In the first place we show that

i“; xnly”
(1.2) m%‘:o H,.,()H, ) H, () by
_t —4a2(x2—|—y2)+4a(bx+cv)—4(bx—|—cy)2}
— —_— 2 2)-y = .
(1—4x2—4y2) exp{ 1 —4x2 —4y2

This can be extended further. For example we show that
0 x™m yn zp
(1'3) m,n§=0 H?n-!—n+1> (a) Hm (b) Hu (C) HP (d) m
= (1 —4x2 —4y2 — 422)

. —4a2(x2+y2 4 22) + 4a (bx + cy + dz) — 4 (bx + cy + dz)?2
€xp 1 —4x2 —4y2 — 422

and so on.
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In the next place we consider an expansion of a somewhat dif-
ferent nature, namely

d x‘)":v‘ﬂzf)
b4 B He @O e O
1 2a2 — 252
— &t exp {Zcﬂ _ Za2 —4Za2y d42czbz 4 SZabxy}’
1

where
dy=1—4x2 —4v2 — 422 4 16xyz

and Xa2, XYa2x2, Xabz, Xabxy are symmetric functions in the in-
dicated variables.
The corresponding result for the sum

& a0y 2 10
(15) B Hun @) Hay O Hy g Oy @ s

is contained in (5.1) below.
The identities (1.1) and (1.2) admit of the following extensién.

(1.6) ]goz_k!Hksm (a) H, .. (0)
— (1 — z2)kmen ) exp [f}qbz —‘ Aj—(ajz—zi- b2) zz]
T8 ()0 (572 o (LR,
(1.7) fo H, (@) H,., & H,,.( %'_Vm

<

S

= $+ 3 % (7)(5) Hrms 0 Hoes 0) By (202

j=0 k=0

c(2x) (2V)F(1 — 4x2 — 4v2)20 R

where S denotes the right member of (1.2).

The identities (1.2), (1.3), (1.4) (1.5) are proved first by means
of infinite integrals. However we also give more elementary proofs.
In particular, (1.4) and (1.5) are obtained making use of (1.6) and
(1.7).
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2. To prove (1.2) we follow a method used by Watson [3] in

proving (1.1). We shall require the following formulas.

(2.1) e = n'-}J exp (— u2 + 2iau)du,
(2.2) H,(a) = a5 (— 210)" e J wexp (— u2 4 2iau) du.

—0Q

0 xm 12
2 Hm-! " (a) H-m (b) Hn (C) —y

m,n=0 m! n!

L n—:,ga’.! E Hw (b) Hn ((,') (-: 2 ’L)-‘ XY

=0 m! n!
b
J wmit exp (— w2 + 2iau) du
—o

> Hn ((’) (;2_%)&)”

m=0 m! n=0 n!
cexp (— u2 + 2iau)du

o0

= e [ exp { — w2+ 2dau — 4ibxu + 4x2u2 — dicyu + 4y2u?} du

=g e? ( exp { — (1 —4x2 —4y2)u2 4+ 24(a —2bx — 2¢cy) u} du

J
—cc

oo

=7 (1 —4x2 —4y2): e“ZJ exp {—7)2—}— 2ip L 268 — 20y } dv

(1 —4x2 —4y2):

— 00

K (@ —2bx — 2¢cy)?
= — 2 2)-2 2 .
(1 —4x 4y2)7: exp {a v —

A2 (x2 12 _ 2
=(1—4x2—4v,\12)“’? exp{ 4a?(x* 4+ v2) +4a(bx +cy) —4(bx +cy)

1 —4x* — 492

This completes the proof of (1.2).

}.
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In exactly the same way we can prove (1.3). The general formula
is evidently

o AL xRk
(2.3) m,..%»ﬁon o+ m (@) Hy (B1) oo Hopy (b) W
— (1 — 423 exp { —4a2Xxi + 4aXb x, — 4(2b1x1)2}
1 —4Zx '

Zi=x+ 5+ ..+,
Zblxl = blxl + bzxz + + bkxk.

3. We can prove (1.2) without the use of infinite integrals in the
following way. Since

m!

2 29"

27:im

it follows that the left member of (1.2) is equal to

) " 1
AN ) x V WV 1Yy m: m—2r
m,T=0 I{"h'n( ) WL' Zer( 1) (7% - 27)' vl (2 b)
|
N o(— 1) _n 2 c)r—2s
_ a: (2 bx)m (2 Cy)“ o s ery
—:u-,n=0 7”’” %' ”szio ( 1) 7! [ min+27r+2s (a)

Thus (1.2) reduces to

2 (20x + 2¢9)" & x2 + y2)k
”.\:0 (*—n_*-,—'l /}‘o (— 1) ("k!—)Hn»:-zk (a)
L —4a?(x*+y?) +4a(bx+cy) —4(bx+cy)?
— (1 — 4 %2 42\-}
=(1—4x2—4y?) 2 exp { T4 —4y?
which is equivalent to
L . ka

(3'2) g 17 2_4 k' H}M-Zk (a)

—4a2w? 4+ 2az — 22
R 2 2
= (1 —4w2)™t exp { w2 }
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The left hand side of (3.2) is equal to

1!

1
) Y. N (1) n—2k 552k
;:O n!Hn(a) Zk-';n( 1) (7’1 ‘—'2k)'k,z w

~Enne s 0wl

by (3.1). Now applying (1.1), we get

—4a2 w2 — 22
(1—4w2)“5' eXp{Zaz 4a2w z},

1 —4 w2

so that we have proved (3.2).

We have therefore proved that (1.2) is implied by (I1.1). This
is in fact true of the general formula (2.3). To prove this assertion
consider the left hand side of (2.3), which by (3.1) is equal to

3 2 Xt
2 Hm + g (Cl) |——'
My eee, g =0 nyl... nk.

. 1y %1! n—2r, Yo ",
AR e T L A A R e PRI s

_ i (Zblxl)l’“ (Zbkxk)”k

1y eeey 1==0 111! %k!
2r1 27k
ks X1 ... X
2 (_ 1)'1 et | ] an F o ciong + 2(rn + o+ sk) (ﬂ)
1y, =0 SRR AN

_ fl (2by %) + ... + 2b,%,)" ‘E (— 1y (2 + ...+ xi)’H
r=0

= 11' 7! nt2r ((l)

Hence (2.3) reduces to

ni2r (a)

& (2b1%; + ... + 2b,x,)" $ (— 1y (2 + ... + xi)'H
r=0 7!

n=0 n!

42Xt L oo 2
:(l _429‘%_; exp { 4q 2'x1 i 46!21713/21 4(2()1)61) }’
1—-4296]
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which is equivalent to

er

Z— (_ 1) T H,.,,(a)

on:

7;8

(3.3)

u s

42 w2 )
=(I—4w2)‘§'exp{ 4a2w2 4 2az z}

1 — 4 w2,

But this is the same as (3.2), which we have seen is implied by (1.1).
Therefore (2.3) is implied by (1.1) for all .

4. We turn now to the proof of (1.4). It is convenient to put

[_{n (a) = s 2 (n_—-nz'—r)'_yl (Za)" 2,
so that
H, (ia) = i"H, (a)

and

& Ty X
X H (ia) oy = ettt

Also (2.1) becomes

_ i g=a2
H,(a) = | ¥ exp (— u2 — 2au)du.

It follows that

™ _ _ . M YM ZP
Y Huip (@) Hyim (0) Hypn (0) =22

o p=0 m! n! p!
e & (4 (4) (4
I - S m! n! p!
o oo oo
[ [ ( ot P b gyin
“oo —oo

cexp (—u2 —v2 — w2 —2au — 2bv — 2cw) dudvdw
—ﬁnm—[ [ [exp (—ur—a?> —w?—2au —2bv — 2cw

+ 4 xvw + 4dyuw + 4 zuv) du dv dw.

g—a2- b2
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Let Q(u, v, w) denote the quadratic form

2 + 02 + w2 —4xvw — 4yuw — 4 zuv

with matrix

1 — 2z — 2y
A = — 2z 1 —2x
=2y — 2x 1
Also put
u - a
S v , o = b .
W c
Then

Qu, v, w) +2au +2bv +2cw =8 A&+ &a+ 8§

where the prime denotes the transpose.
Put & + 5 + B, where 5, B are column vectors. Then
FAE+Ea+ o' E=+B)VAWm+p)+ 0 +p)at+o (n+h)
=i/ Ay —y (Af+a) - (FA+a)g+FAp+F atop
If 48+ « = 0 this reduces to
WAn — o' A-1a.
We have therefore

oo oo o0

4.1) { { J exp (—wu? — 0?2 —w?—2au —2bv — 2cw
+ dxvw + 4 yuw -+ 4 zuv) du dv dw
=exp (¢’A-1a) J J : J exp (— ' 4 ) du dv dw.

-0 —00 —00

It is known [1, p. 96] that

(4.2) ( { { exp (— ' Ad-1a)dudvdw = % A%,
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where 4 is the determinan of A :
(4.3) A=1—4x2 —4yv2 — 422 — [6xyz
To compute 2’ A-1z we take
I —4x2 2x —4xv 2v — 2xz

A-1=4-1 2x —4xy 1 —4y2 2y —4yz
2y —4xz 2x —4yz 1 —42z2

’

(4.4) A la=_{Ta2(1 —4x2) +2Xab(2z — 4xy)}

o —

{Ya2 — 45a2x? + 42 abz — 85 abyy}.

N —

Therefore, by (4.1), (4.2) and (4.4), we have

0 N Y
S Hy (@) Hyo () o ) 52
*3) o =<0 Hoip @) Hp i (0) Honon (0) ml n!p!

= At exp {—Za2 4+ 471 [Za? — 4 (X ax)? — 8 Xabsl}.

Replacing a, b, ¢ by ia, b, ic and x,y,z by —x, —v, —2z, (L.5)
becomes

® xmyn b
(46) m,n%:O Hu»l—[’ (d) HP—I n (b) Hm~€—n (C) m! nl ﬁ'

= Al"-i exp {Za2 — A7 1 Xa2 —4(Zax)2 4+ 8 Xabzit,
where
(4.7) Ay =1 —4x2 — 492 — 422 4 16xvz.

5. By a similar analysis we can show that

o% _ . _ T ) xm j\,u zp w!
(5.1) . n,}quuo H, ., (a) H,.p, (0) Hp»+q (c) H,., (fi) m@’l

== A"t exp | — Ya2 +d-1GY,
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where 4 = det A4,

1 —2y . — 2w
(1 —2y 1 — 2z .
(5.2) A et . _ 2’: 1 . 2x ’
—2x . — 2w 1
(5.3) G=a4"1, o =la,b,c, dl.

Generally one can evaluate the cyclic sum

o . _ _ "6}1“ x:*
(54) E Hm-{-nz ((11) Huz-i—na ((lz) H’WHU (ak) N
ey =0 nyl... Nyl

Note that, for w = 0, the left member of (5.1) becomes

‘3°1 — _ . \ 5 xm yn ZP
(5.5) >;_0 Hoyvi (@) Hyip (0) Hy (€) Ho (d) 3 57 It

6. We shall now give a different proof of (1.4) that does not re-
quire infinite integrals. We shall require the following formula.

(6.1) ¥
ke

= (l — 422)-:}-()”-{—»-&-1) exp [

& — 2bz b —2az
* 227yl (m) <%> 2 Hm—-r (i“:.—) (:)
mqu(f:u,n) 4 7 '\/1 — 422 H,,_, ’\/1 — 42’2 )

This evidently reduces to (1.1) when m =n = 0.
Let F,, , denote the left member of (6.1). Since [2, p. 197]

4abz — 4 (a2 + b2) 22
1 — 422

o g
(62) 20 1’}’_1/' Hm+k (ll) = exp (2 ax — xZ) Hk ((l - x):
m= .
we have
o XM o0 PRV )
F —_— = - H 1 H !
m.§=0 " m! nl m,§=0 m! n! k2=:0 ko ((l) ke (b)
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k

iy He (@ — x) H, (b — y)

Il\l

=exp (2ax +2by —x2—y2) ¥

k

X

-0

= (1 — 4221 exp {Zax 4+ 2by —x2 —y2

d{a —x)(0—v)z—4(a —x)222 —4(0b —y)222
* 1 —4z2 ’
so that

L CIEYLG
(6.3) Y F,, o2

. — (1 — 422)-%
wmn oy - (1 4z ) a
m,n=0 m!n!

Cexp 4abz—4(a’ 4-0%) 2 +2ax + 2by —x* —y* —4bxz —dayz + 4xyz

1 —42 }

Now let G, , denote the right member of (6.1). Then

oG

R IAR) B , o
}: won 77%;'—:;1 == (] _ 422)—5 exp {4 abz 4 (a 4 b )‘ %
m,n=0 ! !

1 —4z2

o0

A"

min (i, i)
. 2 _:_.’ = (1 — 432)‘-‘: (CERDIEAY 22r ¢l (11};1') (f) 2"
m,n=0 m! n! r=0

— 2bz b —2az
-_Hm__’ -‘} -::‘“1___,__;:) HH—V ( — i e— A)_
' (\/1——4z2 V1 =422

The triple sum is equal to

& 2% (xyz)” & a— 2bz \a™ N
\ _ 2\ -7 . Y TR . 22 5 M
1:0 7! (l 4z ) E Hm ('\/l — 422) m) (l 4 )

& b —2az \y* 1
- Y H, | === (1 — 422)2n
1:0 (\/1 — 4z2> n! ( )

X _ X — x2
=exp{14xyz +2(a 2b2) x — x2

20 —2az)y —y2
—4z22 1 —422 v 1 —22 '
Thus '
) A Y B L 4abz — 4 (dZ 4+ b2) 22
64 Guniiiy = (1 - ast exp {22520
—x2 —y2 —4bxz — 4ayz + 4
- exp {2ax—l—2by x 13_422 %2 ayz + xyz}'

Comparing (6.4) with (6.3), we get (6.1).



Some extensions of the Mehler formula 127

The special case # = 0 of (6.0) should be noted:

00

(65) 2 H k+m )Hk (b)

— 2_.1_ 2 _
= (] — 422)"{' (m--1) exp l4(lb2__4_(6l b )___] Hm (ubA )

422 V1 —4z2

In particular, for b = 0, (6.4) reduces to

o z-k
(6'6) k}:o (_ ) ]' H’A m( )

. 4232
= (1 — 422)~20*+1) exp l._f‘r_a__z_] H, 4__— .
1 — 422 V1 —4z2

7. Making use of (6.1) we have

A xmv\,u 2
1»-,%m0 Hn “p ((l) }Iiri-m (b) Hm‘f n (C) ;n_'m‘ig'
M \,n = b
", ;—0 H,,, g ' ’I’Nr’ }'l,l )‘ H”': P (a) Hm-;—p (b) ]?'
— S ﬂ}in — 4 g2)~ymintl) ax 4 abz _ (aZ + bZ) 22
,2‘ Hon (0) m! nl (1 —422) €xp 1 — 422

min (m, »n) A
T e () (a2 (22
AV — 422 A1 — 422

— (]} _ 4Z2>_‘1" exp [4_611)2 —_ 4_'_(ﬁj-: b—2)i2:|

1 — 422
d b—2az - a — 2bz ’
2 H‘m( ] )Hn(“ == ) m-n Zr(f>
m,n,r=0 ’\/ 1 — 422 ’\/l — 4z2
xy (4xyz) (1 — 422 )— (m4n2-27)
m!nly!

The triple sum is equal to
< b — 2az a—2bz | xmy" .
— o — 2\= 5 (m+n)
m?'tOHm(’\/i’-—4‘—)H"('\/_lw— 4;2) mlnl (1 4z )

& 4 xyz
% Honn, @ U5 (1 =4z
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By (6.6) the inner sum is equal to

16 xyz )-%>(m+"+1>
(1 + 1 —4z2
( 16 c2 xyz ) ( cy/1 —4z2 )
’eXP 2 m+n .
1 — 4224 16xyz V1T =422 16xy
We have therefore
® xmynzp
(7.1) m,?};=0 H, iy (@) Hp o (0) Hyyn () m
1 4abz — 4 (a2 -+ b2) 22 16 c2xyz
— (1 —422
(1 —422416xy2)"® exp { T— [—4.21 1607

© _ _ — 432
. ¥ H, (____b 202 \ gy, (——“ _Zf’z_)H( V1 -4z )
m,n=0 _\/1 —42z2 \/1 —422 ' \/1 — 422+ 16xyz

x?” n .
V(1 42 4 164y Lo,

Now applying (1.2), a little manipulation leads to (1.4).
8. We have, by (6.2) and (l.2),

r,s=0 7! 3'»»,,;-—0 m! n!
00 x?ﬂyﬂ G% 1" v?
- m§=0 Hm+" (a) m! n' 7,s=0 H”H-' (b) H" b (C) 7! s!
e x”l ,\,n
=exp 2bu+2c0 —ut—v?) ¥ H,.,(a)H, (b—u)H,(c—v)
m,n=0 m'!n!

—exp (2bu + 2cv — u? — v?)- (1 — 4x% — 4y2)~%

ex {—4a2(x2+y2)+4ﬂ[(b—%)x+(c—v)y]—4[(b—u)x+(c—v)y]2}
P I —4x2 —4y?

=exp (2bn + 2cv — u? — v?)

1 — 402 (x2+y2) +4da (bx +cy) — 4 (bx +cy)?)
10—y exp | TIPS P barte) o)

2(2a + 40x + cy) ux + vy) — 4 (ux + vy)?
TeXP T — 442 — 497
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- L —4a% (x> +y2) +4a(bx +cy) — 4 (bx +cy)?
= (1 —4x2—4y%)" exp{ [ —dx2 — 4y :

2 wos & —2a+ 4bx + dcy\ (2ux) (2vy)*
Y HOH @ S H,k( \/'1——4,7—Ty2) H

(1 — 422 — 4y2)-tiih,

Comparison of coefficients of u” vs gives

D_O‘ x”l yn
(8 1) m,%=0 Hm-:»n (“) Hm-i—r (b) Hn-,Ls (C) ’;71/_'7’;'

_ — 42> (¢ +y?) + 4a(bx + cy) — 4 (bx + y)?
=(1—4x2—4y?)3 exp{ 1 —4x> — 442

'\f‘ s r_>s . 2a + 4bx + 4cy
=0 kgo <f (k) Hoj (0) Heop (€) Hio ( V1 — 4x2 — 42 4\;2

“(2x) (2y)F(1 — 422 — 4;}’2)‘5(74*)_

For 7 = s =0, it is evident that (8.1) reduces to (1.2).
Similarly one can evaluate the sum

g xmyn Zp
(8'2) m’%;mon-M-l-'f» (a) Hm+r (b) Hn»i-s (C) Hffl 3 (d m .

For brevity let S denote the right member of (1.2). Then it
follows from (8.1) that

® P yn ur v’
- n%s=0 Hopon (8) Hovr (B) Ho(€) iy () m! nlrls!

_5. i (2 xu) (2 yv)* i 4x2_4y2)_%(7,+k)H“k(—2a+4bx—{—4cy)
b=

i ]I k! \/1__7?“_—4_3,‘2
bl 1" s
. Y H,(0) Hy(c) H ;spjey (d) Tl
i, k=0 v:S!

e —2a-+4bx + 4cy
=S H,, . .,d)H OH()H, ————e—
JZ Hren @OV B, (OB, — e 2D

WV (2xu + 2y0)”
vl sl n!

(1 —4x2 —4v2)-2,
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We now apply (1.3). After some manipulation and change of
notation, we get (5.1). It will suffice to verify the external fac-
tor d-*. By (1.3) this appears as

(1 —4x2 —4y2)(1 —4u2 — 4v2) — (dxu + 41v)2.

On the other hand, by (5.2),

1 2y . 2x
2y 1 2v
A=det A =
2v i 2u
2% . 2u 1

= (1 —4y2) (1 —4u2) — (2v) (2v) — (2%) (2x) — (2yv) (4 xu)
— (4xy) (4uv) + (42xv)2

=1—4x2 — 492 —4u2 — 492 4 16x2v2 + 16y2u2 — 32 xyuw.
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