SOME FINITE AND INFINITE INTEGRALS INVOLVING
H-FUNCTION AND GAUSS’ HYPERGEOMETRIC FUNCTIONS

By

O. P. SHARMA

1. Fox [4, p. 408] introduced the H-function in the form of
MELLIN-BARNES type integral as

"

. I_I1 I'(b; — B;9) I_Il I'(1—a; + % s)

271 q

" x5 ds,
-III F(l——b,—i—ﬁ;s)nf’(ai———a,- S)
j=m4-1 j=n+1

(1.1)

where x is not equal to zero and empty product is interpreted as
unity; p, g, m and » are integers satisfying 1 <m <q, 0<% <p;
w;(j=1,...,9), Bi(j=1,..., q) are positive numbers and 4, (j = 1,
..o, P); bi(j=1,...,q9) are complex numbers such that no pole
of I'(b,—PBxs) (h=1,...,m) concides with any pole of I'(1—a; -+ «;s)
(i=1,...,m), ie.

(1.2) a; (b + ) # (a;—n— 1),
(”:77=0»1:---,;k= L...,m; 1= 1,...,%).
Further the contour 7" runs from ¢ — ¢ o to ¢ 4 7 « such that
the points:

(1.3) =2 G mie=01,..)

B

which are poles of I'(b,—f,s) (A =1,..., m) lie on the right and
the points :

(1.4) s =0 Gy =01,

&;
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which are the poles of I' (1 —a; + «;s) (: = 1,..., m) lie to the left

of T. Such a contour is possible on account of (1.2). These assump-

tions for the H-function will be adhered to through-out this paper.
Recently Gupra and JaiN [5] have denoted (1.1)

symbolically by

(1.5) H at, 1), oo (@, %)]
| bl» .31 ] bq' ﬂq)_
and in a more compact form by
(1.6) m’ n % {(ai” a’P)}] ,
P, gL (b Bo)}

where {(f,, y,)} stands for set of the parameters (f, y1),..., (f,, 7,)-
Accoding to BrRAAKSMA [3, p. 278]

" [x @y, “")}] 0 (|%|%) for small x,
b q by, Bo)}
b b
where Y a; — HﬂJSO and o = min. Re(ﬂ)(h 1,...,m)
i i
and
m,n {(ap, @p)} J
% — 0(|7/#) for 1
b, Q[ {(bg, Bo)} ([27) for large #,

m

q
whereEoc,—Eﬂ,<0 2«,~—2a,+vﬁ, 2{3,-51>0, larg 2| <3}z
m4

and f = max. Re(ai—l)(i=l,...,n).

&

The object of this paper is to evaluate some finite and in finite
integrals, involving product of the H-function and Gauss’' hyper-
geometric functions. As the H-function is a very general function,
we get, on specializing the parameters, many cases, some of which
are known and others are balieved to be new.

2. In this section we state the properties and results, given by
Gupra and JAIN [5] which will be used in our present work.

The H-function is symmetric in the pairs (a1, o),..., (@, «,)
likewise (@11, %psq),---, (@, op); in (b, B1),..., (b, Bw) and in
(bm+1: ﬂm+1):' ] (blll ﬁfl)
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If one of (a, o) (j=1,...,n) is the same as one of (bs, fx)
(h=m+1,...,q) or one of (b, B4) (A= 1,...,m) is the same as
one of (a;, o) (j=mn 4+ 1,...,p) then the H-function reduces to
one of lower order i.e. each of p, ¢ and # or m decreases by unity.

PRV = [% @y 0] _ pymm [,‘ {(ap + ooy, “P)}] '
b, gL [{(bg, Bo) ] b, gl {6 + By B)

(22) m,n [% \ {(a‘P’ o('l’)}— — n, m [L {(1 - bl]: ﬂq)}] .
? gl [ {8y By} g p1 % ({(1—ap, o)}

(2.3) ", " [n Uap, ap)}] =™ n[xc Ha, c%)}],
b, q {(bq: ﬂq)}_ P, q {(bq, cﬁq)}
where ¢ > 0.
(24) m, n [% l {(aP; OCP)}] = (276)(1——2) (mi+n—%p—%q) pu X
P; q {(bQ3 ﬂq)}

o)
<Hj al f(ac b)é)}

where u; v and (4{(¢, f,), ,)} stand for the quantities
q ? P q ., -1
Elbi——- 1&7+%P_%q;}.de—§ﬂand{(f7:y7)} {(f—,%)} e,

1 t

{ (f'——+~;——:——l , y,)} respectively, provided that ¢ is a positive integer

greater than 2.

(2.5) m”[
b q g

(2.6) b1 [x
g+1, 79

en H 3’(2) [% 2

’

{(a,, 1)}} _ m, n [x a,-.., ap]
{(bg, 1)} P, gl by, by

(1,1), {(b,, 1)}] _ (a L b x)
{(ap, 1)} E 1= 5501, -.,04; .

Fl—1v, 1), (41 + b, 1)] = 21 K, (),

where K, (x) is a modified Bessel function.
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20| _|¢—214+11) o
2.8 P =xle W, (),
(2.8) H1’2|~/'(l+1’t+%’:l),(l—u+},])J z e :, (%)

where W, , (%) is a whittaker function.

»
oo H I'(a; 4 o;7)

l |1,7> {(1—ayp, «)} (—=)
pq+1LO01),{(0—=b, 831 S0y} 1y 7!
L1+ 6;7)

the above series was studied by WRrIcHT [7, p. 287] and has been
called as Wright's generalised hypergeometric function and is denoted
by the symbol :

p¥q

) {(aPJ “p } '_‘Z-l )
(b B}

oo (_ %)r

~

(0,1),(—, “)] - :or! I'(1 +v+ ur)

= J." (%),

(2.10) H(l)’g [,{

bl

where J,*(x) is Maitland’s generalised Bessel function [8, p. 2571.

(2.11) Hii [z l (((;,_1)% 1)] =I'(») (14%)""=T() Fy (v;—x).

3. In our discussion, because of large number of parameters the
" :
notation (A (6, a+t |2 ) , 1) will stand for set of the parameters

¥

(A( 6: a :!: 1’1), 1)) ) (A (6: a4+ 77;): l)

The following integrals will be evaluated in this section :

1 - | )
o PRV Y ) By x m, n o/t {(ﬂp, “P)} dx
(3.1) ( 2 (1—a) 1 Fy (o, B y; %) H]b, qlzu (b B %

0

q9 7
sy fb,—m,-+ép—-’:q+l _
— (zn)(l—r)(m-.~n'---.-l>~-.,q)t 1 o ¢ I'(o) X

x o‘-)r (/3)1
x X ). 7!~
(A8, 1 —o—7), 1), (4 ¢ ap), %)} ]

{4, b)), B}, (4(6, 1 —p—0—71), 1)

—_

tm,tn + 0 )
t'tt
x Htp—{—é, t4+5[(z )
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where 6 and ¢ are positive integers, Re (¢) > 0, Re (y +o6—a—p) >0,

n P m
N

» 7 g
}F“f—;ﬁfETSO:E“i— o+ Xp—Xpi=2>0,largz| > an
1 n+1 1 m-t-1
iﬁ'—)>0(h—1 .., m).
t B

(3.2)
-1

_ _ 2\ {(ay, %)}
#1 (1 — )1 ,Fy ( ; mn{ (—/ ) 4 P]dx
Jo 1l B3 s H S \l—=x [{(bs, Bo)}

q g’.‘a Pp—tg+1
= (2m)1=0+(=0 nin—tp—4q TR §ore—1 %
1 § )r (B), &
F(e + 0)/=o (a o). 7

(45, 1 —o—7),{(4 (¢, a), ocp)}]
(A (6: U): l)v {(A (t’ bq): ng)}

tm -+ 6, in + 6
trl
. Htp+ 5, tq+a[(z)
4

q
where 6 and ¢ are positive integers, ¥ o; — X 8,727 < 0,
1 N

ST 5 b
DL HlajTEﬂr 2.37 /1>0]argz[<HnRe(g+ ﬁh)>0
w4+
(h=1,...,m),Re(a-—5.ai_l)>0and
¢ o;
a;i—1

R%y+0—a~ﬂ—£m

t o;

(3.3)

1
[ B g 2 o 0y

© 0

{(ap, “p)}] e
{(bg, Bo)}

(2m) 2°—% 60 —e—o w M_a’_.
= VO FT TG0 ,é‘o(y), (At oyt
(4(4,1—0), 1), (4(5, 1—o—), 1), {(a,, Olp)}—]

m, n+A+0 [ 28° 1
{(bg, B}, (A(H- 0,1 —p—a—7), 1)

pAA+0, g+ato | (i+ 0o+
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where ¢ is a positive integer,

4

q n P m q
E“i_;ﬂigoi ?“i—%“fﬁ‘};ﬁi—%fi =p>0

1

)>0and

h h

|arg z| < %um, Re (9 + 6. %) >0, Re (a—l— A. bn

Re(y—I—a—oc—ﬂ—}—l. ﬁ) >0(h=1,..., m).
B
(3.4)

1
| et 0 H s
» 4

]

{(aﬁ! %)}] dx
(b, B}

g‘b ——g‘aj+§p 3g+1 7
= (2g)1 =8 tmtn—ip—da) 41 * 1 6 ve = I(y) X 7 X
r=0

A(5, 1—o—r+|© \ 1),{(A(t,a), N
tm, tn + 26 (at7)’ ( ( e at+p—y ph %

tp-+26, tg+26 (A, &), B}, (4 (‘3’ t—e—y—r +1 ; l ) )

2

» g
where § and ¢ are positive integers, Ja;— X f; = 7 <0,
1 1

n ? m q
;%._%aj.;_ ;ﬂi—mglﬂi:—:ﬂ.>0, larg &| <% 4w, Re (y) > 0,
b,,)
+— — >0:
Relet
andRe(y—l—g—a—ﬂ—l—t Z")>O(h——l m).
k

(3.5)

1
Jx@ B i) H [s (1—
0

{(ap, oCp)}] kY
{(bg, B}

) 1 st (4 4 opee 3 e (ﬁ)
,_o(l), 1" 0
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m,n -+ A+ 20
p+2A+26,9+2+26

(A(a, 1-!2 ) 1), (A4 1—0—7), 1), {(ap, up»] ,

{(bQ’ ﬂq){» (A(Z+a: 1#9—0): 1): (A(at 1—6_7): 1)

£ 6% A
(A + 9)o+

n P m q
where d and 1 are positive integers, Yo, — Y o; + X i — XN fi = u > 0,
1 n+l 1 m+1

|arg &|<dum, |arg (1—2)| <=, Re (Q + 2. —Z’i) > 0, Re(c + 6.72"—)>0

k h
» g
(h=1,...,m) and Yo, — X B; <O0.
1 1

(3.6)

T e+ )= oF, (o, B; 7; — %) m"[ o] (@ “?)}]
Jox (% +2)7° JFy (0,85 p;—= Hp, . &(z 4 x) Gor B} dx

¢
Zby—Zaj+4p—1g+1 (1 o)
= (2m)(1—1) (m+n—ip—ia) 41 M ! 677 I'(y) § o (1 : 2)
=0 7!

X

0
+B—r+7
24

)

{4, ap), o)}, (4| 6.0 +
% I Itm + 26, tn (&) (
)’ 1)’ {(A (t: bq); ﬂq)}

tp + 20, tq + 26 7 (5, 647 —y+

o

p

» q
where § and ¢ are positive integers, ¥ o — ¥y Bi=v<0,
1 1

n 14 m q

E“j_zmi+2ﬂi_§lﬁizl>0: [arg §l<l§ﬂ.7£, Re (7)>0»

1 n+1 1

—1 i
larg z|<m, Re (o:—y-}—a—i:. a’——)>0, Re (ﬂ—y—i—a—i:. a,_l) >0

o o

z=1,..., n).

Proor : Initially we start with £ =1 in the integrand of (3.1).
Expressing the H-function in its integrand in the form of MELLIN-
BARNES type of integral (1.1) and interchanging the order of inte-
gration, which is permissible under the conditions, stated in (3.1), we
get:
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| Hjb—m U (1— a; + a;3)
(3.7) j =1 2 ds X
21 g
_n xu_b+@gII( ;— %; 5)

1
% J %07 el (1 — )~ L Fy (a, B; y; %) dax.

“0

After evaluating the x-integral with the help of the result [2, p.
399 (5)] and using the Gauss’ multiplication theorem for Gamma-
functions [6, p. 26], (3.7) reduces to :

(38) o7 o ), o () ). 7! X
I n o—1 R
M7, —p9 M 1 —a+ o9 11 ( +’+ +s)
XJ ]=; = _= R 2ds
r I ra—b;+ ;) Hfa—a, “ (_i;__ﬂ)
j=m+1 R=0

Therefore in accodance with the definition (1.1) of the H-function,
(3.8) yields the value of the integral (3.1) with ¢ = 1 as:

< (&) (B)
—c AN
(3.9) Y F(G)r:o ). R
1

m, n 4+ 6 [I(m& —o—1), 1 ,ap@}]
p+0,9+90 ‘QJM(Awl—o—a—rl)

n (2.4) replacing x by (z x°") and using (2.3) we get :
Z"Ib g Fyp—13 1
{(al” aP)}] _=_(2 )(1 ty(mi-n—1p—1q) tl 1 i - X

m, n|
3.10 ’ it
( )Hp, q[“ By B}
X HZ:’ Z [(zt’)’ 0

. » a
where 7 stands for(E o — 2 /3;).

{(A(t: 7’[))1 1p)}J
(e, b)), 1

By virtue of (3.10) the integral (3.1) can easily be deduced from
(3.9) on making proper substitutions.
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Following the same procedure as done above, we can establish
the integrals (3.2) and (3.3) by using the result [2, p. 399 (5)] and
the integrals (3.4), (3.5) and (3.6) by using the results [2, p. 400 (8)],
[2, p. 399 (7)] and (2, p. 400 (10)] respectively.

4. PARTICULAR CASES: In view of the section 2, by setting
the parameters suitably the H-function and Gauss’ hypergeometric
functions, involved in the integrals, evaluated above in the section 3,
will yield many simple functions and thus so many integrals may be
obtained as their special cases. However, few interesting cases, some
of wich give generalisation of certain known integrals, are mentioned
here.

Taking o; = =1 (j=1,...,p; h=1,...,9) in (3.1) we
come to a known case, recently obtained by Bazpraf [1] as:

! Gm n a a,
(4.1) [ 2t (1— ), F, (o, B3 730 (57 {z-xﬁ/t - f’]dz
Yo ])’ g1 blr B bq,
;gbj—fa,-+éf>—i»q+x
= (2m)—H tmn—dp—iq) gl = 1 67° ['(o) X
% 2 (), (/3)7 %
=0 (y),. 7!
% Gtm, tn 4 0 [z‘ pio—a) A8, 1 —o—7), A, ay),. . ., 4(t, “p)] ,
th+9,tg+6| AL, by),. .., A(t, b,), 4(8, 1—o—0—7)_

where § and ¢ are positive integers, A(¢, f) represents set of the para-

f fi'l, ...,f+t_1,p+q<2(m+n),

meters —,
¢ t

larg zj < (m +n—3sp—1Lq)m, Re (6) >0, Re(y +0—a—p)>0

and Re (g —|——f—. b;,) <0 (h=1,...,m).

In (3.1) replacing m, n, p, ¢ by p, 1, ¢ + 1, p respectively and
setting the other parameters suitably in view of (2.6) we obtain:

1
(4.2) J 2 (1 — %) "1 F, (o, By %) E (ay,. .., 4p; by,. .., b, 22%0) dx
0
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4 q
Zaj—Zb;+3q—dp+1

= (2m)¥-D@—a+D) g1 1 67°I' (o) X
& («), (B),
< B o !

th, t + 6
(Ad i
% th+t+6, th+6 [(z )

provided that 6 and ¢ are positive integers, Re (¢) > 0;

Re (y+0—a—pB)>0,9—p+1=7<0, p—q+1=21>0, |arg z| <} Az
0 .

and Re (g—]—Toc,-) >0(=1,...,p).

A(8, 1—o—7), A(2, 1), 4(2, by), . . ., A2, bq)]
A, ay),..., 4, ay), 4(6, 1 —p—0—7)

Puttingm =qg=2, n=p=0,b;=4%1—13}»,b-=3%l+ 4vand
p1 = P, =1, the integral (3.1), in view of (2.7), reduces to:

1 16 é
(4.3) J KT (1 =1 L F (o, B 7 %) K, (2Vz #) dx

0

= (24193, 2712 ¢ §=° I'(0) i? 2“;' (/3); %
r=0Y)r. 7:

2,6 [(_z_)‘ A48, 1—o—7) ]
8, 2+ 6 \2) (AW s1+13v), 46, 1—p—o—1)]’
where 6 and ¢ are positive integers, Re (¢) > 0, Re(y + 6 —a—pf) >0

|arg z| < = and Re(g + % l—%—”) > 0.

Takingm=q=2,n=0,p=1,a1=1—A+1, =%+ 1y,
by=1%-+1—p,and oy = f; =P, = 11in (3.1) and using (2.8) we get:

1 &
(4.4) J 2t T (1 — )1 G (@, B y; %) Wy (200) e
0

= zn)%(l—t) i+t o=l §—o F(o‘) 03 (oc), (/3)' X
r=0 (y),. 7’!
XGzt,a [(_z_)‘ A, 1—o—7), A}, I —2+1) ]
t+6,20+6|\ ¢t ) | A¢ y+1+p), 46, 1—p—o—7) |
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provided that ¢ and 6 are positive integers, Re (¢)>0,
Re (y +0—a—p) >0, |arg 2| <} 7, and Re [g -+ % (é-{—l;’r_v)] > 0.

In (3.1) replacing m, n, ¢ by 1, , ¢ + 1 respectively and choosing
the other parameters suitably in view of (2.9), we obtain:

1
(4.5) j w1 (1— w1, F, (0 B3 73 %) 7, [ ap ol zn"/‘] ”
. O

»
Fay— Bty tig—bp+i
= (2m)HU—1 G—a+D) 417 1 6= I'(0) X

S (@), (B)
X

< B o). 7l

(A(a’ 1—9__7): 1): {(A(t: 1_ap): “p)} ]
(4(t, 0), 1), {(4(t, 1—10,), B)}, (4(8, 1—o—o—7), 1) | ’

x HE? 0 [(z,,),
tp+-9, tg+1+6
where ¢ and ¢ are positive integers, Re (6)>0, Re (y +o0—a—f8)>0,

4 q 4 q
Eai—gﬂf—lsrso,glaj—gﬂﬁ1Ea>o, |arg z| < % Aw and
1

Re (p) > 0.
In (3.1) setting m=1, n=p=0, ¢g=2, by=0, b, = —m,

B1 = 1 and B, = u, it, by virtue of (2.10), reduces to:

1
(4.6) J =t (1=t ,Fy (a, B3 75 ) J o (2
0

(), (B),

=t_"’ 6_0 F(U) ’§=]0 (y) ] 1" X

[(L) (48, 1—¢—n), 1)
gt (4#,0)1),(4(¢,—»), u),(4(0, 1 —o—a—7), 1)] ’

t
X H &
0,2t4+6
provided that 6 and ¢ are positive integers, Re (¢) > 0,
Re (y+o0—a—p)>0, —1<u<l, |arg 2| <3 (l —u) =z and

Re (p) > 0.
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With m=n=p=qg=1 a;=1—v», by=0, ;== 1 in
(3.1) and using (2.11) we get :

1
(4.7) ( w1 (1— )15 F (2, B 5 %) (1 4+ 2297 d.
Y0

(), (B)r
0 (y), 7!
XGL‘,t—f—(S [z‘ A0, 1 —p—7), A(¢, 1 — ) ‘I)

t+96, t+61 14@¢ 0), 466, 1—op—0c—7)
where d and ¢ are positive integers, Re (6) > 0, Re(y + 0 —a—f) >0
larg z| < w and Re (o) > 0.

Proceeding on similar lines as above and using the results of the
section 2, the integrals (3.2) to (3.6) will also yield many integrals as
their particular cases.

I wish to express my sincere thanks to Dr. R.K. SAxXENA of G.S.

Technological Institute, Indore for his kind help and guidance during
the preparation of this paper.
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= (2)170 67 I'(o) x

r
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