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Assume that H is a HILBERT space. Let 4;(: = 1, 2, ..., #n) be
any element in it. Following the conventional notation (4;, ;) (j = 1,
2, ..., n) is defined as the inner or scalar product. The priminary
interest of this note is to prove the following ein-lit equality in

HirBERT space H.
(1) { i Det (h;, h;) _ }”(Z:{)
Ty

isil<i2<... iugni,]'=’l'1, 7:2, .

< I Det (h;, k) }::?’utl.(nil)_ fI VA2 (1) fe=0(iz2) (31)
|z §<1’1 <i2<...7:,,<nz',j1=i,,, ...,iu u—1 i=1
<. < II Det (ki) | (") (*7") (i)
- 1Si1<i2<...i,,-2_<_ni,].=1.l,...,iu_zf
II Det (h;, h;) 12 upu—1. 1/(2-1)
1 _<_7:1 <1/.2 <...1.u§'n 7:,]'='i1, ceey 7:”
< 11 Det (k;, Iy) u(1)
- 1 S’I:l <'L.2 < ... 7:,;_1 <n ’l:,].=l.1, ey 1:“_1
where 17, represents u different numbers iamong 1, 2, ... #.
Actually (1), is a generalization of the following inequality :
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But (2) is essentially alternative form of Szasz’s inequality, in terms
of elements in HILBERT space !

For simplicity, let us list notations used throughout this paper
as follows:

Du: Det f - Det (hik’ h'f)) .
kp1

igip
|
Di‘i 3 v e e s ) Di,iu
Dy= | oo ..
Doyiy e » Diwiu |
where D,-k i is the cofactor of fiy i.

D, : any r-roweorminor of D,.

D, : 7 rowed minor of D, which is one to one corresponding to
Df

D*: the cofactor of Dy,

A, : the product of all principal 7-rowed minors of Dy,

B, : the product of all érincipal 7-rowed minors of D,.

B, : the product of all principale #-rowed minor of Det f;,.

Now we quote two known results for proving our inequality.
First is Szasz’s ineauality :

(3) B, > B)("T") > Bi/("3") > ... > B,_i/(;Z}) < B,.
The other is
(4) D, = (D, D"
Based on (4), we readily get a recurrence relation as follows.
4, = (D)™ (3) B,,.
By the (3),

Ay > AYETH > AY("3H2 > ... > A, (423 < DL
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Therefore,

u—1

(Biot) > (D)7 (Bin'(T) > (D)5 (Bo_p"('7)

e ~ 1/(423) -
> ... > (Du)u zZlu—1.4 (Bl) ©—2 > (D“)u 1.
Theun,

1 u M

——— * _ u—1 2 . “%—
(5) (B;_1)1/1¢—1>(D)2 u—l(Bu_z)”” 1'( 1 )>(Du)?u—_—1 (Bu_s)l/("'“l)( 21)

"

u—2 . YL o
> (Dt (B W) ~ p

Let 4y, 15, ... 7, exhaustively run though the different value of 1, 2, 3,...
n. Hence, we are to product the corresponding different inequalities
(5’ with each other. Since the matrix (f;) is a positive definite non-
diagonal HERMITIAN matrix, all principle minors should be positive.

The occurrence of every factor of B,_; is (*"{*"), the occurrence of
every factor of B,_5is (*"3%?), and so on.
Therefore,
n—u+1 [u—1) _I.L n—u+2 Ju—1) u—1
B s e (p, 0 IO
E.L n—u+3 (u—1) u—1
> (B3 * (Bu—:;)( 30 )/w=D("7)
u—2 % n—1 u—1
u=2 u_ n w14
> (Bt (B2 oy
Hence,
n—u-+1 [(k=1) ::1 lL 1 n—u42 J4+1) u—1 :—l
Bt PV S g s, ) 2 O G
2 v 1 u—n+3 Jw—1) u—1y n—1
> (BTG Byt * VT2
=2 u 1 Yw—1)(*—1 12l
> (BTG (B ¢ s By D)
This implies
1/(2:1 1w 1 n—n+2 [tu—1) u—1 ::1
(Bu_p P > (BTG (B, ) 2 VTG

n—1
> > (B, 1)
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n—1
If the above inequality is interpolated into between (B,_,) (u-2)
n—1
and (Bu)“("“l), and » is put to be 1, 2,..., #, then our inequality
follows.

Finally, we claim that the elements (b;y, bi, ...) (i = 1, 2, ...n)
in which f; = (h;, hj) = 3 bisbjs s =1 (¢, { = 1, 2, ..., #) is ortho-
gonal, if only if our inequality and (2) become equality. The proof
of our proposition is omitted here, and remained to readers.
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