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1. INTRODUCTION

In a paper (4) VARMA introduced a generalization of the classical
Laprace Transform

Wiy —=p | et np dt (L)
Jo
in the form
o) = p J Q)W @pRE d ... (12)

0

where W, , (%) is the whittaker Function.
Relation (1.2) reduces to (1.1) due to the identity

x— W1/4,:{:1/4 (%) = e *2 ... (1.3)

We shall call &(p) as VARMA TRANSFORM of FIrsT KIND of A(?).
Equation (1.2) is symbolically denoted as

Vv

k, m

@ (p)

h (2)

and equation (1.1) as usual shall be denoted as

The object of this paper is to prove some theorems in the trans-
form (1.2) and to evaluate some infinite integrals and a recurrance
formula with the help of those theorems.
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2. THEOREM |

If
B (p) L 1m0 g ()
k, m
and
(p, a) = e~ g(t)

then

k43 oo ] 2
Dp)= T ok —1 et R, [ e t_] Wi(t, p)dt

I'(1— 2k + 2m) 1—k+m 8p

0 _

.. (2.)

provided R(!, —k+m) >0, R(p) >0, VARMA Transform of
first kind of [¢="—%+ g(¢'2)| and LaPrace Transform of |e~** g(f)]
both exist and the integral involved in (2.1) is absolutely convergent.

Proof
We have by hypothesis
Y(p, o) = e g(t) ... (2.2)
and also (2., p. 294)
2—k+m (2a)'/z(l+k+?ﬂ)

— 21 L0 2W 2 —
P Wan(208) = I'(1 — 2k + 2m)

pm—k=1 o—22/(16%) M“ kt3m mk (tZ/(Sa))
2 2

... (2.3)
where R(k —m) <!/, R(a) > 0, R(p)> 0.
Now using the relations (2.2) and (2.3) in PARsSEvAL’s GoLDs-
TEIN theorem (7) we get

21 —k+m (Za)llz(l+k+m)

I'(l — 2k 4 2m)

J 1 Wy (20) g (1) dt —
0

(o]
X { t7 k=2 e~ My s (8a) P (4, o) d
2 2
Y0

In the left integral replacing #* by ¢, multiplying both sides by
«(2/d)~"+ and finally on replacing « by $ and using the relation (1.,
p. 264) we get the theorem.

My, (%) = e 2 gt \Fi [y —k+m;2m+1; %]
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COROLLARY

In the above theorem if we take & = 4+ m = !/,, the theorem
reduces to the form

If
D (p) =t g (t'h)
and
Y(p, a) =e* g ()
then

D (p) = 2p I(X;—Z e~ r P (¢, p) dt ... (2.9)

0

provided R (p) > 0, Laprace Transform of [¢~! g(¢'2)| and |e=**
g(#)| exists and the integral involved in the equation (2.4) is abso-
lutely convergent.

EXAMPLE
If we take
g =v-1
then (2., p. 146)
_2pI®)

Y (p, ) e#l6) D_, (p]V2a)

(Sa)vlz

Now by definition we have

1)) (i’) kL 15—"'"'”/2_5/4

)

that is
@ (p) = (2p)—2+%8 T ("], — 2m) I' (%) 2 FI[ °f, — 2m, 3 ; l]
200, —k—m+7,) Vo—k—m+7, 2
... (2.5)

by virtue of the relation (5)
|4 I'(n + m + 3[4 ZF[”:i:m-i-s/m}__Z]
Bom202p Tn—k+7%)  ln—k+7,2 2p
... (2:6)

xte %
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where R (n + m + 5/;) > 0, R(p) > R (po) > 0 and |p| > |gq]|.

Substituting the value of ¥ (p, «) in (2.1) and equating this value
of @ (p) with that of obtained in (2.5) we get

'+ 2m

J f(2m—2k) Du——l (t/\/z_ﬁ) lFl [1 — k + m

0

@p)"—*e Ty — ") T'(fa—"[»—2m) £ [ Yy ="l Yy =" —2m 1
wI(1—k "y —m)T, 2 J

; t2/815] at

»

1—k—"y—m 2
(227
By adjusting the parameters we get

0

P Ut IO g ) [ o e

2L, I'(t); —a — "+ b) Yy—a—"+b 2

3. THEOREM 2

If
B (p) == - g (1)
and
Y (p, «) = e g(f)
then
@B [ s _
o i k=3[, Ny .

provided R (!, —k —m)> 0, R(p)> 0, VARMA Transform of
First Kind of |¢t~*="+ g(1/¢)| and LAPLACE Transform of [e=*" g (¢)|
both exist and the integral involved in the equation (3.1) is abso-
lutely convergent.

Proof
We have by definition
W (p, ) = e~k g (f) . (32)
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and also (2, p. 294)

232 g2 g—k=112

szm 2V2at) ... (3.3)

&l P Wi (20]) ==

where
Now using the relations (3.2) and (3.3) in PARSEVAL’S GOLDs-
TEIN theorem (7) weget

J Wi (20/t) g (1) dt
0

. 232 yll2

(), — kL m)

J t—k_3/2 sz (2 \/Zat) T(t: (X) dt

0

In the left integral replacing ¢ by 1/¢, multiplying both sides by
 (2a)~ "+ and finally on replacing « by p we obtain the theorem.

COROLLARY

In the above theorem taking k= +m =1/, we get the theorem as
If

¢@ﬁ?égWQ

and

Y (p, o) = e g (t)
then

D () =i>ﬁ—2 e~V W (¢, p) dt ... (3.4

0

provided provided R (p) > 0, LarLACE Transform of |e=®/ g (f)]
and |42 g (1/t| exists and the integral involved in the equation
(3.4) is absolutely convergent.

EXAMPLE
If we take
gty =171
then (2., p. 146)
P (p, a) = 2o pPlels Ky, (20112 P'12)
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Substituting the value of ¥ ($, «) in (3.1) we get
(2p)s 22 (7

& (p) = phk=vi2 K, . (2p' 1) Ky, (2V2pt) dt
(?) P —hxm ), p-ip, (20" 1) Ks (2V2p0)
e pRHlsTO2 ] B — 392 4 m y
I'(ly—k —9/2)

1 _ _
X o Fy okt m yiv;—l—l ... (3.5)
o — R — 92 -
by virtue of the relation (3., p. 145)
ro 20-3 g—v-o F(":I:;H-v) F(G:}:,;—v)
x°~ VK, (ax) K, (yx) dx = i
)4 u(ax) K, (yx) 70 y
F[wiu+wzl_f
' ] c ' a?

Where Re (o) > |Re pu| + |Re v| and R(y + ) > 0.
Again since by hypothesis

A
D (p) mt
that is
_ TEm—k—v—"1)) tm—k—v—1], 1
2@ = 2(2p)~*="14=v I'(— v — 2k) 2k l — v —2k 2] - (3:6)

by virtue of the result (2.6).
Now equating the values of @(p) from the relations (3.5) and
(3.6) we get the known result [I., p. 105]

4. 'THEOREM 3
If
14

? () T (1)

and

ww%%fm
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then
_ b2 3@ (71 22 (Pl —rtm s —kdntr J
?(p) (Zj,)n,go r! Jo PER 633(96 ‘/4£:m+n+r,z~3/4) F) dx

. (4)

provided R(p)> 0, R(pu + u + %) > 0 where f(x) =0 (x*!) for
small x, VARMA Transform of First Kind of |f(¢)| and |*~! ¥ (¢)]
exists and the integral involved in the equation (4.1) is absolutely

convergent.
Proof
We have by hypothesis
b (p) = J 72{»:)—'/4 Wim (200) -1 W (t) dt ... (4.2)
and '
(5) — ﬁzybt)-‘/‘ Wiw QP fO & ... (43)
0

Substituting the value of ¥ (¢) from the relation (4.3) in (4.2)
weget

2()=19 Jo?Zﬁb‘)"”‘ Wim (201) 2" JW(ZW)"’4 Wi (21%) | (%) dx, di
0 0
= pf;‘ (x) dx Juz,t” (2pt) 714 (202) ¢ Wi (2p8) Wi, (26) dt
0 0
3
32 G 20 2t
;/4 + H) 12 ( ?

—Yat p, Ys—Ek+ntr
Ystmtn 7, =73,

3/4—k+n+r) it
Ystm+n+tr

_ b BT (pt oyt dx G 2 2m
(2p)",§o ! 0(1) i 12(

N T I
: 0

33\«
0

) f(x) dx
by virtue of the relation (3., p. 422)

oQ
Gmn(m al,...,ap)le(ﬂx
g by, ..., bg 7s

0

Cly +v e cr)dn
Ay, o..,ds

6 — Collectanea Mathematica
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_le—i—n,l-{—m(ﬁ/m —bl,...,—bm,cl...cr,—bmH,...,—bq)
« rv+4q s+ — Ay — Ay, Ay...dS, — iy, ..., —aP

The change of the order of integration is permissible by virtue
of de la vallee PoussIN’s theorem (8., p. 504) when the VARMA Trans-

form of First Kind of [{*~! ¥ (¢)| and |f(¢)| exists and the resul-
ting integral is absolutely convergent.

COROLLARY 1

In the above theorem if we take £ = + m = 1/, we get the theo-
rem given by BOSE (6., p. 19) by using the result (1., p. 213)

Gmn(}.x “1"'a75>=1b1§ _]_(1 —y Gmn(x
bq by ... 0bq r—o Lr pq

ay ap
bl-{—r,bz,...bq)
. (4.4)

COROLLARY 2

~ Again, in the above theorem if we take 4 = £+ u = !/, we get
the theorem in the following form by using the relation (4.4).

If
D () L 1Y)
k, m
and
Y(p) = 1)
then

3 0 3
qs(p):%(zﬁ)—»MJ (b + )" ZFI[/“im_{'"'-l—ﬁ
0

; ]f(x)dn
T(/s — % + ) e ktn 2 2

... (4.5)

provided R (p) > 0, R (', + p;) > 0 where f(x) £ 0 (x*!) for small x,
VarMma Transform of [£#~1 ¥ ()| and LapLACE Transform of |f(f)|
both exist and the integral linvolved in (4.5) is absolutely convergent.
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