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1. INTRODUCTION
We consider the equation

B) 4y = Bot Byt Byt bt Bor( =)

which comprises a wide range of familiar first order equations such
as the linear equation, the RiccaTI equation, ABEL'S equation of
the first kind and BERNOULLI'S equation. Our aim here is to deter-
mine the possible degrees of polynomial solutions of (E), in the case
where 4, By, By, B,, ..., B, are polynomials in x, the independent va-
riable. The results obtained for this equation will directly apply
to polynomial RIccATI equations of order higher than the first, which
arise in connection with factorization of polynomial differential ope-
rators of order higher than two. This application will be treated in a
later paper. They are also applicable to a large class of higher order
differential equations as we shall indicate. We shall also present a
method to obtain the coefficients of polynomial solutions if the latter
exist, and an algorithm for obtaining all polynomial solutions of (E)
if it is known to have more than one polynomial solution. The problem
of the existence of polynomial solutions will be treated subsequently.

2. CLASSIFICATION OF DEGREES

Let
Y =0Cun x" + Cin—1 xm1 + + Co
be a solution of equation (E), where the ¢;'s are complex constants.

By substituting in equation (E), we get

* This paper is based on a chapter of the first author’s doctoral disser-
tation, McGill University, 1965.
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A (mcmxm_l + ) = BO + Bl (mem —{' ) + BZ (mem + )2
+ .+ B, (Cpx™ 4+ )
Let a, by, by, ..., b, be the degrees and «, B, By, ..., B, be the leading

coefficients of 4, B,, B, ..., B, respectively. Then this equation
becomes
ey F5O  = foat - e AT
-+ ﬁsz 24 2m+by + ...+ ﬂn C;’; gnm-tby (1)

In order that the right and left hand sides be equal, the coeffi-
cients of the highest degree terms must be equal. The term of highest
degree on the left side is amc,, ™ ~*~!; on the right hand side any one
of the leading terms of the polynomials By, By, ..., B,y" could be
highest, depending on the value of m, which is precisely what we
shall determine. Thus our procedure will be to assume any one of
these (# + 2) terms on the left and right hand sides as the highest
degree term and by equating it to another term among the remaining
(» 4+ 1) terms obtain values for m. We shall first consider the term
amc,, x”*~1 on the left. This automatically leads us to consider the
term f ¢, 4™ % on the right, for if a — 1 > b,, the term amc,, x"+4~1
can be assumed to be the highest degree term and values of m can be
obtained by equating it to the remaining admissible terms, except
the term f; ¢, x"+%. Butifa— 1 < b, the term g, c,, 7%~ has higher
degree than the term amc,, x™*“~1 and this can no longer be considered
as highest degree term. If a — 1 = b, then the terms amc,, x”+*~1 and
B ¢, x T8 have equal degrees and can both be assumed to be of highest
degree and values of m obtained either by equating them to remaining
terms or in the manner we shall further indicate. The remaining
terms are independent of the values of 4 — 1 and &, and will be con-
sidered after the above two terms. Thus according as a— 1> by,
a—1 < b, and a— 1 = b;, we will have three different classes of
values of m. They are as follows :

Crass I. If a— 1> b, and amec,x" %1 is assumed to be the
highest degree term, then by equating it to the admissible terms on
the right hand side (except the term g c,, ") we have the follo-
wing possible values for m :

(¢) my =by— (a— 1) if by > a— 1, in which case B, is the polyno-
mial of highest degree among A, By, By, ..., B,.
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() my=(a—1—0,)if a—12>0b,

(128) my=(a—1—03)/2 if a—1 > by and a—1— b; is a multiple
of 2.

(lv) my=(a—1—8)/3if a—1>0b, and a—1—b, is a multiple
of 3.

n) m,=(@—1—-0b,)/n—1)if a—1>b,and a—1—b, is a mul-
tiple of » — 1.

In addition to the above inequalities, we claim that for any m;
(=2, 3, ..., n—1) to be a possibility for a degree of a polynomial
solution we must have & > b; for all § > ¢. For suppose b; < b;
for some § > 7. Then if a solution of degree m; is to exist, we are sup-
posing that x™i++=1 and x"i*% have the highest degree. But if ; < b;
for § > ¢, the term with /i “% is clearly of a degree higher than the
above two terms, which is a contradiction. Thus by the above sta-
tement and by (¢) and (#4) we can say that in order that polynomial
solutions of degrees my, m,, ..., m, may exist simultaneously, it is
necessary that by >a—1>06,>b;>..>0b, If by<a—1<b,
< by < ... < b, there can be no polynomial solutions of the degrees
given above.

It is to be noted that if the degree m of a polynomial solution is
equal to one of the values of m given above, say m = m; (7 > 1),
then it is not necessary that x”+*~1 and 4/ % have the highest degree,
although the converse is true. In such a case m will be placed into
another class and we shall not say that m = m,, from Class I. We
shall say m = my; (j > 1) from Class I if and only if x™*°~1 and %™+
are among the highest degree terms. Similarly we shall say m = m,
from Class I if and only if ¥"+9~1 and x% are among the highest degree
terms. In all further discussion similar identification of degrees and
highest degree terms is made. Thus any value of m used for a degree
of polynomial solution will automatically indicate which terms are
among the highest degree terms, and no confusion should arise from
such identification.



214 Mira Bhargava and H Kaufman

Crass II. If a—1 < b, and B,c,x"t" is assumed to be the
highest degree term, by equating this to the admissible terms on the
right hand side only (since amc,, x”*t*~1is of degree less than that of
the above), we have the following possible values of  :

) my=by—by if by > b
) myp=0b—0,if by > b,
(737) my = (by—b5)/2 if b > b; and &, —b; is even
) my = (b, —b,)/3 if b, > b, and b, — b, is a multiple of 3

() m, = (by—b,)/(n—1) if b, > b, and b, —b, is a multiple of
n— 1.

As before, polynomial solutions of degrees m,, m,, ..., m, from this
class can exist simultaneously only if 5y > b, > b, > ... > b,. This
is a necessary condition for m,, m,, ..., m, to be possibilities of degrees
simultaneously. (Clearly this is not sufficient.) Thus if b, < b; < b,
< ... <b, there are no polynomial solutions of degrees from this
class.

Crass III. If a— 1 = b, and amnc,, ™%~ and B, c; "+ are assu-
med to be of highest degree, then, if 8/« is an integer, a value of m
can be obtained by equating the coefficients of the above terms, pro-
vided that with this value of m, the remaining terms are of degree
less than the degree of the above, i.e.

(o) mgy = B,/«, if B1/a is an integer such that
bo < (By/) + b
by < by — (By/a)
by < b;—2(8, /o)

by < by—(n —1)(/x).
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We call this value of m the simgular expomemt. The remaining
values of m are found by equating m + ; to the exponents of other
terms and are as follows:

() my=0>b,—by=a—1—0, if b; > b,
(i) my = (by—b5)[2 = (a— 1 —b;)/2 if b, > by
(v) my = (by—b,)/3 =(a—1—10,)/3 if by > b,

(n) m, = (by—0b,)[(n—1) = (a—1—5,)/(n—1) if b; > b,.

Thus in this case the set of values given by Classes I and II coin-
cide, and as before, in order that polynomial solutions of degrees
wmy, My, ..., M, may exist simultaneously it is necessary that b, > b; >
b, >..>b,.

The above classes are clearly mutually exclusive, since they are
based on the fact that eithera—1> by ora—1 < b, ora—1=b,.
But these do not exhaust all possibilities of degrees for polynomial
solutions. If none of the above cases occur then m can have values
from exactly one of the classes considered below.

Crass IVy. If a% is the highest degree term then equating b,
to the exponents of the terms to which it has not been equated be-
fore, we have the following values for m :

(@) my = (by—b,)/2
(7)) my = (by— b5)/3
(752)  my = (by— b,) /4

(n—1) my_y = (bo_ bn)/n’

provided b, > b; and b,— b; is a multiple for ¢ for 1 = 2, 3, ..., =.
As before the condition that polynomial solutions of degrees sy, ...,
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my_, may exist simultaneously is that by, >b, >b; > ... > b,;
no polynomial solutions of degrees from this class can exist if
by < b, < by <..<b,

Crass IV,. Similarly if 2m + b, is assumed to be the highest
exponent, then equating it to those exponents to which it has not
been equated before we obtain the following possible values for m:

(¢ my = b, — by
(11) my = (b,—0,)/2
(113) m3 = (b,—bs)/3

(n—2) my_y = (by—b,)/(n —2)

provided b, > b; and b,—b; is a multiple of i1 —2, ¢ =3, ..., n.
Polynomial solutions of degrees my, ..., m,_, can exist simultaneously
only if 4, >b; >b,>... >b,, and no polynomial solutions with
degrees from the above class exist if b, < b; < by < ... < by.

Crass IV,_;. Equating the last two terms we have
(7’) my = bn—-l _bn-

None of the above classes contains more than # -+ 1 values for .
Hence there cannot exist more than # 4 1 polynomial solutions
of different degrees simultaneously. The above results can be summa-
rized in the following theorem :

THEOREM 1. The polynomial solutions of equation (E) have
degrees from exactly one of the following # -+ 2 classes:

() Class I n possible values for m

(#7) Class II = possible values for m
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(¢72) Class III » 4 1 possible values for m
(fv) Class IV; # — 1 possible values for m

(v) Class IV, # — 2 possible values for m

(n 4+ 2) Class IV,_; 1 possible value for .

There is no polynomial solution for equation (E) if by <a—1 <
b, <b3 <..<b, and b, < b; < b,, except when n = 1.

Information about all possible degrees of polynomial solutions
of the linear, RiccaTI’s, ABEL's and some equations of higher orders
can be obtained from above.

Cororrary 1. For # = 1 we have the linear equation
Ay' = B, + By

The polynomial solutions have degrees from exactly one of the
following classes :

Class I (1) my="by—(a—1) if by >a—1
Class II  (5) m; = by— b, if by > b,

Class III (0) my = B;/o if f;/a is a positive integer
and if bo < (B1/e) + b1
(¢) my=by—(a—1)="by—b if a—1=0,,
and b, > b,.
From this we conclude that the linear equation can have at most
two polynomial solutions of distinct degrees satisfying the equation
simultaneously. There are no polynomial solutions if b, < a— 1 and

by <byanda—1#0b. If a—1 =205 and by < a— 1 then the only
possible degree for a solution is the singular exponent.

CororLrArRY 2. For # = 2 we have the RICcCATI equation

Ay" = By 4 Byy + Byy? (a)



n=2
n=1
Classes | m, my My My m;
I bop—(a—1) | a—1—0b §—1-(z/z—l—b) ! (@ —1—0b;
o 2 15 3 1 i
| 1 L 5, —b
II by — b, b, — b, E(bl—b3) Z,_1(1— )
1II Br | bo—(a—1) ] a—1—0 _%(a—l—b3) ‘.%(a—-—l——b,-)
@ | =b—b | =b—b =3(b—b) = (B B)
1 1 1 1
I - —_ _ —_ —_ — b _bi
Vi > (bo — by) 3 (bo — b3) 2 (bo — b4) 1 (bo +1)
1 1. 1
1v, by — by - (by — by) — (b, — by) < (b —b;1)
2 3 2
1 1
IV, by, — b, = (by — bs) 5(b3 — bg) z (b3 —b;13)
1 1 1
Iv; bj —bj 41 5 (b; — bj42) 3 (b — bj13) 7 (B; — bis)
v by — bus | £ Boa—bui) | L By —B)
n—3 n—3 n—2 2 n—3 n—1 3 n—3 n
1 .
v, bu—z — bu_y 2 (b2 — b,) '
v,_, bu_y — by |

The degrees of polynom



My _3 My_p My _q M,
L1ty | -t a1ty ) | — (= 1—bp ) | ——(a—1—8,)
n—4 n—3 n— " —
1 1 1 1
—(by — b, _ by —b,_ b, —b,_ — (b, — b,
— )| ) | ) — (b —ba)
e —1—=b,y) | ;5 @—1—by) | ;H5@—1-0b,y) | H@a—1—0,
= B —bu3) | =50 —b ) | =5 —bay) | =25 (b—by)
1 1 1
(g — by, _ by — by_ by—0b,
— (b )| (b ) — (bo—2)
1 1
b, —b,_ by,— b, i
— & ) — (b= by)
|
1 |
b —bn |
n_3(3 ) |

itions of equation (E)
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This case was first treated by CAMPBELL [1] and then considered
in more detail by CaMpBELL and Golomb [2]. We now have a syste-
matic way of obtaining their results by putting #» = 2 in Theorem 1.

CororLrLARY 3. The equation
Ay y® 4+ A, y(k")' + ...+ A4,y + A4y =By+ B,y + ...+ B,y"

where 4;'s (¢ = 2, 3, ..., k) are polynomials of degrees a,, a,, ..., a;
respectively such that a; < a (¢ = 2, ..., k) has degrees, for polyno-
mial solutions, from exactly one of the classes given by Theorem 1.

The table on the next page will make this classification clearer.
To get all possible values of m for any value of # (say n = 1), draw
a line in the following manner: Starting from the vertical line imme-
diately to the right of the column labeled m; go down as far as the
horizontal line below Class ITI and turn left going down one step at a
time. Then the values given to the left and above this line are all
the possible values for m in the case where » = 7. The values for
7 = 1, 2, 3 have been marked in the table.

3. Method for obtaining coefficients of the polynomial solutions

If a polynomial solution exists, its degree m is one of the numbers
given in Theorem 1. Its coefficients can be determined by the method
we shall now discuss. We distinguish the following two cases :

Case I. If m is not the singular exponent, then equating the
coefficients of highest degree terms in equation (1), gives an equation
in ¢,,, which can be at most of degree ». Hence c,, can have at most =
possible values. To find ¢,_; put ¥y =c¢,, " + 9y, in (E). Then the
equation becomes

A (mey 271+ yi') = By + By (¢ 8™ + ¥1) + By (¢ %" + y1)?
4+ ... = B, (e 2™ 4+ )"
which is of the form
Ay'y = By+ By, + Byyi + ... + Byt
where
Eo = B, —Ac,, "' 4 ¢,, 4™ B| + ¢,24*"B, + ... + ¢,"x"" B,

B, = B, 4 2¢,, x"B, + ... + nc,, ""1xym—" B,
etc.
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Hence we get another equation of type (E) with which we can
proceed in a similar manner and determine the coefficient ¢,,_;. Con-
tinuing in this way all coefficients can be determined consistently
if a solution exists.

We may remark here that by this procedure we can also arrive
at the conclusion that a polynomial solution of a certain degree does
not exist. For example, take the simple RIcCATI equation:

y' =1+ 22y + 2
One of the possible degrees is m = 1. Let
y=c¢ x4+ ¢
be a solution. Then by substitution in above we get
e =14 2% (cix + ¢y) + % (c1x + ¢p)?
or ¢; =14 ¢ 2% 4 coa? 4 223 + 2¢5¢, %% + ¢y 2.

Equating highest degree terms we get

g = —1.
FEquating the second highest degree terms and putting ¢; = — 1
we get
—200+¢=0 .. ¢=0.
But that leaves us with
—1=1

when we equate the constant terms which is a contradiction. Hence
no polynomial solution of degree 1 exists.

Casge II. If m is the singular exponent; i.e. if m = ,/«, by equa-
ting highest degree terms in x we get m « c,, = B, ¢,,, which leaves c,,
undetermined. Further, equating the coefficient of x”+#1~1to zero gives

(m - 1) ACom—1 + %11 Cn M = ﬂl Con—1 + ﬂll Cm + eee

. . . 2
where the terms not written out contain c,, and possibly ¢, ..., ¢,

but not ¢,,_;, 2 =1, 2, ..., m. (Here a;; and By; are the coefficients
following « in A and B; in B, respectively.) Thus c,_, is determined
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. . 2 .. .
uniquely as a function of ¢, ¢, ..., C,. Similarly we can determine
: 2 . . .
Cm—2, -+ Cg» @s a function of ¢, ¢y, ..., ¢y Finally comparing coefficients
of xt1~1, ..., x gives equations in c,, alone from which the value of ¢,

can be determined and then we can go back and find ¢,,_y, €5, ..., g

4. The algorithm for polynomial solutions. If it is known that
equation (E) has more than one polynomial solution, then the pro-
blem of finding all polynomial solutions can be reduced to the pro-
blem of finding solutions of an algebraic equation of degree » — 1.
Thus if y and y, are polynomial solutions of equation (E), putting
u=19Y—19,;, we get

n—2 " ;
Au' = u[ SEBS (i) B, y, i~ 4 nB,.yl"-l] (2)

i=0 i=j+1 \]

Now if 7 is a zero of #(x) of multiplicity $ then 7 is a zero of the
right hand side of multiplicity greater than or equal to . Since 7 is
a zero of #'(x) of multiplicity p — 1, » must be a zero of A(x). There-
fore the polynomial solutions of the differential equation (2) are of the
form

u(x) =k (@x—r)P1 (x—7)P2.. (x —7,)tr (3)

where the #;s are the zeros of A(x) and $;’s are non-negative inte-
gers, and £ is a constant. Since for a given # equation (2) is also an
algebraic equation of degree #»— 1 in y;, we have the following :

THEOREM 2. If equation (E) is known to have more than one
polynomial solution then the class of functions y; defined by the
equation
Au'

u

By 15§ () Bygumen— S0
] 1

where u is given by (3) includes all polynomial solutions of (E).
This algorithm is not applicable if (E) has only one polynomial
solution. In that case equation (2) has only the trivial solution # = 0
and y; cannot be determined from equation (2).
Theorem 2 is not applicable to the linear equation since y; does
not even appear in the equation. Equation (2) for the linear equation is

Au, = Bl’l/t
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and all polynomial solutions of the equation
Ay' = Bo + By

can be obtained by obtaining all polynomial solutions of A4’ = By,
if at least one polynomial solution of the former is known.
The case n = 2 of equation (E) has been treated by CAMPBELL

and Golomb [2].
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