AN ENTIRE FUNCTION ASSOCIATED WITH THE BESSEIL
FUNCTIONS

by

H. M. SRIVASTAVA

1. In a recent paper Ar-Saram and CARLITZ gave the expansion
[1, p. 914]
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where the entire function
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satisfies the relation [6, p. 147]
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The purposes of the present paper are to exhibit (1.1) as a special case
of a more general expansion which I have recently obtained and to
give several other interesting results involving the function R(4, 4,7, x).
Some of the formulae hitherto known are shown as necessary con-
sequences of the results of this paper.
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2. The expansions given by me [4] express products of generalised
hypergeometric functions as series of the NEUMANN type and have
the advantage of being reducible to many well-known results.

To quote one we have! [4, expansion (3.1)]
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where the notation for the double hypergeometric function is due to
BurcHNALL and CHAUNDY [2, p. 112] in preference to the one intro-
duced by Kamprt DE FERIET.

Write 4x for 22, y for a2, Y for b2 and make use of the relation
(1.3). We thus find that
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where A = u + ».
Now the hypergeometric function on the right of (2.2) is equal to
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(1) In the actnal formula a contracted notation is employed for the
hypergeometric functions.
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and this reduces to
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when Y = 0, and we have (1.1).
3. I now give some expansions of the NEUMANN type in R(4, g, v,
z). Proceeding as in §2, from the formula [4, (1.2)]
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we have
1 \*
(—z) R(a, B, 7, #)
2
I'(2) S (A+mn) (24)n
3.2 = exp (2) B (— 1) —— L 2 .. (2
(3.2) TG+ DI L 1) P()”=0( ) 1 a+n (2)
—n, 2l+n,la—{—l,loc—|—l;
. oF, 2 2 2 — 9y

2+%,a+l,ﬁ+1,7+1;

This formula follows also from [4, (1.3)] if we employ the relation
(1.3).

When f =y + % = ;—o«. the 4F, reduces to a ,F,, and if we fur-

ther set 1 — % the formula is

(3.3) R(oc, —l—oc,l oc"-—l, 2?) = il exp ‘(z) o}o](—l)" (n —}-l)IH 1(2)
2 2 2 22 [(o 4+ 1) =0 2 i
. ,F —_”’”+1;—2].
i 2[ Lat1;

9 — Colectanca Mathematica
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From the expansions [4, (2.1) and (2.2)] we similarly have [1,
(2.14)]

(22) R(a, B, v, @ 2)

1 0 (A -+ 2n) I'(A + n)
3.4 = ) . (4
(3.4) TSRS F(y+1),,}:o o Jazon (42)
1 11
—_ , — -, = 1;
. oF; "’l+n2°‘+2 2°‘+ aZ]
B o+ 1L g+1,v+1;
and
(22)* R(a, B, v, a* 2?)
1 % (2z)#
3.5 = ) , (42
G-2) T+ DI+ 1) al Jan (42

- 1 1 1
— A4+, —at+ =, -0 +1;
.4F3[ 2 +2 2 az].
at+ 1,4+ 1,y +1; _

When a =1 and g =y + % = — A, the 4F; in (3.4) can be sum-

N[

med by making use of the identity [1, . 915]

(3.6) $ (= ) (o Doy MA— )
=0 k! (A+ 1y (x+ 1) (A + 2n) (A),

which is easy to verify, and we get [1, (2.16)].

. 1
If in (3.4) and (3.5) weset f =y + E = % o and use VANDER-
MONDE’S theorem to sum the resulting ,F; when a = 1, we obtain

a—%i oo (__1\n (3 .
R(Ot,la,loc—l,zZ):i._ E(_A._ll,(’l"‘z”) I'(A+n) (A—a)
2 2 2 atle gt =

o n! IlMNa+n-+1)

and

(3.8) R(U., _1_ o, l o — 1_, 22) — 2 N (22) (¢ — A)y ]Z+n (4z)
2 2 2 al 22,2 n! e+ n+1)

respectively.

= Jason (42)



An entire function associated 131

If we combine (3.3), (3.7) or (3.8) with (1.4), we get three inte-
resting results. To quote one we have

1
J Pl (1 — 2yt T (4at) di
0

a1 e (22" (2p — A
3.9)  — gu-i-lgumi
(3.9) S N Ton tn )

]/1+n (42).

Next, from (1.1) we can deduce an expansion formula involving
the Bessel polynomials

Yia) (Z)==2F0(—1’L, n+at+1; —;-;—Z),
We have

Y (2) YO (— 2)

”(—n)k(oc—l—n—l—l)k(l )” l’~k,—n,a+n+1;]
=Y -2 3F2 1 )
k=0 k! 2 _1—|—7L—k,—oc—n—k;

and on summing the well-poised terminating ;F, (1) by DIXON's
theorem, we find that

1 11 B
—n,at+nt+1, —a+-—, = 1;
Y@ () Y™ (—z)=4F1[ 2 +2 2“Jr z2J.
o+ 1;
The special case p = 29 = 4, A = o + 1 of (1.1), therefore, yields

111 1 1 3
- l_J_ 1,_ l)— —;

Ma+2)  p| 3% ya*thaetbyety pn
(u+ 1) I'(»+ 1) a+1, p+1, v+ 1;

(3.10) = 3 & M+ 1) Mo+ n+ 1)
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R +2n 41, p+n, v+ n, x2).
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Ar-Saram and CArurrz [1, p. 926] proved this formula in a dif-
ferent way.
Also, since the JACOBI polynomials

Pff’m(z)z—(m—i_l)»”- .Fi (—n, n+oa+pf+1; oc-l-l;-l;z)

n!
(e.B) n DB .
PP (—2)=(— 1" PP (2);
it is easy to show that

P(%ﬂ) (Z) P(a,ﬁ) (—‘Z)

" "

(n!)? ’(1__22)

(et DBt 1) [—n,a+ﬂ+n+ LY g 1), L ek pra) ]
a+ 1L+ 1, at+pB+1;

and therefore (1.1) gives

1
2 2 ' ax (2 — 1)

I'(a+1) F5|
Aa+LB+Lpt+1, v+ 15

i+t Lol Lag
4 2 2 2 2
I'(p+1)I'(»+1) )

(3.11) _ °§n!(l+2n) I'(A+ n)
' w=0 (4 1)y (B + 1a

. R(A+2n, pu+n, v+mn, x),

where A =o + 8 + 1.

The last formula appears in [1] with several misprints.

An expansion involving product of two F; ’s can also be derived
from (1.1), and we have

2 PP (2) PP (2)

1
. A+ 1;
I'(i+1). T, 2 a2 52
F(p+1) Iy +1) L%/L/H—LH—I;
> (A+2n

¥ Fi(—mn; 4;2) Fr(—n;4;—2)

312) = 3! L+ n)
n=0 !

)
n

. R(AH2n, p+n, v+ n, 22,
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and since the LLAGUERRE polynomial

. L4 1),
L9 () = EE D Fy (= nia s 150)
from (3.12) we obtain
13
(4 1) lF4r —2.a+5’_xzzz—?
Fp+1) P +1) La—l—l,%a—l—%,uﬁ—l,v—l—l; J|

(313) = 3t ETLE2) a0 7@ ) 1@ () Riad 2041, gk, v+, 5.
n=0 (OC + l)n

We remark in passing that expansions involving products of two
GEGENBAUER polynomials or two LLEGENDRE polynomials are par-
ticular cases of (3.11) and that from (3.10) we can deduce expansions
involving product of two polynomials of the type

Yu(z)= Yf?’ (2).

4. In this section I give various types of integral representations
for the function R(A, u, v, 2). We start with the relation

-1, 11
- A+=, =14+ 1;
! 7y 2Tt ],
I'(p+1) I'(v+1) A1, p1, w41 -

which readily follows from (1.2), and replace the ,F; by its double in-
tegral of the EULERIAN type. We thus find that

@4.1) R, p,v2) =

11
J J Pt g2+l (] — g2)p—t A=t (] — 92—t 21 T, (dyox) du dv
0”70

, 1 1 1
Al My —=2A+=)T'(» — =2
(p 5 +2) ( 5 )

(4.2) = ST R(A, u, v, %%,

provided that Re(3) > — % Re(2u — 1) > — 1and Re(2v — 2) > 0.

Next we make use of the LAPLACE’S type integral [5]
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20

1
@0t 2| Jwe‘”tz"" F3(—; 0y, 09, 03; L A2 82) dt
. F(ZO‘) o 043 » 01, 02, 03, 4 ’

C 52
01, 02,035 %

(4.3) 2 F3

Re(s) > 0, Re(z) > 0,
in (4.1), and we get
R()l., ", v, xz)
ra+nrp+H)-Ir'iv+1),

"0

(44) 3_tt10F3(—‘; A—I—l, ,u—l—l,‘u—{—l; —‘xztz)dt,

valid when Re(4) > — 1.
From (4.4) we also have

(o o]
J e=tt* oF, (A+ 1; 2xt) oFy (A 1; — 2xt) dt
0

wtll2 L 2
SO DY paia- L lam,
2). 2 2 2

provided that Re(A) > — 1.
The formula

(4.5)

R(2, p, », %)
(4.6) = — L (ooe—‘t“‘é §al XS I
1 [N T —4x, )
(A4 2) Dp+1) T(r41)7 2 ,
2 2 A1, p+1,v4+15
where Re(d) > — 1, follows from (4.1) if we employ
(4.7) st[ LR D R Y ] i,
01, 02, 035 % I'(«) .01 92, 03;

0

Re(x), Re(2) > 0;

which is a particular case of [5, (1.1)] whenn =$ =q — 2 = 1.
If in (1.2) we use HANKEL'S well-known generalisation of the
second EULERIAN integral, namely

0+)
1 1

(4.8) = - [t"’”"“l e dt,
I'v+n+41) 271

—0oQ
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we obtain a contour integral representation of R(4, y, », 2).
The formula is

R, u, v, 2)

0+)

1 1 11 4z
49) =L (rear(tarl Lavrag, +1;——-)dt,
(4.9) P 2 2(2 +2 5 + +1, p ;

in which |arg (¢)| < =.
A repeated application of (4.8) in (1.2) gives

R(A, u, v, 2)
L 1, 11 4
{ V4
4.10 = — sTElg=v=lgstt ) F [ — A4+ —, =A+1;44+1;— — )dsdt,
(410 v (345 A=)

provided that both |arg(s)| and |arg (¢)]| do not exceed .
Next we employ a technique suggested by Rice [3], and from
SCHLATLI-SONINE integral [6, p. 176]

(lz)v(ow » ,
2 Z
4.11 L (2) = | e t__),
(4.1) J» () 271 fwl P( 4t
—0oo
we obtain
dg g PO 1=,02)

(4.12) R(4, ,u,v,z)=—2 ¢ t"""(l—t)""lh(T)iﬂ—

7 sin @A T

P

when 1 is non-integral ; and if Re(1) > — 1 the formula is

2t L . dt
(413) RO, pn2) =2 | 401 (1= [3(1) 22,
wi T*
where T = 4z }and/l— +
1(1—1) g

The contour for (4.12) is of the PocHHAMMER type, while C is any
contour, starting and terminating at infinity, which can be deformed

into the straight line joining % — 1 oo and % + 7 oo without pas-
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sing over the points { =0 and ¢ = 1. In (4.12) both arg (f) and
arg (1 — ¢) vanish at the starting point P and in (4.13) they are
zero at the point where C crosses the real axis between the origin
and £ = 1.

From (4.12) and (4.13) it follows that a general solution of the
differential equation

(4.14) (0(0-2) B+ ) (B+9) +2(20+ A+ 1) (20 +A+2)} W=0, (0=zi)

az
satisfied by R(4, u, », 2), is

(4.15) W:( =1 (1 ——t)*"-‘f{t(lz_t)}dt,
S L

where L is any closed contour in the ¢-plane and f(u) satisfies the dif-
ferential equation

Z
t(1—t)

(4.16) [P (D + A +u]lf(u)=0 (@zua—;‘l—u),whereuz

A contour integral of BARNES’S type for R(4, u, », 2) readily follows
in view of (4.1), and we have

I(u+1) I'(v + 1) R(2, u, v, 2)

*"“F{l(ﬂy—{—%%— 1)}]“{1—(1—!-23—[—2)}
(4.17) =—1—-( 2 2
MGrst D) pts+ ) IrFs+1)

271
—100

I'(— s) (4z)% ds,

the contour being suitably indented in the usual manner.

5. Some infinite integrals involving the function R(2, w, », 2)
can be evaluated by means of [5, (1.1)]. To quote a few we have

00
J et R(, u v, o) &
0

1. 11 _
(5.1) — I'ic +1) e 3F3|751+5,—2-1—|-1,0—|—1,_‘E]
I'(u+1) I'»+1) A4+l p+1, v4+1; P

e
i e~ 221 R(A. U, v, 22 ) di
70
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2 - T Fs[a,a-{-%,%l—{—%,%l—l-l;_mzz
I(p+1)T'(»+1) A+l p+1,v+1; p
Formula (5.1) is true when Re(p) > 0 and Re(o) > — 1;
(5.2) is valid if Refo) > 0 and Re(p) > 4 | Re(2);.

Next we discuss some infinite integrals involving products of
R(4, u, v, x). For convenience let us assume initially that z is real, and
large compared with |x| and |y|. We then have

o]
=1 R(a, B, 7, ¥283) R(A, p, v, v* ) K, (422) dt
0

SRS (= 17* (@ b7+ 1), (A4 54 1), #7 ™
oS! sITB+r+ 1) Iy +7+ 1) Muts+1) Fv+s+1)
. J o1 K (4gt) dt
“0
=§ * (— 1Y+ (@47 4+ 1), (A+ s + 1), 5% y*

rmosmo? !SI B +r+ D)y +r+D)I(p+s+ D) I'(v+ s+ 1)

1’{%(6—9+27+2s)} F{%(G-{—Q—l—Z?—}—Zs)}

4 (22)0+27+25

and therefore
Jl =1 R(x, B, y, 2 2) R(4, p, v. y2 %) K, (42t) dt

0
r{%(a—@)}r{%(aﬂ)}

5.3 =
(5:3) 222 TE+ 1) Iy + 1) D(p+ 1) T(v + 1)

"1 1 1 11 1 11

— (e —9). = (o I— -, - I;=4+—-,-4-41;
Flzw O e et pTat Liib L iAb L
cat-1, 841, y+1; A1, p41, 9415 22 22

in the notation of BurcuNALL and CHAUNDY [2].

|
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By an app=al to the theory of analytic continuation it can be

shown that this formula is true if
Re(o) > | Re(o)|

and each of the four numbers

Re(z 4 1x £+ 1y)

is positive.
! A the double hypergeometric

When ¥ =y and [uzv—{——;-

function is equal to

o0

4

ST
El u+nk( )

k=0

RIS NS DTS N S
25503 1

. +F;
a+ LB+ 1,y+1:

and thlS reduces to
0), —\& —l— + ), . (d + + » 1 2

1
7 [5(0—9),5(G+0)
_ a+1,2+1,a+24+1; 22

] x. We thus have

if weset =y —+ :5

1
2
< 1.1 1 1 1 1
PV R(A, =4, —A——, x222) R(u,— u,— p — —, x282) K, (82t) dt
1 (b3 d S A=, 20 Rip, - o o — =, 22 8) K, (82)

.J.o

Ptz 1‘{ S} 1’{%@ +9)
(5.4) = 2
w2 l'(A+1)'(p+1)
"1 1 1 1 -
sle=2 e+, A +u+1),-A+p+2); ,
Py 2 2 2 2
. A+, ut+ LA+ p+1; 2

valid when Re(p) > | Re(v)| and Re(z + ix) > 0.
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Now consider the integral

'l t°=1 R(a, B, v, #* 2) R(A, p, v, ¥2#3) J,(42t) dt.

2o
We start with the formula (5.3) which is true when
Re(o) > | Re(o) |, Re(z) > 0,

it being assumed that the numbers x and y are real and positive.

If we replace z by 6 -+ 7z, where both ¢ and z are real, and use
the asymptotic expansion of K, {4(d + iz)#} , it is easily seen that
the integral converges uniformly for é = 0, provided that it is con-
vergent when 6 = 0 and z #~ 0. It follows that the integral is con-
tinuous when 6 = 0 and therefore (5.3) remains valid when z is re-
placed by + iz, where the new z is real and positive. Making use
of the formula

mi J,(2) = e~ K, (— iz) — " K, (12)
we find that

J 15~ R(a, B, y, 2 2) R(A, p, v, y2 ) J,(4t) dt
0

1’{%(04_9)}

(5.5) = "
2“+lzﬂr(ﬁ+1)F<y+1>rw+1>r<v+1>1“{1~%(a—9>}
1 1 1 11 1 1 1 .
Lo—o totoicats tar1iia+t Taa;
L 60, (e o) ot Sk LA fy‘zl
_ — Dat 1 B+Ly+ 1 A4, ptl, v 220 2

provided that Re(c +0)> 0, %, v, 2> 0, 2> x + .

In particular if we put x =9 and choose the parameters suitably
we get

oo#’“ R(l,ll,ll—l, 22 12) R(,u,l[u,l[u—l,xztz) J» (82t) dt
o 2 2 2 22 2
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zoat 1l Lo 4o |
(5.6) = 2

w# I(3+ 1) P(u+1>r{1—§<@—v>}

N | =

"1 1 1,
o= -e+»=(A+pu+1),-A+pn+2); ,
I |2 2 2 X
- A+Lu+1, 24+ u+1;2%2_
valid if Re(p + ») > 0 and z> x> 0.
In the special case y = 0 (5.5) gives

J?ﬂm%@%ﬂmhmmﬁ

0

r{%(aw)}

(57) =
2+ 2 (1) Ty + 1) r{l—%(z—m}

1 1 1 11
_A_ }—Z_JI_ » R +11
.4F3[2( WG St f]
e+ 1L g+1,p4+1; 2
valid when Re(A 4+ w) > 0 and 2> x > 0.

Choose =y —{—% = % o and change the notation slightly. We thus

obtain WEBER-SCHAFHEITLIN integral [6, p. 401]

1 1 1 1
pIr(=ut— ——z+—)
(2”+2v 2" 73

@3)JmlAﬁL&QQ:wwm

0 t Z’Iu”—“'lf’(v—l-1)F<£7+l,u—lv+£)
2720 27 T2
—A+1 »—A—pu+41 b2
. ,F pre -, £ ;v 1;—),
2 1( 2 2 + a2

provided that Re(u 4+ v + 1) > Re(Ad) > — 1 and a > b > 0, the
additional condition Re(4) > — 1 being necessary-to secure conver-
gence of the integral when a # b.
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If A4 u+ 1 =0 we can sum the ,F, when a = bV/2, and we
have

(5.9) /(ozzvﬂ Jau (at) Jo (\i/%) dt = ]’(

0

—v—1
n‘/l(%zﬂ) rQu+2v+1)

2u—2) [pt2v+ 1) T2 — p+1)

this formula being true whenever
Re(,u—}—v—l—%)> 0and 0> Re(20) £ —1, —2, ...

It is not difficult to give a direct proof of (5.9).
We now proceed to evaluate some discontinuous integrals by
means of RAMANUTAN’S integral [6, p. 449]

roo { (2 cos l t)u“_z
(5.10) - i dE =T : 1 =i, (|2] <=),
l Mu+8re—& | (”%v_) (I¢]> =),

where ¢ is any real number.
By expanding in ascending powers of x and y, and then employing
this formula, we see that

+0o0

J‘ R(}b, ,u+§, v, x) R(é‘, 0, oc— ¢, y) eité dE

—o
uto
(2 cos —1- t)
2

(5.11) — ehitlo—p)
Fv+1)I'e+1)I'(np+0o+1)
— :ll+l,ll+1;lé+l,16+l; 1 1
2 22 2 22 2xe~ ¥t cos— ¢, 2yettcos =t | ,
uto+1: 2+1, »+1; 641, o4 1; 2 2

if — @ <t << mw; for other values of #, the integral vanishes.
When ¢ = 0 we get

+oo

JML#+&%MRW&U—£yME

— 0
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(5.12)

- 1, 11 1, 11

— =A== A+1,-04+~,— 0+ 1;

_ gk F[ 2+22+2+22+2x2y]’
Ir+0)I'(e+1)(p+041) pto+1:A+1L,v+1;6+1,0+1;

and for x = y this leads to

+o0
JR%y+&mmR&—§v—am@
(5.13) 2 Fy 0+ 25241, gkt 15 20)
. - v "': > v ; X >
:fz1/2]’('u—{—1)I"(,u—{—v—l—1)1 2 2 #
provided that A = 2v.
For ¢t = kn, where % is real, we have

+00
(5.14) J R( p+ & 2,7 R(3, 0,0 — &) ¢ dE =0,
valid when |&| > 1.

6. In this section I evaluate some integrals, with finite limits,
involving product of the function R(A, u, v, 2). When Re (¢) > 0 and
Re(p) > 0 we can easily show that

.1
JRmﬁ%iMRm%miMW”U—m”ﬁ
0

(6.1)

RIS N DRI TR IR S P
_ I(0) (o) {I'(c-+0)}! F[ o .2a+2,2oc+1, 22—*—2,22—[-1, D _y]
TR+ D)Iy+D)I(p+ 0T (+1) Lotorat1,p+1,y+ L+ Lut+1,0+1; " [

in the notation of BURCHNALL and CHAUNDY [2]; since

1(1 — )81 __11_ Re «. R .
Jt"‘ (1 —1) dt « )(e , Re f>0)

0

When x = y the hypergeometric function on the right is equal to

1 1 1
co “”k(a“a)k(i“l)k

(— %)
im0 k! (040 A+ 1) (u+ 1) v+ 1)
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111
—h — Ak —p—k —v—htat e, Lag1;
K 2 303

1

1
1 1 !
1, 1, 1, —-——=21—F%k, —=12—F;
a4+ 1,6+1, v+ - 5

'6F5

and this reduces to

2 (o) (+ A4k + 1) (—2)F
p=ok! (04 0); (¢4 1)p (A4 1)

(
1

. 1 1 1

tting f = ~=>-qgand u= -—==1
on setting g y—|—2 zda )7 v+2 5
From (6.1) we then have
1

1,1 11 1 1 11
R, =2 =2——, =xt) R(p, = p, =p — —, — xt) #* (1 — ¢y~ 1 dt =
[0(22 24)(”2”2 24)( )
(6.2)
I'(v + 1) I'(e) {I'(» +o +1)}7! 2 (=DMA+pt+h+1)u(r+ 1) Xt

L+ hr(l L Nr(! =0 AH(A+Da(pH1)i(v+e+ 1)
I(=24=\r|=2+1|\"(-p+= \[[= u+1] #=0 k k
Gr 2l (Gr)r e i)

provided that Re(v) > — 1 and Re(p) :> 0.

If we prefer, the series on the right can be exhibited as a ;F,.
If in (6.2) we set » = u and change the notation slightly, we get

1
1.1, 11 11 11
ROA,=A=A—= =at)R(u,~ u,— p ——, — xf) t*(1 — 8y~ dt
Jo(22 S g R i, ) (1)
Atu
(6.3) =g—mR(l—i—,u,l,,u—}-v,x),(Re,u>—1,Rev> 0).
TT

The last formula when re-written gives [1, p. 930]

-1

(6.4) J R(A, p, v, %) # (1 — £)e—1 & = T'(0) R(A, p, v + 0, %),
0

which is valid if Re(») > — 1 and Re(p) > 0.

Also if we let y = 0 in (6.1) we have

1
J Rio, B, y, #) =1 (1 — )= ds

0
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T 11 _
I'(0) (o) ["'E”E'E““’ ]
(6.5) = . F, : —4x |,
rg+10ry+1) I'ie+o) o+o,a+1,8+1,y+1;
Re(o), Re(o) > 0.

Putting ¢ = y + 1 and making use of (4.1) we again get (6.4).
If in (6.5) we put « = § + y, employ (1.3) and change the no-
tation slightly we see that

- : _

o, —(p+r+1),-(p+v+2);

3 : 2 — 4x2
ct+oput+l,v+1, ut+r+1;

2(p+1) I'(v+1) I'(o+0)
I'(o) I'(g) x**

1
(66 = [ ) 7.y ommrmr (=t
0

[Re (o) > 0, Re(p) > 0] ;
and since [6, p. 150]
in
Ju(2) Julz) = %J Jusv (22 cos 6) cos (u— v) 0 d6,
7

0
(6.6) becomes

1 1 )
F4[o‘,5(,u—l-v+1),5(#+”+2)' ;I I'(¢) I'(0)

o+opt+lLv+lLutv+1;  |I(pt1) I(-+1) Dot

1 in
(6.7) = nx‘:r‘*"J Ju+v (42t cos 0) 2o—#==1(1 — £2)e=1 cos (u — ») 0 dt d,
070

valid when Re (o) > 0, Re (u + ») > — 1 and Re(p) > 0.
The particular case ¢ = v + 1 of this formula is [1, p. 930]

—p—y 1 pim
4x—H" - 20—
J Ts (dxt cos 0) £=#+1 (1 — =1 |
7 I'(o)

00

(6.8) R(p+» u,v+ o %)=

. cos (u— )0 dtdo,
provided that each of the three numbers
Re(v + 1), Re(v + u+ 1), Re(o)

is positive.
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Next we make use of Cavcuy’s formula

in +r+m
J ele—v+mid coqutrim g g9 — (%)” (:“ + v+ ") 7, Re(p -+v) > — 1,
v

—in

and we have
i
J R(«, B, v, %xe"" cos 0) R(4, p, v, % y e cos B) e?—9® cos?t9 6 db
—in
(6.9) = n I'(p+q+1)
M T+ DI+ D) MNp+1)I(v+1)I'(p+1) g+ 1)

1 1 1 1 11
1: - ——oa+1;-A+—-,-44+1;
[¢+q+ St et iz, oAt B ]

p+liat L gL y+ LA+t o+ 0 Y ]

valid when Re(p 4+ ¢q) > — 1.

We have just seen that the double hypergeometric function in (6.1)

simplifies in many special cases. By applying the same technique,

therefore, a number of interesting particular cases of (6.9) will follow.
The special case ¥y =0 is

in
( R(«, B, v, ;— % €° cos 6) =99 costte () dO

)
AR EE R PREE N pant

n (ﬁ+q)3F4|: PRI ’_x]'
M+ 1) Iy+ D\ p p+Lo+1,8+1,y+1;

If in this we write p + ¢ for B, 4x for x and make use of (4.1),
we get the known formula [1’

(6.10) =

44

-  ___ R , Y,
P re L) N b

-in
= | R(a, B+ 6,7y, 2xe cos 0) ef—90 cosf+? § 46,

U
valid when Re(f + ) > — 1.

7. Finally I give some NEUMANN type expansions in products of

10 — Collectanea Mathematica
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R(4, u, v, x). One such formula follows from (2.1) if weset p = P = 2,
g =Q =3, and we have
re—+1
R(a, B, y,az) R(A, p, v, bz)
I'(e+1) I'(e+1)

(7.1)
1 ‘;2 (6-+2n) I'(6+-n) z”R(5+2n,0+”:"+”’z)

rg+1)ry+1) rp+1) re+i),s n!

1 11 1 11
—n, 0+ n, ,o+1li-a+—-,-a+1;-24+~-,— 1+1;
+n, 0+ + 5 +2 > 5 3’5 +

%&+;%6+IM+L5+LV+RX+LM+Lv+h

. F a, b

When a = b, the double hypergeometric function equals

(= n) (04 n)s (04 1) (04 D) (& 4+ 1)z 2
p=o k! (a4 1), (B4 1) (v + 1) (64 1)p

ok —a—k —f—k —y— kAt s Lar;
F 272732 .
'6 5 I

A+1, w41, v+ 1 —%oc—k,—%oc—k;

1
2
and this can be further reduced by assigning suitable particular

values to the parameters.
If in (7.1) we set b = 0, we get the known formula [1, (2.3)]

R(‘Z: ﬂ: Vs az)

I'(o+4-1) I'(c+1) % (0+2n) I'(6+n)
12) = S & R(3+2m, o+, -,
T2 = i) Tyt oD S oy (0+2m, om0, 2)

o stmet Lottt i Lay;
. 27272 .
« 645 1 ’

11
L, g+ 1, 1, —0+=,-0+1;
ot LB+Ly L Soto,oot

which has numerous special cases of interest.

When o = ¢ + % = % 4, (7.2) leads to the formula (3.4).
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Further expansions in products of R(4, p, », %) can be derived
from (3.1) and the formulae [4, (2.1) and (2.2)]. We thus have

2 R(a, B, y, az?) R(2, p, v, bz?) —ng(z—:))
2z) o (64 mn) I'(26 + n)
(13) = exp ( S (— 1y Join (22
I’(ﬁ—{—l)]’(y—l—l)F(,u—l—l)]’(w—]—l),,%o n! 40 (22)
1 11 1 11 -
—n,20+n: - —— 1;-A4+=,=2 1;
= meyr T pr At AT p—

5+%: a1, B+, y+ 141, p+1,v+1;

(22)° R(a, B, v, a* 22) R(A, p, v, b* 2?)

! 2 (042n) I'(5+n)
74 FG+1)Iy+1)T(p+1)I(v+1) EO 1 Joron (42)

—n,é—l—n:loc—l—l,ly.—{—l;lﬂ.—{—l,lﬂu—{—1;
F 2 272 2" 272 2P
- 10'-+1,,5+1;"/+1;/1+1, ‘M—l'"l,V‘I—l;

and
(22)° R(a, B, v, a?2%) R(A, p, », 0?22
(7.5) ! 3 & @)

S TE+) Iy 1) D(p+1) I'(p4+1) 250 n)
Cmottitar Lo iar Lagy;
F 2 2 2 2 2 2 a b2 |,
— o+, A8+ Ly+ LA+, 1, v 41 B

Formulae (3.2), (3.4) and (3.5) are clearly special cases of these
expansions.
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