ON THE INVERSE MEIJER TRANSFORM
OF THE G-FUNCTION
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1. A generalization of the classical LAPLACE transform

b= i a (L)
0
has been introduced by MEIJER [4] in the form
e 1
o) =(2] 8 [ ik @onea (12)
0

VarMA [10] has also given a generalization of (1.1) by the integral
equation

$p)=p j T (U= T Wy, o (p1) h(t) dt. (1.3)
0

It is well known that (1.2) and (1.3) reduce to (1.1) when » = + 21
and 2 4+ m = % respectively, on account of the identities

K, 1 (x) =( z )_; e*and Wi_, , (x) = 8_17” x%‘ m (1.4)
2 2% 7

As usual, in (1.2) ¢(p) will be called the MEIJER transform of A(f)
and A(¢) the inverse MEIJER transform of ¢(p).

Throughout this note, the symbols ¢ (p) = A(f), $($) ~ h(t) and
#(p) 7= h(t) will be used to denote (1.1), (1.2) and (1.3) respecti-
vely. '

The purpose of this note is to investigate the close connections
existing between MEIJER and VARMA transforms. The results have
been given in the form of two theorems. The inverse MEIJER trans-
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form of the G-function has been derived by the application of a se-
quence involving LAPLACE, MEIJER and VARMA transforms, which
follows as a particular case of theorem 1.

The importance of the results obtained lies in the fact that they
contain the MEIJER’S G-function which is the generalization of
nearly all the important special functions occurring in Applied Ma-
thematics. As such, several curious formulae involving WHITTAKER
functions, BEsSsEL functions, LEGENDRE functions, etc., their com-
binations and related functions can be deduced as special cases.
Some formulae due to MEIJER, RacAB and SAXENA follow as par-
ticular cases of our results.

The symbol A(J, a) has been used to represent the set of para-
meters

a a-+1 a+1—1

’ )

] ] 7

In what follows # and s are positive integers.

2. THEOREM 1.

If
A
v
and
n, . 3 n
p(p) == £ 7 f (%) (2.1)
k, m
then

2s

B (p) = P35 (255 A1 (2m)3 s mm e

SR (EA N

A(n, 2), A(n, 2m+2)
A(s,e;{:v—l+s),A(n,5—!—2m-—2k)] dt (2.2)

”

2 ”n 2

where § = 0if ; < land #=p as 5 — 1 provided that the integral
is convergent, the MEIJER transform of | #/(¢) | and the VArMA

n

3 "
transform of | %72 f (%) | exist and R (p) > O.
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Proor. We know that [8]

n n n41—2s
(p)—* K, (ap3:) k'” @1 D=1 ()5 st g k)

gl

GZS—I—n,O [(i)Zs(?})”
2n,2s+n 2s t |

where

A(n, 1), A(n, 2m+1)
A=A 2m—i—3—2k] (2.3)
(' 2 ) ( 2 )

|argoz|<(1——n—)‘7—tandl’€(;b)>0i‘fﬁ <1andt2aas£—* 1.
. 2s1/ 2 2s 2s

Applying the PARSEVAL-GOLDSTEIN theorem for the VArmA
transform to (2.1) and (2.3) we find that

0 g 3 " " _2s
[ &7 f (129) K, (@) dt = ) 2701 () g i ke

)

y [oow_(ﬁ st-l—%,o [(ifs(ﬁ)”
S t 2n,2s+n |\ 2s ¢

A(n," 1), 4(n,'m-4 1)
A(s,lj:v—l),A(n,Zm—l—S—ﬂa)] dt
2 2

where n =0 if 2 < landn=a, as 57 > 1.

On interpreting the left hand side of the above equation from
(1.2) we arrive at the result.

A special case of the theorem for n -2, s -1 and 2 + m = %
has been given by SHARMA [9, p 112].

CororLLARY. If we take n=s=1, 1 = — % l=np —% and
k+m =% in (2.2), the G-function in the integrand equals WHIT-
TAKER function and it is seen that if

(p) =1 (V)
and

b (B) =3 1)

v
then

() = (;2) )”"%VI;J :ot%-l 3! oo () w( ‘g ) dt  (2.4)



48

K. C. Gupta

provided that the integral is convergent, the LAPLACE transform of
17(VD) |, the MEIJER transform of | #~ f(f) | exist, and R (p) > 0.

This can also be enunciated in the following interesting form.
If
v (3) = £ (Vi)
and

$ (p) % px 1)

(2.5)
then

—y— 1

W "U( t ) (2.6)
22 2

provided that the LAPLACE, MEIJER and VARMA transforms of

OV L1 #1 10 | and( = w(%)
R (p) > 0.

Va p3+s 6 (2 VA) == 5

respectively exist and

A particular case of this has been reproduced in [2, . 19].

3. Applications of the corollary.

If we take [8]

Vapsts ¢ 2Vp) =pG™ ﬂ( ap=s
y, 0

a, ...,a,)
by, --., bs
v 1 D+ _r_ 9 _B_Y \*d 4 +_1_ —ld»»l
tme (2m)z - DFU=) kb g =) pem3 77 = b = a3
B v i=1 v=]
2,2

as "

c sa, sf+n [
sy+mn, sé-+2n

A(s, ay), ..., 4A(s, a,), A(n, p4-20—v—1)

ss(d—y) n 2 ]
4 (3; b:): ceey 4 (S, bd): 4 (n: Q)t 4 (n: Q-—’V)

(3.1)
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where
R(min nby+5s+5s+s—s9) >0 for =12, ...x
st B>5y+3o+g, lagel <@+p-zy—3d—pm,
and R (p) > 0.
then [7, p 40], we have

o

hd
1 1 é N .Y 1 1
p(p) = pzli2—r=1 (27) 7" 1=9@B-F-2) yo-5-% 5,2 4=,21 a,F 7730 1

o5 sBtn [fis(y—a) A(s,ay), ... 4(s,a,), A(n, p+2 o—v—1)

sy-+n, sé+42n, n" ;;”_

|
A(s, by), ... A(s, by), A(n, 0), 4(n, g—»)

/) 3
o

A —_y— : [ — = — ] p— 1 St — ! _7—6
:./nZQ v 13i=1bl 1 a, 37 E(H_] (zn)("—l) D CRY:] 3 2)

% t—%(v-f-l—#—Za) G sB " a
sy, $6+2n | s50=1 2"

A(s, ay), ... A(s, a,) -
A(s,b,),...A(s,ba),A(n,g),A(n,g—v)] v

(3.2)
where
R{min 2nb, +s(» +3 —pu—20)}>0,for h=1, 2, ... «
e+ B >4 y+so+2 laga|<(atf—5y—350—")m
and R (p) > 0.

From (2.5) it is seen that

" Ga,ﬂ[a = a, a,']
6 e

Y

14

k 1 , 6. % .
R Vi (2n)°~7 (2 ) (=1 - (l=s)(@~B=5 — 5) g,= b,
Y

A(s, a), ..., A(s, a,)
A(s, b)), ... A(s, ba), A(m, 20+ 20+ 1)] (3.3)

- s 2n
% 4= Gsa, sp l ast
4

sy, s0+2n | s (2n)?"

4 — Collectanca Mathematica
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where

R (min 2nb;,:|:vs—{—%s—sor)>0, for =1, 2, ..., a;
at+f>3y+50+% lagal <(x+p—3y— 30— ")z and
R (p) > 0.

On specializing the parameters in (3.3) and using the identities
involving the G-functions [1, pp. 209, eqn. 9, 219 eqn. 47, 221 eqns.
66, 68, 69 and 222 eqn. 73], the following results can be easily dedu-
ced. Some of these results also supply new integral representations
for the Bessel functions.

240 Kilap) L Vam @ny- (20—
4

o oo G250 [(1)2"<t_)2”'4(s, +3), 4(n, 26i2”+1)] (3.4)
0,2s+2n|\2s 2n/ | 4 A

where R(%sj:nlj:vs—as)>0, s>mn, |larga® | < (s—n)=n
and R (p) > 0. When # =s, a should be real and positive.
When #n = s = 1 (3.4) reduces to a result due to MEIJER [3, p. 352].

L3

207 K, (ap) = V2= (2n)"~7 (2m)"

. W4, £ 2v— 20+ 3)
x 10 G250 [(_“_>2 ()] —2—] (3.5)
2n,2s |\ 2s | A(s,:l:%)
where

|arg a®* | < (s —n)z, s >n and R (p) > 0.

p e T aps Wi (ap= ) 2= (2my= (2m)30-9 o3
4

- s 2n
e 1)
s, 25+ 2n s 2n
where R(n+%si2mn:i:vs—as)>0, | arg a’|<(s—2n)%
R (p) > 0 and s > 2xu.

A(s, 1 — k)
A(s,gim),A(n,gaisz)] (3.6)
4




Xt

2s t 2n
—ogt0 [(ﬁ) <_)
2s,4s+2n| \s 2nl |
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o L 2m 2w R 1 1, il
p° e 25 Wi (aps) = (20)° 77 (2m)2® 79 s* 77
4

A(s, 1—k), A(n, +£2v—20+-3)

s 2n
%1060 [(E) (2_”) 4 (3.7)
s+2n, 2s s ¢ Als l:i:m)
)
where |arg a* | < (s — 2n)3, s> 2n and R(p) > 0.
! 3 1
2n 2 kR (zn)ﬂ—?(zn)n+1——2-s s3F

1
{)a e3P Wk, " (aﬁ—?)

N s 20 ;
DT ([P
s, 2s+2n s 2n

where R(n:{;2mn:}:vs+%s—as)>0, | arg a° | <(35—2n)§
3s > 2n and R (p) > 0.

% T —k+m) (3 —k—m)

A(s, 1+kR)

As, 5 +m), A(n, 2020+ 1)] (3.8)
4

b (2m)F (2m) o7 s

L w —
P €2 k,m (a?s) —‘V_ I’(%—k—i—m)r(i_k_m)

2
s 4 2n
<ol (57
s+2n,2s]|\s t

where |arg a°| < (3 s —2n)5, 35> 2n and R(p)> 0.

A(s, 1+k), A(n, +-2v—20+3).
T4 J (3.9)

Als, 5 +m)

p° Ko (ap=) K, (ap=7) % 271 \m (20)~% (20)" 3 53
Afs, 0), 4(s, 5)
As, £ 5(u42)), A(s, £5(n—2)), 4(n, 20429+ 1)]
4 -

where (3.10)

R[j:n(y+).)+%s—as:tvs]>0,s>n

R[j:n(,u—).)-{—%s—asj:vs]>0, |arg a®* | < (s —n)=n and
R (p) > 0.
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n n k 1 1 1 1
2 Wi (ap5) Wi m (aps) = 272 (20)°"7 (20)"137° 57
v

CA(s, 1 E), A(n, + 2 — 20 + 3)

4 J(s.u)
LA (s, 2, A (s, 1), A (s, 5 £ m)

where |arg a° | < (s —n)3, s >n and R (p) > 0.

A particular case of (3.11) for v = j:—; and » = 1 was given
by Racas [5, p, 581].

4. THEOREM 2.

If
b (p) = te 1 (1
v
and
p (p) —— =50+ f (t-5)
k,m
then

¢ (ﬁ) = p}.-+—%~|—2—:—9 (25)9—2—1—2{ (Zﬂ)-;—(n—Zs) (%)— (k4 m)

A(n, 2k—2m—3)

2

X ﬁ(t).G 25, m (ﬁ)z“(i at

o AR G eRITE ) A, 1), dn, —2m1)

(4.1)

provided that the integralis convergent, the MEIJER transform of
13

|2 /(¢)| and the Varma transform of | ¢ 3 "%) f(t—zn:) | exist,
R(o4v -+ 2s+ 2ms 4+ 2ms — 2) > 0, 2s > n and R (p) > 0.

The proof is similar to that of theorem 1. The following result is
required instead of (2.3).
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v L.
(p—;s)g—-l K, (ayb—%) ai—e 2e=—1 (2)zi1-29) go= p—(kim)
m
2

A, 2k — 2m — 1)

GZs,n (_6_1_ )2‘( _t_)” 2 , (4.2)

n, 2s+2n As, _; i——v), 4 (n, 0), 4(n, — 2m)

where R(o + 2s + 2ms +v 4+ 2ms — 1) >0, 2s > n
|arg a® | < (2s — n)3 and R (p) > 0.

CororrarY. On taking 1 = — % and letting #n -2, s > 1 we
see that if

b (B) 2=t fit)
v

and
v
1'U({))k,mf (?)’
then
B(p) = poe 27ty
v 2k—2m—1 2k—2m—3
0 2,2 2 2 ’
xJ w(t).G Pe 4 4 dt (4.3)
. 2,61 16 [1+20+2v 14+20—2v 1 1
- 4 3 4 » T 0) _m_—z': —m

provided that the integral is convergent, the MEIJER transform of
|tef(t) | and the VArRMA transform of | f(%)[ exist, and p is real
and positive.

The case in which £ + m = —;— in (4.3) has been given by SAXENA
[6, p. 166].
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