SOME THEOREMS CONCERNING MEIJER TRANSFORM

by
K. C. Gupra*

1. INTRODUCTION. MEIJER [6] has given a generalization of
LAPLACE transform

oo

b)Y =5 | P hip) at (1.1)
in the form ’
¢ (p) = (3—)*" p J (b1} K, (pt) h(t) dt (1.2)
7 0

VarRMA [8] has introduced another generalization of (1.1) by the
integral equation

b(p) = J ok (pty Wy (1) B (1) (1.3)

0

on putting v = 44 in (1.2) and 2+ m =1 in (1.3) we observe
that both of them reduce to (1.1).

As usual, in (1.2) ¢(p) will be called the MEIJER transform of
h(t) and h(t) the inverse MEIJER transform of ¢(p). Similarly in (1.3)
$(p) will be termed as the VARMA transform of h(t) and A(t) the in-
verse VARMA transform of ¢(p).

In a recent paper [4] in these memoirs I had obtained the inverse
Mz1jER transform of the G-function. Here we shall use the result
proved there for obtaining two theorems involving the transform
(1.2) and two other theorems connecting the transforms defined
by (1.2) and (1.3). Several results given earlier by TricoMr [7],
Gupra [5], etc., follow as particular cases of our findings. A few
infinite integrals involving WHITTAKAR function, hypergeometric
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function and MACROBERT’S E-function have been evaluated by way
of the application of the theorems.

Throughout this note (1.1), (1.2) and (1.3) will be denoted sym-
bolically as

v
— h (¢
o (?)

b(2) = h(t), 6 () i 7 (t) and ¢ (5)
respectively.

The symbol 4 (I, a) has been used to represent the sequence of
parameters

a a-+1 a-+1—1
1oy l

and 4 (I, a 4 b), I' (a £+ b) will be used to denote
A, a4b), AQ, a—1t) and T'(@+ b). I'(a — 1)
respectively.

In what follows # and s are positive integers.

2. TueoreEm 1. If

() == h(v)
V4

and
n ” k
P73 T (Y = v (x)
u
then
o 2. 0 [ £\2 (amyoe | 200 3T20E2H)
—_ o—‘— N—S 4r—0C % S, e g _71 " —4_—
P(x)=(2n)7~ (2m)—* jot h‘”Gzn,zs[(zs) (x) St ]dt
2
(2.1)

provided that the integral is convergent, the MEIJER transform of
|2 (x)| and |p(x)| exist, s > n and R (p) > 0.
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ProOF: We have by the definition of MEIJER transform

” 1] 1 * n
-3 g — (%)? pld K ROE @2
<0
also [4] gives

K, (tp3) = )=t 2n)—> p J ()t K, (px) %~

v 0
Am,3—20+2u)
GZS,O [('t>2s Eﬁzn —_—
2n,2s |\ 2s (x) l

I ix  (2.3)

4
A(s, &)
2

where

s>mn, |arg t| <3 (1 — =) and R(p) > 0.
Substituting the value of ° K, (t;b%) from (2.3) in (2.2) we have

3 n

] / 1 <
TIs oY) = (%)i ()~ (22~ 75| dh )
<0

An,3 —204+2pu)

4
A(S,:}:Z) de} dt
2

On inverting the order of integration which is easily seen to be
permissible by virtue of DE LA VALL’EE PoUsSIN’s theorem [1, p. 504]
under the conditions stated with the theorem we get

2n,2s | E; X

o i 2250 [[ £\ [2n)
X{Jo(ﬁx)ilx,,(ﬁx)x ¢ [( ) (”)

” n 1‘ f°°
P35 (%) = (23 (2 (%) £p) (bt Ko (pr) 5
0
A(n, 3 — 20 £ 2p)
] dt} de  (2.4)

Sl 2s 2n
<{faroe 05 G ()
0 2n,2s | \2s x

interpreting the R.H.S. of (2.4) with the help of (1.2) we get the theo-
rem stated above.

4
A4 (s, £ )
2
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CoroLLARY 1. By putting . =1; s=2 and g =1% in (2.1)
G-function in the integrand breaks up into a WHITTAKAR function
and the theorem takes the following form :

If
$(3) 2 h (x)
4
and
P76 (p7) = v (%)
then .

e 16

w(x)=(§)% @ [ h T W (Z‘}) it (25)

0

provided that the integral is convergent, the LAPLACE transform of
| (x)| and the MEIJER transform of |%(x)| exist and R (p) > 0.

The above corollary is equivalent to the following interesting
sequence due to Gupra [5]:

If
¢ (p) = t50—#+1 g ( ;1 )
and
v(p) =1 (VD)
2272
then
i (2)ie (%) Eeerro

provided that LAPLACE transform of , VARMA trans-

1 1
t5r—ut1) o =
" | "”(t)
form of |f(V?)|, and the MEIJER transform of |#*73 f(¢)] exist and
R (p) > 0.

CoroLLARY 2. When g =» =4 and n = 1 we get
If

¢ (p) = h(x)
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and
p3 b (p1) = pix)
then
p () = 2m)720 st r;_ls h(f) X —1E (A (s, Is):: e (f )s ) dt
i,—i 1 % s '

0
(2.6)

where }: indicates that to the expression following it 7 is to be
replaced by — 7 and the two expressions are to be added.

Provided that the integral is convergent, LAPLACE transforms of
| B (%) | and | p (%) | exists, s > 1 and R(p) > 0.

(2.6) reduces to a well known result [3, p. 133]if s = 2.

Example 1.1. Taking [3, p. 294]

pispn=p et Wi L)

a

e et IRt e
I'lc —Fk) o—=Fk
where |arga | <z and R (¢ — k) > 0.

We have
5 1 pt 2
¢ () =772 ez Wi (1’—) :
a
Writing down the inverse MEIJER transform of the right hand
side [4] we get

= mItm ]
3 v 3 v
——k,3—ﬂ.—0—7,§—1—0+5_

2--22—20 i 22 = 20—-;5’- - 1
h(t):2 l(27'5)2t _GI,Zlai
'z —k+ p) 2,31 4
Substituting the above values of |/ (#) | and |y (%) | in (2.5) and
using [2, p. 215] we have

R 2 2 1 _p_ R 2
R I
'JO "7\ 4 _2,+U——k—7—'2—, A+G_k+i_-2- 4

24420—2k—3 phio—k—1 (1l g_hot? 1 1 5, 1_
_2 x I'(A4-0—kt5—73) .F, (2 k—p 5 k—{—,u; —ax) (2.7)
I'(c—Fk) o—*k
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where R(A4+0 — k4% —2)>0, R(x) >0, and |arg a|< 3.
Example 1.2. Starting with [3, p. 283] we have

$(p)=2 a3 p* K, (203 $7)

2)-so

1
—=x3 He

where R (a) > 0.
Therefore
Pt §(p3) =2 ax 5 K, (2 a7 $3)

Taking the inverse LAPLACE transform [4] of the right hand side
and applying [2, p. 210] we obtain

p() = (m)razre 2o DS S E(A s pt ok § - 150

=it §2 x
where |arg a | <3 (1 ——215) and R (p)>0.

Substituting the above values of % () and v (x) in (2.6) we get

{ e w,_1, 1(5) h) l,E(A (s,08):: (%)’E— )dt
2 2\ ¢ Ji-ig P73
0
— a%—/z—gs (Zn)._;_(l—-s) 505 - 2#—%}: _1_ E (A (s, ‘u—l—gsi%—l) : :aze ) (2.8)
i,—if N

where s > 1, R(a) >0 and |arg = | <(s—1) 3.

3. Turorem 2. If

and
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then

v () = (2n)77 (2)"~ x“”J t3 h(8)

0
GZS’O [(L>2s(i)2n
0, 2s+2n|\ 2s 2n
provided that the integral is convergent, MEIJER transforms of

| A(x) | and |y (%) | exist, R(%sinviys—as)>0 s >n and
R (p) > 0.

A(s,42), An, 26:t2#+1)] it (3.1)
4 .

To prove the theorem we use the result [4].

o % (g)% (2n)"—';'(2n)"-s %9

;250 (_t_)2’(i)2"|A(s,i—;—),A(n,2cr:|:2,u—|—1)]
0, 2s+2n 2s 2n 4

where R(:I:nv—l—%sj:,us—as)>0, larg t| < (1 —2)7, s>n
and R(p) > 0 and proceed in a manner similar to that of theorem 1.
When # = s, ¢ should be real and positive.

CoroLLARY. Taking # = s = 1 in (3.1) we obtain

If
(B h ()
14
and
gl 1\ &
s ¢(;)7_ v (%)
then

202 pt1 2042 ,u—{-l;tTu)dt, (3.2)

p() = 2745z [mt—i 7 () 52( -2z
2’2 4 4

0

provided that the integral is convergent, MEIJER transforms of
| k(%) | and | p(x) | exist, R(+» + p — 0+ 3) > 0 and R(p) >0,
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40
If we put p =9 = ;— in the above corollary we get TRICOMI’S
theorem [7].
Example 2.1. Let
h(x) = w0 e~ 5 Wy 0 (02)
then [5] gives
pz l —m, ; + m
b (p)=(2m)~7 20 2}5"5 3—|—2g—[—2v 34+ 20—2 ]
2,3| 4a , k.
4 4
Therefore
1 1
22 1 |z et ]
I 42 ?2 3—{-2:—21», 3—}—22 +2'u, A

1
2n)~73 2 Q"” ores
(27)~2 p 23

3
P77 (5) =
Writing down the inverse MEIJER transform [4] of the R.H.S
we get
1 1
204 2,2 %2 |2 m, 5+m
plx) =2+ 3o 3 [ 34+20—2» 3+20+2v , p+o—p+2 o—}—a—l—‘u—|—2]
2,5 16a , B,
4 4 2 2
Substituting the values of % (f) and v (%) in (3.2) we obtain
[ B3 e Wy (a) S, —2, 2 2022 2R AL B gy
S 22 4 4 4
l
—m, + m
el : 3.3
%03 \3+2o 2v 3420420 , o+o—pu+2 ototput2| (3.3)
25 4 4 ok 2 ’ 2

) >0, R(a) >0 and R (x) > 0.

where R (o 4+ 2m + v +
4. We shall now give some theorems involving the transforms

(1.2).and. (1.3)

THEOREM 3. If
= h (%)
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and

1, 2n

pr-trt D T b (p7) % v (%)
then

1
v () = (2n)-7 (2779 7 %0

x| i 62 [(_t f(2y
1o s+ 2n,2s|\ s %

A(s, 1—k), A(n, 3—20 4= 2)

4 ]dt, (4.1)

A (s, % + m)

provided that the integral is convergent, the VARMA transform
of | A(x) | and the MEIJER transform of | (x) | exist, s > 2n and
R(p) > 0.

PrOOF : To prove (4.1) we use the result [4]
B e T Wi (147) 2 (207 Q)30 7
v
A(s, 1 — k), A(n, 3 — 204 29)

s 2n
s w2 0 [/f)(z_”)
s+2n, 2s \s x

o
A(s, 5 £m)
where |arg ¢ | < (1 — %)%, s>2n and R(p) >0

and proceed in a manner similar to that given during the proof of
theorem 1.

COROLLARY. When .2+ m =4%; 6 =v — % and n = 1 the theo-
rem takes the following form

If
¢ (p) = h (%)
and
-1 CE ¢ 0D = (0
then
Y (%) = Qv—m (Zn)—s sl—.m x%—v
"°°m—_1_ 1 _l . e 1 gy t * 17T 4
x| ¢ zh(t)igiz—_E<A(23,2 m): 1 v(g) ¢ ;z)dt (4.2)

o
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Provided that the integral is convergent, the LAPLACE transform
of |4 (x) | and the MEIJER transform of |y (x) | exist, s > 1 and
R (p) > 0. (4.2) can also be obtained from (2.1) if we take » = } and
n=1 in it.

Example 3.1. We have [3, p. 294]

1
¢ (p) =172 2" Wy, 4 (ap?)
1

L ekl go(wtktl) N x? 2
=yl g ML, :“3u).i(/4—k)< L) = h (%)

(1 — 2k + 2p) 2 2 4a

where R (a) >0, R(k — p) < 3-

Therefore

2m+1

1 1 1 1 1 2 2
=3 (F5) () = Pz n WD g3bs W (apy)

Writing down the inverse MEIJER transform [4] of R.H.S. we
have

1 1 1
—1——(4n2m+1 Laczy Lu—2
” (%) _ 2v 25( ot 2m+ )(Zﬂ)z( s) Sz( ) x_’i’_-v+'§l-(4#-32m+1)
I'(+—Ek 4+ p) :
2

A, 14k), 4s(1 —v) +2m4-4u+ 1 4s+42m + du+1
x G25S [(ﬁ ‘4 ,
s+2,2s s) oz

where |arg a | < (3 — 2)Z and R (p) > 0.
Putting these values of 4 (f) and o (x¢) in (4.2) we get

4s 4s ]
A(s, 3 + p)

M”_'_m__k_i _ﬂ 1 1 tz
¢ 26 8a M——E(k—: 3u), 5 (u—k) ZI )
0
2s \
inE(A(Zs,%—m):l—v::(i) e"’—4)dt
i,—i1 2s %2

I'(1 — 2k 4 2p) (27)34-9

1 . 1 . ,
— sm—k——z— 2/;—.-m—;4—2—2—s(4u.-2m i-1)

- ]-1(_; _ k :I: ,u) a%(ﬂ%'k{l)

% les(4u+2m+1)
A (s, 1+k), 4s(1—v)+4u+2m+1 4s+4p+2m+4-1

4s ’ 4s ] (4.3)
Als, 3 £ p)

G2$,s (g)‘i
s+2,2s|\s/ =2
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where R(2u — 2k +1)>0, |arg x| < (s — 1) 3, s > 1, and R(a) > 0.
Proceeding as in theorem 1 and applying the result [4]

0 7
B e Wi (192) = (27 (2m) 7009 5
4

s . 2n
Xz—OGZS’O [(E)(i)
s,2sF2n |\ s 2n

where R(n—{—%siZm nltyvs—os)>0,|argt| < (1 _2_5");,522,4,
and R (p) > 0 we get the following theorem.

A(s, 1 — k)
A (s, —;:}:m), 4 (n, 20:1:21:—!—1]
4

TueorREM 4. If
v
¢ (p)==h (»)
k,m

and

poront 2 g (5-2) % v ()

then

v (x) = 205 (2m)3@—) s+ 3 50
A(s, 1—F)

o 2s. 0 ENS/ w \28 '
X tm——h Yy G (_) <__ A ,l ,A ,2 2 1
[ Ll S,MZ%[ V(Z) | Atsgtm. a0 2oL |, (44)

provided that the integral is convergent, VARMA transform of | A(x) |
and MEIJER transform of | p(x) | exist, s > 2% and R(p) > 0.

COROLLARY. On putting t+m=13%;v=1%, n=1, and s = 2
in (4.4) we get TricOM1's theorema [7]
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