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1 — INTRODUCTION

Erdelyi [1] has used fractional integration to produce a kernel
which has been made use of to define a transformation,

(1) 6= feCEI D e, g, (0]

= Farpnty) R IOL

(]

which may be called a generalization of Laplace integral,

19) ¢ () = fe—wf o) dy

o

For « = =0, (1.1) reduces to (1.2).

2 — DEFINITION OF OPERATORS

Kober [2] defined the operators of fractional integration as follows

@.1) In_}_af(x)zpl@ P ‘l:(x—t)a_ltnf(t)dt.
2.9) Kc_af(x):f%xc(:o(t—x)“—l ¢ a

©3) I~ f(x) = o x_n_ajw(t—x)a_ltnf(t) at.

x
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@4 K. fu =1 xijﬂx(x—t)“_lt_n“af(t)dt.

£, I («) o
where f () € L, (O, oo),l—}-—l, =1if1<p<ooandl,or1=0
p P N
if  or p’=1,a>0,17>——;—,,é'>—1—1>

_7 * o
fau<0, g (x) = In,ocf(x) and % (x) —Kc,a
the solution, if any, of the integral equations,

f (x) are defined as

_7 T _K ~
@8 fW=1 7 _ e@f@=K,  _ n@.
The Mellin Transform of a function f (x) of L, (0, o) will be de-
fined as:

a () = Mf=rof (%) x* dx when $ =1

Lim.

— X |

g H)=M f= JXf(x)x”‘?dxwhen{)>1.

X = o0 X

where Li.m. indicates the limit in mean with index ' over the inter-
val (— oo, o). The inverse Mellin Transform of a function @ (f) of

L, (— oo, oo) is correspondingly defined as:

26) fx)=M-10 :%ﬂji@ () x—* dt when $' = 1
@.7) £ (%) =11_4—1(,’)=§1711T'i'_1ij_r O x_”_%dtwhen;b’>1

where lim. indicates the limit in mean with index $ over the
interval (0, oo).

Whe have ; Kober [2, Theorem 5 (a)]

{1t =Tty =iy I bty — i) B

MK} =T titp= ) I g bat ptit) 3
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oo

But M (x# e—*)-——j e* xf’+”—,,l:d x=1I (B + p—1 + 1it)

o

provided 8 + -1 >0

_Ta4p~ —i) T (B+p—'+i)
Tt +o-1—iD]

Therefore, M { I, (P e—7) }

(2.8) (and

' e | T pt i) T(B+p—t +i)
[ | K SO LT,

By (2.7) and (2.8) we have

27

[T T4 =ity T(B+p-t+48) _,_,-
R

coy o [T LCHp T +i) T (B+p— i)
and K g (x7e ™) 1Lo I+ C+p~1—if)]

— on
provided g+ p~1 >0, n+$'~t >0and { +p~1 >0.
Erdelyi has also shown that, by term by term integration,

x-u=r~t g

oy e LBt r4+1) (=)
@) e o) = X T A D] A

so that

if" Fip4p' = —it) T (BHp-t4it) o1y
57) o T latm+p—T—it)]

_py LE+ntr+1) (=2
“Tlat+B+n+r+1] 7!

where 4+ +7 +1#0,—1,—2,....forr=0,1,2,...,a >0,
and (p+p)>—1

The object of the present paper is to give two inversion formulae
and a representation theorem for the transform given by (1.1). In
the first inversion formula I have used properties of Kober’s opera-
tors while in the second we have changed our transform into gene-
ralized Stieltzes transform and have applied a differential operator
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which inverts the Stieltzes transform to get the real inversién formu-
la. Incidentally we have been able to get a generalized form of
Stieltzes Integral analogous to that studied by Arya [8].

8 — A THEOREM

Theorem. Let f (y) € L, (0, <o), 1 ¢5<oox>0 Ifn>—-»1—
/3>—l, whenoc>0andn-|—oc>—— B> — =, when a < 0 then
I, [h (x)] exists and is equal to G (x) where

(3.1) —f @y)Pe=*7f(y)d
and G (x) is defined by (1.1)
Proof whena > 0,1 <p < oo

If f (%) € Ly (0, o) and f> — p’—1, we see that / (x) exists and

x 19

I n-,l-a [g'(x)]= —I'_(cx)_ﬁ,(x —§) -1} (2) dt.

o

x—n—¢

S YUY [ —peinisea

by changing the order of integration which is justified under the
conditions stated ; for by Holder’s inequality

[:oyﬁ e~ rf(y)dy < {J:O| f(y)|® }p—l {J:"e g dy} -1

=ct—-b-#¥"1 B >—1
where ¢ is a constant. Thus repeated integral is majorized by

c[ (x—t)2-1¢1-# ' whichis convergent if n —p' ~141>0ieif n < —p—1
o

"%

NowJ (x —t)a—tgn—Fe—vigt =

o
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1
= J xetn+8 (1 _t) a—1 {n+p g — xyt ¢
o
_prrers 3 LB+ T @) (= 2)”

“Tltn+prr+1) 7!

=xn+a+ﬂ P(“) F("?‘{'ﬂ‘{“l)
IF'a+n+p+1)1

+ _ I'(n+8+1) (7

n4+a+p+1;—xy) Xf(y)dy

If p =1, it is similarly seen that the change in order of integra-
tion is justified if n > — 1, «> 0, >0

Fin+B+Ln+a+p+1,—xy)

Therefore I

o

Proof when « < 0, 1 < p <o
+

7,a

If o < 0 then by dy (2.5) I [% (x)] is the solution, if any, of the

integral equation ¢’ (%) =1, [G (#)]

Now 1,404 [G (¥)]

x—=n (7
= J(x—t)—"—itﬂ'*'“G(t)dt

Ir(—a),.
_ w7 [P PB4+l e insag
"VW—MLF gy VA t+d40W)

(o
B+n+1 |
o E (2T ewi )

_*="  I'(+n+1) [ e L
_Ft—@Fw+ﬂ+n+nLy”“°@L“*”“‘”
B+n+1
1F1&+ﬂ+n+1 n) @

Changing the order of integration which is justified if g > — ' —1
n+a>—p7!

Bu’cJ trtath (5 —t)—a—ilpl(aﬁg'lj;i ) —ty)dt
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=J1tﬂ+ﬁ+a(1_t)—a—1xn+ﬂ§F(W+ﬁ+r+1) I' (@+B+n+1) (_ty)’dt

° o I'(n+p+1) I'@+p+n+r+1) 7!
=xﬂ+ﬁp(“+ﬂ+n+1)'r,(_a’)e——xy
I'B+n+1)

Therefore I ;10 _0a G (%) = & ()
If p = 1 change is justified if n +a> —1, >0

4 — INVERSION FORMULA

We now define a differential operator as follows :

Definition (4.2) An operator Q, ; [G (x)] is defined for any posi-
tive number ¢ and any positive integer # by

1) W, 6 ()] = (=) (L) 7 126 (9]

Qn,t[G(x)]=t—}% [(WalG (x %]x——
Theorem let f (y) € L, (0, oo)

for every positive R. If integral given by (1.1) converges for x > 0
and > —p~lwhen « >0and n+a> —p-1 if a <0

then for almost all positive ¢ Lim. Q,; [Iy1q-a| G (%) t1=70@)

We have seen under conditions of the theorem,

Ivoma (6 @)1= | Gy e-10)

Therefore W, [I;14-aG (x)] = (—) "2* ( ;—x) " [ /[':0 yE e~ f (y) dy]

= xJ yrtne f(y)dy

ol o

‘”y“f()

Therefore Q,; [G ()] =

‘ﬁ
n—t
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proceeding as in Saksena [8, Theorem 3, page 603] our result is
established.

5 — ANOTHER OPERATOR

We now give another integro-differential operator which will invert
(1.1).

Definition (5.1). An operator is defined for any real positive num-
ber s by the equations,

. ren4+oea+pg+9l'@2n—a _ \n—t
G Lo: (RO =7y ram Iem @iy Tn—aD )
x D# s2n—1 Dn—1 gf+ntn—1 Dn—1ga [)—n+1 g— (d+B+n+n—1) H(s) (n=2,3,----)
Lis [H (s)] = DsH (s).
Los [H (5)]=H (5.

where D = (d|ds), and D—1 s# =J s* ds if Re (a + 1) > 0 and

=—J s*dsif Re (a+1) <0

s

It is assumed that H (s) has derivatives and integrals of all orders.
(5.2). Theorem. If F (%) is defined by (1.1) then
(5.2) Lus [H (5)]1~1 (5) (n — o)

where H (s) =J e~ F (y) dy.

o

provided that f (s) ¢ L in 0 < ¢ < R for every positive R and is
such that integral (1.1) converges.

Proof. We have,

N ST B+n+1) B+n+1 .
‘L“"”"Lr(a+ﬁ+n+1)e 1F1(oc+ﬂ+n+1’ ey

_T'+n+1) 17, (B+n+11, %
" Ilat+p+n+1); sJ F(a.|_,3+,7+1» S)f(x)dx (5.3)

o
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since Erdelyi [6 Vol I page 219 (17)],

L e~?19~1 F, (g, Py, At) = I' () p—°, F, (;% 0y %) provided that

Re ¢ >0, Re p > Re A.
Therefore as in Arya [4, Theorem 7.2.1 page 1001],
Lys H(s)~](s) (n > o)

Remark : — It may be noticed that (5.3) is a Generalized form of
Stieltzes Integral analogous to that introduced by Varma [7].

6 — REPRESENTATION THEOREM

We now give a representation theorem for the transform given by

(1.1).

Theorem (6.1). The necessary and sufficient conditions for a func-
tion G (x) to have representation (1.1) with 7 (y) € L, (0, o) $ > 1,
x>1,and withy > — p~twhenoa > O0and g + a > — p~tifa < 0
are (1) I;40-o [G(¥)] = @ (x) exists, has derivatives of all ordes
in 0 < # < oo and vanishes at infinity and

(#7) there exist constants M and p (p > 1) such that

[IQn,:G(x)l"dt<M m=12..... )

Proof. The proof follows the lines of Widder [5, Theorem 15 a,
pp. 313-14].

I am indebted to Dr. K. M. Saksena for guidance and help in the
preparation of this paper.
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