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§ 1 Summary. The purpose of the present paper is to generalize
the results of N. Apasce [1] on the completeness of the topological
vector space L, (E, F) to the context of topological groups. It may
be recalled that every topological vector space is an additive abelian
topological group but not conversely. We first prove an auxiliary
theorem that if £ be a non-empty set, S a family of subsets of £
satisfying the condition:

A,BeS=-3CeS suchthat AUBcC

and F be an (additive) abelian topological group then the set m (E, F)
of all maps of E into F can be made into an (additive) abelian topo-
logical group. With the help of this auxiliary result we prove our
main theorem that if E be a topological space and F be an (additive)
abelian separated complete topological group and S a family of
subsets of £ with the property that union of any two members
of S is a subset of a member of S and union of all members of S
is E then the completion

———

C; (E, F) of C, (E, F)
has the following form:
C1.(E F) =0 (C (E, F) + [B, V],)
Ve{V}

where C (E, F) denotes the set of all continuous maps of E into F.
Here [s denotes a suitable topology defined by S. After proving this
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result we note that this generalizes the result of N. ApascH quoted
above. It may also be observed that some similar results can be
established if £ and F are Hausdorff uniform spaces [4]. Finally we
note that our results include as special cases the results of A. P.
and W. J. ROBERTSON [5] and A. GROTHENDIECK [2] on the represen-
tation of the completion of locally convex Hausdorff spaces.

§ 2. Basic NorioNs: — We shall adopt the following basic no-
tions from [3].

1. In each (additive) abelian topological group F, there exists a
fundamental system {U} of closed neighbourhoods of the identity
such that:

(a) Each U is symmetric.

(b) For each U in {U} there exists a V in {U} such that
V+Vel.

Conversely, given an additive abelian group F with a filter base
{Uy satisfying (a) and (b), there exists a unique topology # on F
such that F, is a topological group and {U} forms a fundamental
system of neighbourhoods of 1.

2. A topological group F is separeted ¢ff n U = {1} where U
varies over a fundamental system of neighbourhoods of 3.

3. Let Y be a closed subset of an (additive) topological group F
and ag F. Then ¢ 4+ Y and Y 4 a are closed.

4. Every topological vector space is an additive abelian topo-
logical group.
§ 3. Main results:
THEOREM 1. Let E be a set and S a family of subsets of E satis-
fying the following condition :

A,BeS =3CeS such that AUB c C.

Let F be an (additive) abelian topological group. Let m (E, F) be
the set of all maps of E into F. Then there exists an (additive) abe-
lian group structure on m (E, F) and a unique topology Js compatible
with this group structure such that m;  (E, F) is a topological group.
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Proor. We first note that by the usual definition of addition of
maps given by

(f+8 ) =fx)+gk), xeE

the set m (E, F) can be given an additive group structure.
If ¢ be the identify element of F then the map f, given by

folx) =14 for all xeE,

serves as the identity element of m (E, F). This group structure on
m (E, F) is abelian since F is abelian. We now propose to define a
compatible topology on the abelian group m (E, F). Since F is an
(additive) abelian topological group, there exists (on account of 1
of § 2) a fundamental system {U} of closed neighbourhoods of the
identity 7 such that

(a) FEach U is symmetric.
(b) For each U in {U} there exists a V in {U} such that

V+VeUl.
For each 4 €S and U ¢ {U} we define
4, U], ={f:fem (E, F) & f(4) c U}.

We claim that the family {[4, U],}, where A varies over S and U
varies over {U}, forms a fundamental system of neighbourhoods of
the identity element f, in m (E, F) for a topology Js on m (E, F)
which makes m (E, F) a topological group.

To verify our claim let [4, U],, and [B, V],, be any two members
in the family {[4, U],}. Then by hypothesis 3C &S such that
AUBcC. Also 3W g {U} such that W c¢ U n V. Hence for each
fe[C, W], we have

fCeWweUnV.

This implies that f(4) ¢ f(C) € U, and f(B) c f(C) ¢ V. Hence
we have fe[A4, U], n[B, V],. Consequently, we have

[C, W], c [4, U, n [B, V],
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Then it follows quite easily that the family {[4, U],;} is a filter base
on m (E, F). '

Secondly, we note that the symmetry of U implies that each
(4, U],, is symmetric.

Lastly, consider any [B, V], & {[4, U],}. On account of (b),
3 W e {U} such that W 4+ W c V. From this it follows easily that
(B, W1, + [B, W], < [B, V],

In fact, if we take any f=g + %, where g, he[B, W],, then
fB)=(¢+M(B)Cg(B +h(Byc W +WcCT.

Consequently, fe[B, V],.

Hence by the converse part of 1 in § 2 there exists a unique to-
pology Js on m (E, F) such that m; (E, F) is a topological group
and the family {[4, U],} forms a fundamental system of neighbour-
hoods of the identity f, in m (E, F).

Cor 1. Iet E be a topological space and S a family of sub-
sets of E satisfying the condition of theorem 1. Let F be an (addi-
tive) abelian topological group. Let C (E, F) be the set of all con-
tinuous maps of E into F. Then there exists an additive abelian
group structure on C(E, F) and a unique compatible topology
(namely the topology induced from m; (E, F) such that C(E, F)
equipped with such a topology is a topological group. We shall
denote this topological group by C;, (E, F).

Proof follows directly from theorem 1 and the fact that every
algebraic subgroup of a topological group i$ a topological group in
the induced topology.

Cor. 2. If in cor. 1., S be the family of all finite subsets of E,
then the group C (E, F) with the topology induced from my;, (E, F)
will be denoted by C;_(E, F). This topology J, turns out to be the
topology of simple convergence.

THEOREM 2. Let E be a topological space and F be an (addi-
tive) abelian separated complete topological group. Let S be a family
of subsets of E satisfying

(@ A,BeS=3CeS such that AUBc C.

(b) UA=E.

AeS
Then the completion of C;, (E, F) in m; (E, F) up to an iso-
morphism may be represented as
C1:(E, F) =N (C (E. F) +[B, V1,). (1)

BeS
Ve{V}
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where {V} is a fundamental system of closed neighbourhoods of the
identity element 7 in F.

Proor. We denote the intersection set in (1) by R. It is clear
that R c m;, (E, F). We consider the induced topology on R and
denote the topological space thus obtained by (R, J¥).

(i) We first prove that R is an algebraic subgroup of the (addi-
tive) abelian topological group my, (E, F).

To show this let g, # € R be arbitrary. Then

g heC(E, F)+[B, V], forall BeS, Ve{V.

Now take any B €S,V e {V}. Then there exists W e {V'} such that
W+WeV. Put g=g; + g2, h=hy + hy, whereg,, by eC(E, F);
&2, h2 € [B’ W_lm
Then g — g, =g, e[B, W), and h — hy = hy € [B, W],
Therefore,

(g _gl) - (h' - hl) =§2 — hZ € I:B! W]m + [B) W]mE [B’ V-_lm'

Then by repeated application of the commutativity and associati-
vity of the addition in the additive group m (E, F) we have

g_k_gl—'_hlS[B! V]m'

Now g—lh=(@g—h—gi+mh)+ (g —rn) = —h)
+(g—%—g+m)eC(E, F)+[B, V],

Now since BeS and V e {V} were arbitrary, it follows that
g — he R. Hence R is an additive abelian subgroup of the topo-
logical group m;  (E, F). Therefore (R, J%) is a topological subgroup
of m; (E, F) Consequently, (R, J¥) is an (additive) abelian topolo-
gical group.

(i) We next prove that (R, J%) and C;,(E, F) are both sepa-
rated topological spaces. For this purpose it is enough to show
that m; (E, F) is separated. In view of 2 of § 2 it is sufficient to
show that

n [Br V:lm = {fO} (2)
BeS
Ve{v}
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where f; is the identity element of m (E, F).
In fact, if fe n [B, V],, and f # f;, then

fe[B, V], forall BeS, Ve({l.

Hence
f(B)eV forall BeS, Vel

Therefore,

fB)enV forall BeS (3)

Ve{V}
Now since F is separated,
nv = 4)
Ve{V}

where 7 denotes the identity element of F. It follows from (3) and
(4) that

f(B)yc @iy forall BeS (5)

Now take any x & E. By condition (b) of the hypothesis, there exists
B & S such that x € B. Hence by (5) we have

f(x) =1 for all xekE.

Thus f is the identity element of m (E, F). Now since in a group
the identity element is unique we have f = f;. But this is a contra-
diction. Hence it follows that (2) holds.

Thus it follows that (R, J&) and Cj,(E, F) are each (additive)
abelian separated topological groups.

(iii) We now show that C; (E, F) is dense in (R, J¥).
To show this let # ¢ R, [B, V],, where Be S, V & {V} be given.
Now by the definition of R we have

w=u, + u, where #,eC(E, F) and wu,e[B, V],

Then #; —u = —u, e —[B, V],, = [B, V],, since [B, V],, is symme-
tric. Since C (E, F) € R, #; e R. But also # e R. Hence u; —u & R
since R is an additive group. Thus #; — # ¢ R n [B, V],,. Therefore,
uyeu + (R n [B, V],). Thus every neighbourhood of # in (R, J¥)
contains a point #, of C (E, F). Hence u & J§ — closure of C (E, F).
Hence J§ — closure of C(E, F) is R. Thus C (E, F) is J§ — den-
se in R.
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(iv) We finally prove that (R, J¥) is complete.

Let u, e R be a J% — cauchy net in R. Since J¥ is finer than J3
on R and F is complete, u, converges pointwise to a ug € m;, (E, F).
We shall show that #, ¢ R. For this purpose let [B, V],,, where Be S
and V e {V} be given. Let W e {VV} be such that W 4+ W c V.

Since u, —uz e [B, Vlg € [B, W], for all a, § > ay = ay(B, V)
and since [B, W], is closed in m;_(E, F) (consequently u; + [B, W],
closed in the topological group m; (E, F)). We have

uy —uge [B, W],, for all g >« (6)
Therefore, ueuy + [B, W], = fg” + ufgz) + [B, W1,

with u) & C(E, F), u & [B, W],

Hence

uyeC(E, F) + [B, W], + [B, W],, € C(E, F) + [B, V],.

Thus #g € R. Hence on account of (6) it follows that #, converges
to #g in the topology J% on R.
Summarizing the results in (i), (i), (iii) and (iv) we get

C1;EF)=R=n (C(E, F) +[B, V],)

]
Ve{V}

REMARK: From the above theorem we get the following crite-
rion of completeness:

THEOREM 3. Let E be a topological space and F be an (additive)
abelian separated complete topological group. Let S be a family
of subsets of E satisfying the conditions (a) and (b) of theorem 2.
Then Cj, (E, F) is complete if and only if all maps f of E into F,
which for every BeS and V & {V} have a representation of the
form f=g+ h geC(E, F), hem(E, F) with 2(B)c V, are
continuous.

As particular cases of theorems 2 and 3 we obtain all propositions
proved in [1] for separated topological vector spaces.



130 Kamal Kant Jha

Observation: Let us observe that the phrase «additive group»
could everywhere be replaced by «multiplicative group» with the
corresponding small changes in the proofs. However, we stick to the
phrase additive group bearing in mind that our results are genera-
lizations of the corresponding results on topological vector spaces
mentioned in [1].
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