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. — INTRODUCTION.

In this paper we give an extension of results of Busemann-Iicller
11934] and Rubio [1971] obtaining a caracterization of the deriva-
tion for integrals of functions belonging to ¢(L), we make usc of
the behavior of the Hardy-Littlewood maximal function.

More details can be seen in Guzman [19751. _

Tor each x € R" let B(x) be a family of open bounded sets such
that for B € B(x) we have x € B and there exists a sequence {B} .y C
Cc B(») such that

0(B,) ~0

k—00

where 6 (B,) is the diameter of B;,. We say then that {B,} contracts to x.
The family

B=U B

x€Rn

is called a differcntration basis in R™.
We call

B, = {BeB:0(B) <7,
similarly
B,(x) = {(BeB(x):d(B) <7}.

We say that B is a Busemann-Feller's basis (B — I’ basis) if it
is a differentiation basis and if y € B e B implies B € B(v).
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If AcR* is a Lebesgue mecasurable set, let |A| be its measure.
For a function f e Li,.(R") we define the upper and lower deriva-
tives of its integral by

~
{

D (-f, x) = sup {im sup

1 , .
k—00 ]E;iJ ]gkf(y)dy : {Bl\r} c B(x)’ Bk > Xy

D(f, x) = inf {lim inf |L1J f()dy : (B € B(x), By, — x}
— Bk

k00 IBkI-

We say that B derives the integral of f if

D(if, %) = D(f, %) = ()

almost everywhere.
Tet us define the maximal functions asociated to B and B, by

wm:m>@hmﬁ@

kcBeB

I
mewp@mjmw

rYEBEB,

If Bis a (B — I) basis, then Mf(x), M,f(x), D('f, x) and D(|f, x)
are measurable functions (see Guzman [1975]).
Tet us define the class ¢(L). Let ¢ be a function,

(/) : !.07 r:‘o) . IOJ Cf")
such that
1) ¢ is strictly increasing.
2) lim ¢(x) == ¢(0) == 0
x--0
Then, we define
BL) — 1f € Lhe(R") 2 1g(if)dx < o)

It is clear that L? and the Orlicz spaces are examples of classes ¢(L).

2. — Derivacion of integrals of functions in the ¢(1.) classes.

We will assume from now on that ¢ is a function verifying (1)
and (2).
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The following result extends Rubio’s theorem [1971] to the ¢(L)
class.

THEOREM

Let B be a (B — F) differentiation basis in R" Then, the following
statements arve equivalent:

(A) B derives integrals of functions fed(L)

(B) For each 2> 0, for cach decreasing sequence of positive real
numbers, (b} yex, Such that {by — 0, and for each decreasing sequence
k—00

of positive functions with compact support, {fi}rcxC@(L), such that
lim [¢(f)dx =0
k—»00

we have

fim | (v e R*: Mo fy (5) > 3] =

Proor. —

(4) implies (B)
In fact, if we suposse that there exist 4, {8} ,cn and {fi},cy asin
(B), and such that

lim |[{xe R": My, fr(x) > A1 #0

then for some 4 > 0 and some subsequence (we will denote the sub-
sequence by the same index k) we have

1) lim j{x e R": My, fi(x) > 2| > 2y

k—soco -

i) k°§°rl'¢( fdx < oo

Define f*(x) == sup f,(¥), which is in ¢(L). Consider E, = {x € R":
ke N

M,, f, () > 73 for cach ke N. It is obvious that each E, is a boun-
ded set and that |E,| > 27. Since {E} ¢y is contractive we have that
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E=NE,
keN
has measure, bigger than 2.

For each x € E we can construct a sequence {B,(x)},.yC B(x)
with §(B,(x)) < b, and also

1 -
m}ﬁk (%) fk (y)dy >4

for each £ e N.
~ Moreover, {f;};cy and E satisfy the hypothesis of Egoroff’s theo-
rem, thus we can obtain a measurable subset, A ¢ E, such that |4| > 5
and {fi} ¢y converges uniformly on A. '
On A we have then that for some kye N

Jilx) < ;— if k> kg
If we deﬁné

f(x) = sup f, (x)

k>ky

we have fed(L) and for each x € 4

D(if, %) >4 flx) <=,

but this is in contradiction with (4).
(B) implies (A4).

Observe that according to the Busemann-Feller’s result [1934],
the basis B is in particular a density basis.

On the other hand it is clear that it suffices to prove the result
for positive functions f with compact support.

Let fbein ¢(L), f > 0 and let the support of f be a compact set.
We will prove that for each a > 0 the measure of

B(a) = {(x e R*: | D(If, x) — f(x) | > a}
is zero; in the same way we can proceed with the lower derivative.
Let {g,} .~ be a monotone increasing sequence of simple functions
such that
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lim g,(x) = f(x) almost everywhere.

R —>

Consider
I(x) = f(x) — gi(x)

for each ke N. From the conditions on {g},.y and ¢ and by the
theorem of dominated convergence it is clear that {4 c ¢ (L)
is a monotone decreasing sequence such that

lim ¢ (7)dx =0

k00

Since B is a density basis we have
| Ba) | = | txe R": | D[y, x) — Iy(x) | > a3 |

for each ke N.
Let {b).ex be a decreasing sequence of positive real numbers
with lim b, =0

k—o00

then

| Bla) | = | &xe R*: | D(jhy, %) — () | > a} | <

< I re R My yln) > 53|+ g [ O(e)
for each keN.

The proof is finished by observing that both terms tend to zero
as k tend to infinite, the first one, by the hypothesis and the second
one, by the construction of the 7,

Observe also that the part (4) = > (B) is true without the con-
dition

lim, ¢(x) = ¢(0)

r—0

T'or aplications of this result see Peral [1974].
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