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I. INTRODUCTION

The motivation of this work is placed on purely physical grounds.
It is known that the Veneziano amplitude is given by the Euler
Beta-function

V(s, &) = B( — als), — al?))

where a(s) and a(f) are linear Regge trajectories exchanged in the
direct and crossed channels with the simple expressions

aX)=1+X

Several conditions are essential in order that an amplitude should
reproduce the physical reality: decomposition into poles, asymptotic
Regge behaviour and crossing symetry. In fact the Beta-function
satisfies all these conditions, and this is a familiar fact.

What we want to do here is analyse from a mathematical point
of view an amplitude which generalizes the Veneziano amplitude,
and which was introduced (Q) in the context of the string-model
with non--constant density of mass and elasticity, namely

1

(1) Als 2, ¢) =JX-S‘2(1 — X9~ 2exp it + 2) (X — X 1H9)} dX
0

s,teCe=0
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This integral is well defined for Re(s) < — 1 and Re(t) < — 1. For
the rest of the complex s and t-planes we need an analytic continua-
tion. By a suitable deformation of the contour of integration it is
easily continued into the s-plane but it is not evident that a similar
procedure would allow us to continue it into the whole complex
t-plane. ‘ ~

In what follows we shall investigate the decomposition into po-
les and the asymptotic behaviour of (1) in the t-plane, which at
first view is not a trivial problem.

II. THE POLES

We can study the poles of (1) corresponding to the end-point
X'te —= 1 by expanding the exponential in a series of powers of
(¢t +2) (X — X'*¢), making the change X —Y =1 — X!+ then

expanding the function (1 — Y)* (where « = — iif:::—]—[_—z +A—]
& .
and 1 =0,....., o0, = 0,........ , ) about the point ¥ = 0.
Integrating term by term we find
o 1

2 A(s,t, &) = ¥ Ro(s, &) ——
@ 6rtr0) = § Rolos o) —
where the residues are given by
3) —$—2—etp  ,

_ w A (— 1)i=mte /) (o 4 1)* — tA—u

Rg(s,a)zzg( ) ()(e ) 1+e¢

A=opu=o0 1 + e [ e e

To describe physical particles without the trouble of ancestors,
Ro(s) must be a polynomial of degree g in s. This is the case if the
series (3) is convergent. To prove its convergence we shall demons-
trate the following property of binomial coefficients:

1 |
@ (1 () =0 for 0<h<32
n=o \

Then, if (4) is true the terms of (3) with 4 > o vanish, because



A generalization of the dunal Beta-Function model. 5

<—s——2—a+,u+/1_

# 0
1“9 )=zf,<s,e,z>w

(5

where f, (s, ¢, 4) are known functions of s and e.
Now the summation in (3) goes from 1 =0 to A = u, and the
series is finite sum which obviously converges in the s-plane.

III. PROOF OF (4)
ProPOSITION

In the ring Z[X] of polynomials in one variable with coefficients
in Z, the element

A
ga,k(z)x 1>E=0
i=0 v

can be expressed in the form

@ Xi(1 + Xy

irg~

1

l) B; and g, eZ

with o = (
7

PrOOF

We consider the operator (X%{) By induction on % it is easy
to see that

T (807 - 1200

Now take (1 + X)* we have

( é) (1+X)2=21X(Q1+ X)*1

We take

(Xi)(o) 1+ X)* = 29: (}.h)%' X(14+X* , A>9 , wel
axX i=1\,
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Then
' d AN(e (A o .
X% \ern (1 4+ xp=(x2 X (1 4 X)) =
(Xaz) o+ (R (& () 2o+ )
- .
=2v,-z(_)X’ (1 + Xy
i=1 ?
Y v!( A )Xi+1(1+X)ﬁ—f—1
i=1 ’ IL+1
But

) +1

3 v{(_ » )Xi%rl (1 + X)=i-1="% a,.(’l_)Xf A+XP,0+1 <4
o1 v+ =2 " \J 5 ez
; €

And grouping
(Xi)(gﬂ) (1 4+ Xy = v, AX(1+ X1+ 3 B, (1) X (1+ X7 +
ax =2 \J

- : = 7 . s
P (1) XX =2()5¢X’(1+X) -

i=1\?

with g, € Z.
It is sufficient now to consider the identity

3 (j)x =0+ xp

i=0 \?

COROLLARY

REMARK

The particular case & = 1 has been proved in (¥)

1IV. THE ASYMPTOTIC BEHAVIOUR

We are interested in the asymptotic behaviour of (1) when ¢ —
— w'
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We can write A(s,t, €) as

(6) A(s,t e = f X—-2exp {— (t + 2) [log (1 — X1+¢)
(1]
— X 4 X'*tey aX

Because the function in the exponent has the property
WX) =log (1 — X'te) — X + X1+e < p(0) =0
and

W(X) = — Xi+e £ O(X1+e) — X 4 X'e = — X + 0(X!+e)
= — X 4 0(X)

we can apply Laplaces method (P) which gives
A(s,t, &) —~—— I'(—s — 1) (— ¢t as t > —

which is the desired Regge-behaviour we expected
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