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Through all this paper, 4 will be denote a commutative ring
with identity and M a finitely generated A-module.

The main result gives a characterization of finitely generated
projective modules in terms of its Fitting ideals. Namely we shall
prove the following:

THEOREM. — A finitely generated A-module M is projective if and
only if the Fitting ideals F, (M), » > 0, are of the form Ae, where
e, is an idempotent element of A.

In [4, § 4.4, Theorem 18, Corollary and Theorem 19], D. G. North-
cott proves this result under the assumption of finite presentation
for M and also proves the part «only ify in the theorem. We shall
give here a complete and autonomous proof of it.

1. PRELIMINARY RESULTS

ProrositioN 1.1. — Let 4 and M as above and ¢ > 0 an integer.
The following conditions are equivalent:

(1) M is free of rank gq.

(2) ¢ is the minimum number of generators of M and F,(M) =
=(0),0<v<gq FM=4,v2>4

Proof. This follows from [4, § 3.1., Theorem 2 and exercice 1].
DEFINITION 1.2. — We shall say that M satisfies condition (FT)

if and only if there is an integer » > 0 such that

7 — Collectanea Mathematica
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r<vr
= 7.

7.(M) = { (0) for S

A for

(When » = 0 this means F,(M) = 4, for all » > 0).

Remark 1.3. — If M is free of finite rank 7, then M satisfies
condition (FT). The converse is not true because, as we shall see
below, weaker assumptions on M imply (FT).

ProposItioN 1.4. — Iet us assume that 4 is a local ring with
maximal ideal m and M is a above. Then, the following conditions
are equivalent:

(1) M is free.
(2) M satisfies condition (FT).

Proof. That (1) implies (2) is trivial. Conversely, assume that

<7

v
4 for 7,
and let # be the minimum number of generators for M. We have
h > v and therefore, by Proposition 1.1., it is enough to show that
h = 7. Since 4 is local, if &~ > 7 and m = {m, ..., m;} is a minimal
set of generators for M, the condition F,_,(M) = A implies that
there is a relation

such that some @; does not belong to m, and so it is a unit in 4. Then
m — {m;} is a set of generators for M, which contradicts the mi-
nimality of m.

2. PROOF OF THE THEOREM AND CONSEQUENCES

THEOREM 2.1. — A finitely generated A-module M is projective
if and only if the Fitting ideals F,(M), v > 0, are of the form 4 e,
where ¢, is an idempotent of 4.

Proof. We shall use the following criterion for a module to be
projective: A finitely generated A-module M is projective if and
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only if, for every p € Spec(4), the A,-module M, is free and, if 7,
is its rank, the function

@: X = Spec(A) —> Z (p1—> 7,)

is continuous (see [2, II, § 5.2., Theorem 1]).

Assume that M is projective and let » be a fixed integer, » > 0.
Let F = F,(M) be the corresponding Fitting ideal of M. For every
p € X, one has that F, is the » — ¢4 Fitting ideal of M, as a 4,-mo-
dule (see [4, § 3.1, Theorem 3]). Since M, is free of rank 7, then
F, = (0) (resp. F, = A4,) if r, > » (resp. 7, < v). By the continuity
of ¢ the (disjoint) sets

Xy =(peX|r,>n,
Xy ={peX|r, <,

form an open covering of X. We must consider several cases:

Case 1. X"} = @. Then F, = 4,, for all p € X, and, therefore,
F = A, since, if otherwise, it would be contained in some maximal
ideal m of A, and so we would have F, # A4,,.

Case 2. X, = o. In this case, F, = (0) for all p € X, whence
Supp (F) = 2 and, therefore, F = (0).

It is obvious that in the above cases F,(M) is of the form 4 e,
with e, an idempotent.

Case 3. X*; # o and X*, # &. In this case, there are two non-
zero idempotents e and f, in 4, such thate + f = 1and X*; = V(4e),
= V(Af), (see [2, II, § 4.3, Proposition 15]). We have relations

Xn={0peX|r, < ={pecX|F = ={peX|FSp =V,
Xy ={peX|r,>n ={P€X49’p=(0)} =X -Xn=V(F=V(4e.

From this last equality, we have that VF = \/ 4. But actually,
we can show F = A e.

In fact, for every p € X*|, one has F, = (0) and also (4
since f¢p and e.f = 0. Therefore, for every p e Spec (4 /A e the
(A/A e)-module N = (F + 4 ¢)/A e is such that Nz = (0), whence
N = (0) and so F € Ae. Similary, for every ¢ e Spec(4/F) the
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(A /F)-module N = (F + 4 ¢)|F is such that N'; = (0), so N’ = (0)
and 4 e € F. We then have F = 4 ¢, so the condition in the theo-
rem 1is necessary.

Conversely, let F, (M) = A e, v > 0, where ¢, is an idempotent
in 4. If 4 is the minimum number of generators of M, we may assu-
me that ¢, = 1,v > A.

For each integer » > 0, we have an open covering of X,

X=X"1 U Xv:)_,
where
Xy ={peX|ecp,
Xn=1{peX|e¢p .

On the other hand, if p € X, we have (4¢,), = (0) or (de) =4,
according as p € X*; or p € X?;, respectively. Therefore, for each
peX, we have F, (M) = (0) or F,(M,) = A,. Since A, is local,
then, by Proposition 1.4, M, is free and its rank 7, is given by

7, =min {v | F,(M,) = A,} = min {v |e, ¢p} < h.

Furthermore, the function ¢ : X — Z, ¢(p) = 7, is continuous,
because

F-i({vy) =peX|eg¢p e 1ep} =XnX"1,v 21,
F-1({0}) = X0,.

Then by the criterion stated above, M is projective. This completes
the proof.

Remark 2.2. — If M is projective (and always finitely generated),
then the map ¢ is completely determined by the Fitting ideals F, (M).
In fact, if F,(M) = A e,,v > 0, then ¢ is defined by

(p‘l ({’V}) = {P eX I 2 ¢P’ | EP} ’

for » > 1, and

e 1 ({0}) = {peX|e¢p).
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CorOLLARY 2.3. — If M satisfies condition (FT), then M is projec-
tive.

CoroLLARY 2.4. — If X = Spec(4) is connected, then, for every
finitely generated A-module M, the following conditions are equi-
valent:

(1) M is projective.
(2) M satisfies condition (FT).

PROPOSITION 2.5. — Let M as above. Then M is projective of cons-
tant rank if and only if M satisfies condition (FT). In this case, if

vy =min v | F (M) = 4} ,
then 7 is the arnk of M.

Proof. If M is projective of rank 7, then, for every Fitting ideal
F = F,(M) we have F, = (0) (resp. F, = 4,) for all p e Spec(4),
if0 < » <7 (resp.v > 7). In thefirst case, X*, = o and then F, (M) =
= (0). In the other case, we have X*; = g and therefore, F, (M) = 4.

Conversely, if M satisfies condition (FT), by the Theorem 2.1. M
is projective and, moreover, for every p e X, the A,-module M,
satisfies condition (FT) for the same 7.

CorOLLARY 2.6. — M = (0) if and only if Fy(M) = 4.

CoroLLARY 2.7. — Let A be a semilocal ring and M a finitely ge-
nerated A-module. Then, the following conditions are equivalent:

(1) M is free.
(2) M satisfies condition (FT).

Proof. We get our result from Proposition 2.5 above plus Propo-
sition 5 of [2, II, § 5.3].

Remark 2.8. — In Proposition 1.1, we actually gave a characteri-
zation of the free A-modules of finite rank by means of the condi-
tion (FT) and the minimum number of generators 4 for M. If M
satisfies condition (FT) and
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<49

?,(ZM):{(O) for 0 <»
z2q,

A for v

then 2 > ¢. Note that, if 2 > ¢ then M is not free. We give an exam-
ple to show that this situation can occur.

Example 2.9. — (See [4, Appendix 4. Theorem 1]). Let 4 =
= R[X,Y, Z]/(X2 + Y2+ 722 — 1) = R[x,y, 2] and M
= A3/(x,v,2) A. By the exactness of the sequence

I

0—> (x,v,2) 4 —> A3 —> M — 0,
the Fitting ideals of M are

(0) for » =0, 1.

M) =
F.() {A forv > 2.

Therefore M satisfies condition (FT), # = 3,¢ = 2, and M is not
free, A being a noetherian domain.
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