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ABSTRACT.

Let X, Y be two compacta with Sh(X) = Sk(Y). Then, the
spaces of components of X, Y are homeomorphic. This does not
happen, in general, when X, Y are quasi-equivalent.

In this paper we give a sufficient condition for the existence of
a homeomorphism between the spaces of components of two quasi-
equivalent compacta X, Y which maps each component in a
quasi-equivalent component.

1. INTRODUCTION.

Two compacta X and Y, lying in the Hilbert cube Q, are quasi-

equivalent [3] (notation X < Y) if for every neighborhood (U, V)
of (X,Y) in (Q, Q) there are two fundamental sequences (see [1] or
[2] for the definition) f = {f;, X, Y}, & = {&. Y, X}¢,¢ such that
g - f is U-homotopic to the fundamental identity sequence iy, and
f - gis V-homotopic to iy ¢, i.e., if there exists a neighborhood (U’, V")
of (X,Y) in (Q, Q) such that
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4 'fkw' = Y in U
and

fer ry = Yy in V

for almost all &.

In [3] is proved that all O-dimensional infinite compacta are
quasi-equivalent. Thus, in general, it is not true that two quasi-
equivalent compacta X, Y have homeomorphic spaces of components.
This is in contrast with the situation that we have when
Sh(X) = Sh(Y). In this paper we give a sufficient condition for the
existence of a homeomorphism between the spaces of components
[](X) and [ ] (Y), of two quasi-equivalent compacta X, Y, which
maps each component in a quasi-equivalent component.

In [ ] (X) we consider the metrizable topology induced by the
upper-semicontinuous decomposition of the compactum X into
components and we make use of the following well-known theorem
(see [1] or [2]):

Theorem 1.
Let X, Y be compacta lying in the Hilbert cube Q. Then, for every
Sfundamental sequence

f == {fk’ X, Y}Q,Q

there exists exactly ome function

Af . D(X)

satisfying the following condition.
If Xo e[ ](X), then {f,, Xy, Az (Xo)}o,0 95 a fundamental sequence.
Moreover, the function As is continuous and depends only on the
Sfundamental class [f] of §. This dependence is covariant, i.e., if g =
= {g.,Y, Z}g,0 1S a fundamental sequence thew Ag.x = Ag - Ay.

>[L(Y)

2. QUASI-EQUIVALENCE AND SPACES OF COMPONENTS.

Let X,Y be quasi-equivalent compacta lying in the Hilbert
cube Q. Let ((U,)pens (Va)nen) be a decreasing basis of open neigh-
borhoods of (X, Y) in (Q, Q) and

f*= (" X, Yigo » 88 ={&" Y, X}
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fundamental sequences such that

gn . fn [_7_, iX,Q

n

(i.e. g*-1* and iy, are U,-homotopic) and

f”' g” ~ iy,Q,

n

for n=1,2, ... By theorem 1 the fundamental sequences f*, g*
induce maps
4, [](X) >[](Y), 4, : [](Y) >[](X)

which fulfill the conditions of theorem 1. We prove the following
theorem.

Theorem 2.

If the sequences of maps (A,),en, (A, )uen comverge comtinuously
to A:[](X)—> [ (Y), A4": [J(Y) —>[](X), respectively, then

1) A and A’ are mutually inverse homeomorphisms.

1) For every Xoe [ |(X) and for every meighborhood % of X, in
[](X) there exists a closed neighborhood of Xy, %y € U such that

D 1(%0) =7 1(A4 (%))

where p: X —> [ ](X) andp:Y —» [1(Y) are the natural-projections.
Moreover if for some pair of components Xo €[ |(X) Yo e[ J(Y)
and for a subsequence of indices n; < ny <, .. As(Xo) = Yo A'n,(Yo) =

= XO then XO ’.q:‘ YO'

Proof.

Part i). Let Xy be a component of X. Let us set Yy = 4(X,),
Y, =4,X,), X, = A4",(Y,). We must prove that X, = A'(Y)).

The map A', - A4,:[ ](X) > [ ](X) is induced (in the
sense of theorem 1) by the fundamental sequence g*- f".

Thus,

&" i Xo, Xadoo
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is a fundamental sequence. Since, by hypothesis,

gn . fn ~ iX,O

Un

then

& 'fk"|x° ~ i,

in U,9, for almost all %, where U0, is the component of U, containing
Xy. Hence X, c U,0.

The set ¥, of all the components of X contained in U,0 is an open
neighborhood of X in [ ](X). Let us prove that the family {%,},.x
is a basis of neighborhoods of Xy in [ ](X). Let % be an open neigh-
borhood of Xy in [ ](X) and A = p ~1(%). Take an open-closed of
X, B, such that Xy € B € A and separate B and X — B by two
open sets of Q, Vyand V. Take U, € Vy u V. Then U,9 ¢ Vy and

%4 cp(U0n X)cp(Von X)=5(B) c ™

Therefore we have lim X, = X, because X,, € %,, c ¥%,, for every

#—>00

m 2 n. On the other hand, it is clear that lim Y, = Y. Since 4’,
7#—>00
is continuously convergent then lim A4',(Y,) = A'(Y,). Hence

7n—>00

Xo = A’ (Yy). The proof that A is the left-inverse of A’ is similar.

Part i)
Let % be a neighborhood of X, in [ ](X). Take an open-closed

¥y in [ ](X) such that X,e % c ¥. We claim that there is a n,
such that

An(QIO) c A(QIO) ’ An, [A (?IO)] c 9‘0,

for all n > ny. If, for instance, there is a sequence #n; << %y << ...
such that A4, (X;) ¢ A(Y), for certain X;e¥y, 7 =1,2,..., then,
since %, is compact metrizable, it must exist a subsequence of (X,);cx
converging in %y. Without loss of generality we can assume that
this subsequence is the original one (X;);.y and we call X'y its limit.
Since A, converge-continuosly to A, then

lim [4, (X;)]=4(X")

i—>00
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but this contradicts the fact that A4, (X;) ¢ 4(%) and A (%) is open.
A similar argument shows the existence of #, such that relation
A,'[4(%)] € %o holds for n > n,.

Now, we claim that

T = p1(%0), 314 ®o) o0
and

g" = {g" p1[A(")], 271 (Ho)}o,0

are fundamental sequences for # > ny. Let V0 be a neighborhood
of = 1[A(%)] in Q. Take an open neighborhood V¥ of Y in Q, such

that V0 contains all the components of ¥ which meet 7~ 1[4 (%)].
There is a neighborhood U of X in Q such that

flv=ffsilpin ¥V

for almost all &. If we call U0 the union of all the components of U
meeting p ~1(¥,), then

fo® = fE1lp® in VO,

for almost all %, because, in other case, there would be some X; € %,
such that A,(X3) ¢ A(%,). This proves our claim that T is a funda-
mental sequence. The same argument is valid for ‘g*.

Furthermore, it is clear that
g ~i,-
g S le-rdta,o
and
f-g = F-1a@on 0,
where U,0 (resp. V,0) is the union of the components of U, (resp. V,)

meeting p ~1(¥,), (resp. 5 1[4 (%p)]). Moreover ({Up% ,cn, (V40 pen) is
a basis of neighborhoods of (p~1(%), p~1[4(%)]) in (Q, Q). Thus

q

p=1(%) = P~ 1[A ()],

and part ii) is proved.
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To prove the rest of the theorem, let us consider the fundamental
sequences

f”i = {fk”i) XO) YO}Q,()

g" = (g™, Y, Xo}o,0

for m; < my < ...., and let (U9, V0) be a neighborhood of (X0, Y0)
in (Q, Q). Now let us consider a neighborhood (U,,, V,,), such that
U,0 c U V,0 c V0, where U,9, V, 0 are the components of U,,,
Va, containing X, Y respectively, By hypothesis, there is a neigh-
borhood (U’, V') of (X,Y) in (Q, Q) such that

& [l ~ iy in Uy,
and
fk”i . gk’ulV' ~ iil"' in V”‘
for almost all 2, If we take Uy’ (resp. V') the component of U’ (resp.
V') containing X, (rep. Y,), we have
& fililvr, = iy, in U0 € U0
and
i gy, =ty in V0 € VO

for almost all &, Therefore Xy and Y, are quasi-equivalent and the
proof is complete.

Remark 1.

It is easy to prove that the families (f*),.5, (")~ of fundamen-
tal sequences realizing the quasi-equivalence have the following
property: If there exists a sequence of indices #; < #, < ... such
that %~ and g* ~ g" for every par =, #; of indices, then
Sh(X) = Sh(Y).

Remark 2.
Let X, Y be compacta and let

A4:[](X)

be a homeomorphism such that:

>(Y)
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i) for every X, e[ ](X) there is a closed neighborhood %, of X, with

p=1(8g) = 5~ 11A(%g)]

and ii) Aly,, A~ 1|49, are continuous limits of the sequences
of maps induced by a countable family of fundamental sequences
defining this «ocaly quasi-equivalence. Then

X<y,
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