LOCALITZATION AND DUALITY OF TOPOLOGICAL
TENSOR—-PRODUCTS

ANDREAS DEFAN1 a..d KLAUS FLORET*)

SUMMARY:

’

Using the localization results in [5] for compact subsets of Schwartz
e—product, pairs (G, F) of quasicomplete locally convex spaces with the proper-
ty that the duality equations

n
(€) Ge F)eo = Ggo @ F.co
' P N
(M) (Geo®rFio)eo = GeF
hold true (co points at the topology of uniform convergence on compact sets)
will be characterized.

1. INTRODUCTION.

From the definition of neighbourhoods for the projective and injective
topologies 7 and € on G ®F by

r@UevV) and (U° ® V°)° = (T'(U° ® VO))°
one suspects immediately that some duality relations of the kind

G® F)'=G& F' (G&F)'=G & F’

*) The results were presented by the second author at the conference on Functional Analy-
sis, Holomorphy, and Approximation Theory held in Rio de Janeiro in 1982 in order to
honour Professor Leopoldo Nachbin on the occasion of his 60th bithday.
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do hold between these topologies. It turns out, however, that this problem is
rather involved. For the Banach-space setting the situation is treated in Diestel—
Uhl’s book on vector measures. For locally convex spaces and one of the spaces
being nuclear there are many results in Grothendieck’s thesis for pairs of Fré-
chet—spaces and pairs of (DF)—spaces — the duals being equipped with the
strong topology. In the absence of nuclearity the first result seems to be due to
Buchwalter [2] for Fréchet—spaces and (DF)—spaces; he equipped the dual
spaces with the topology of uniform convergence on compact sets and assumed
that one of the spaces has the approximation property. Bierstedt and Meise [1],
however, observed that the proper setting for Buchwalter’s resuits is to look
at the duality of the projective tensor product and Schwartz’ e—product; they
extended one of Buchwalter’s results in this way, Kéthe the other one in the
second volume of his book. Recently the Radon--Nikodym—techniques used
for the duality in Banach-spaces (strong topologies) were extended to pairs
of Fréchet—spaces and pairs of (DF) —spaces by Collins—Ruess [3] and Defant
[4]. In [5] we noticed that the notion of e—localization in the e—product (see
also below) is intimately related to the duality problems; namely: Every com-
pact set in G € F localizes if and only if the natural map

I:G, ® Fl, «~ (GeF),

is continuous. This simple observation is basic for this paper, the purpose of
which is to apply the localization results of [5] to the duality relations (¢') and
(') stated in the summary.

2.LOCALIZATION.

For (real or complex) locally convex spaces E (which are supposed to be
Hausdorff throughout this paper) ‘U (o) stands for the set of all zero—neigh-
bourhoods in E. Denote by

b =set of all bounded setsin E ,

co = set of subsets of all absolutely convex compact subsetsin E ,

e =set of all equicontinuous sets in E (if E is a dual space).

For two locally convex spaces L(E, F) is the set of all linear continuous
operators of E into F;if ¥ is any (filtrating) set of bounded subsets of E, the
symbol Ly (E, F) stands for L (E, F) equipped with the topology of uniform
convergence on all A € Z ; in particular Ly (E, K) = : E% . The notation for
bilinear forms E x F—K is as follows: B (E, F) stands for all continuous bilinear
mappings and B21, Z) (E, F) for all (Z1,.2,) —hypocontinuous bilinear ma-
ppings, provided. Z; and Z, are bounded coverings of E and F respectively.
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The projective and injective tensorpro,gucts are;,vdenoted by E ®, F and
E ®, F, for their completions the symbols ®y and ®¢ will be used. For quast-
complete locally convex spaces G and F Schwartz’ e—product G € F is defined
by

GeF:=L, (G, ,F)=L, (F., ,G)=B%° (G, ,F )

—the latter space equipped with the topology of uniform convergence on the
coverexe:= {U°xV® | UEVUg (), VEUE(©) }of G,y xFly
Note that G e F is quasicomplete. Obviously
,\l ’ r ’ r ’ 3
(Geo ®Fio) =B(G Fl,) CB&e(G F.,) =GeF

co co

holds.

Definition: A subset D C G € F localizes (is localizable) if there are compact
subsets K C G and L. C F such that

DC (K°®L%°.

HereK°®L° :={p®y ly € K° ,¢y € L°} CG'®F'C (GeF) by the
natural embedding,

In the notation of [5], section 4, this means exactly that D e—localizes = e—
localizes fully in L (G_, , F) =&, (G, . F); i.e. D is an equicompact set of
operators (: = there is a zero—neighbourhood U in G/, such that D (U) is

relatively compact in F).

2.1. Proposition: 1. If D C G e F localizes it is relatively compact. The converse
is in general not true.

2. For every D C G € F the following statements are equivalent:

(a) D localizes,

(b)D C B (G, .F.p) is equicontinuous.

() D C (G ’5,,, F (o) 'is equicontinuous.

(@) DCL(G,, ,F)is equicompact.

co

Proof: (1) is the content of [5], proposition 1, and (2) can be easily checked. =
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Frequently the following result of L. Schwartz will be used:
3. For every D C G € F the following statements are equivalent:
(a) D is relatively compact,
(b) D is equicontinuous in L (G, , F) and L (F oo » O)-

(c) D is an equi—(e, e)—hypocontinuous set of bilinear forms on G'co X F'c0 .

(The equivalence of (a) and (b) is a special case of the global precompactness—
lemma in [5], the equivalence of (b) and (c) is easy). Note that localizable sub-
sets of G € F actually consist of continuous bilinear forms on G co XF .

Corollary: For every pair (G, F) of quasicomplete lacally convex spaces the
following statements are equivalent:
1. Every compact subset of G € F localizes.
2. Every equi—(e, e)—hypocontinuous set of bilinear forms on G'co X F'co
is equicontinuous.
3.0n G, ®F_, the projective and the (e, €) —hypocontinuous topologies
coincide.

(For hypocontinuous topologies see e.g. [8], 4.3.). (1) of the corollary implies
that all continuous operators of F/ into G are compact:

L(F.,,G) = K{I'}, ,G)

o \1" co ?

—the latter being the space of compact operators.

The question in which cases every compact set in G € F actually localizes,
was treated in [5] as a special case of spaces ﬂ‘z (E, F) of ¥ —precompact,
weakly continuous linear operators E — F. The following result will be needed:

2.2. Proposition: Let G and F be quasicomplete locally convex spaces. In each
of the following cases (a) — (g) all compact sets in G e F localize:
(a) All equicontinuous sets of L (F(, , G) are equibounded and: G is a
semi—Montel space or F , is a Schwartz —space.
(b) G is a Banach —space and ¥’ a Schwartz —space.
(c) G and F are Fréchet —spaces.
(d) G has a-countable basis of bounded sets and F is an (LS) —space.
(e) G and F have countable basis of compact sets,
(£) G is @ semi—Montel space and F = E, for a Banach —space E.
(&) G is a Fréchet-Montel —space and F = E oo for a separated (LB) —space
E.
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Proof: (a) is just [5], proposition 5 and (b) — (g) are special cases of (a) using
proposition 4 of [5]. ®

3. CHARACTERIZATION OF THE DUALITY RELATIONS.

The procedure will be to characterize the validity of (¢") and (")

- D
(G (GeF),, =G ®,F

CcOo
I: ’\I 1 I
(™) (G, ®;F.)io =GeF

separately and then to dualize the results with the aid of the following simple
remark (G and F are supposed to be always quasicomplete).

3.1. Lemma:
(1) If (e") holds then (n ") holds iff co C e in (G € F),, .

n
(2 If (n") holds then (¢ ) holds iff co C e in (G, ®;F ) ¢, -

Note that e C co holds always by the precompactness—lemma (e.g. [9]) and
co Ceis true in H/, provided H is a Mackey—space.

Clearly, the isomorphisms identifying both sides of (¢ ') and (7') are the
““natural”” mappings. Let 7 be the inclusion mapping

Y P f . ’ '
n: (Géo B l:"co)co =B (Gco » Feo)c—Bee (Geo» l:co) =GeF.

Since range () = K (G/, , F) — the space of compact operators —, the
following result is obvious:

3.2. Proposition: The following are equivalent:
(1) nis onto, i.e. (G, ®;F . )' =G eF algebraically.
QonG (':'0 ® F ., every (e,e) —hypocontinuous bilinear form is continuous.
(3) Every continuous linear operator G ,—F is compact.
(4) Every one-point set in G € F localizes.

Note that by (4) n is onto in all the cases of proposition 2.2..

G e F induces on B (G, , F,) the topology of uniform convergence on
all subsets of e x e and whence on (G, %T[ F.,) ' the topology of uniform
convergence on

Y .
#®e:={D 13UEV; (), VeV (o) : DT (V) “eo @nleo)
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Since e ® e Cco the mapping 7 is always continuous. On the other hand, the
following is obvious:

3.3. Proposition: The mapping n is a topological isomorphism (in) if and only
ifcoCe®einG,, ®F;,

This implies

3.4. Theorem: Let G and F be quasicomplete locally convex spaces. Then
PR N ,
(m) (Geo ®1Fio)eo =GeF {via n)

holds (topologically) if and only if:
(a) Every one-point set m G e F localizes.
(b)coCe®e in G, ®1r Fio-

3.5. Example: Take E and H Fréchet—spaces, then G : =E;, and F: =H_ are
complete ¢ —locally topological (= (gDF) —) spaces with b = co. By 2.2. (¢) the
condition (a) of the theorem is satisfied and (b) is true since every compact set
D C G, %,ﬂ F.o =E ®, H can be compactly lifted, i. e. there are compact
sets K CE and L CH with

DCT(K®L);

obv10usly Kc G ,\fmd L C F' are equicontinuous. So (7') holds. Moreover
Geo ®1T Feo = E ® His Fréchet, whence barrelled, so lemma 3.1. (2) applies
and (¢") holds, too. This is the first Buchwalter—theorem, more precisely
Bierstedt and Meise’s extension of it ([1], [2],[14])): let E and H be two Fréchet—
spaces then

’ Pyt v

(E¢o €Heo)eo =E ®7 H
I\I L

(E®;H; =Eg eHg, -

If E is an infinite—dimensional reflexive Banach—space, G: = (E, o (E, E'))
and F: =K, then

Y -
(Gly ®1Fio)eo = (Voo # G = GeF,

so 7 is onto, but not open. At the end of section 7 an example will be given
where 77 is open but not onto.
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It was pointed out that in

’ '\I ? I 1 ’ r
n :(Gco ®1TFco)co = (Gco %ﬂFco)e ® eL‘r29 GeF

the inclusion 7, is a topological isomorphism (into). Therefore the Mackey—
Arens theorem implies that the dual mapping factors as follows:

n": (GeF)' Mo (@G, %NFCO)'Fﬁ)' = UE®e-G,, &7 F,.

In particular, range (n") = U e ® e is dense. Moreover, since 7 transforms
equicontinuous sets into compact sets

, ' " G
n' : (GeF),;,—G., ®,F

<o

is continuous.

3.6. Proposition: n
(1) 7' is onto if and only if for every z € G, ® Fy,, there are zero—neigh-
bourhoods U in G' and V in F such that

P .
Geo ®1TFco_

zET (U V)

(2) n'is injective if and only if (G _, %‘IT F.,)'C GeF(vian)isdense.

Note that by 3.2. the mapping 7 'is injective in all the cases of 2.2..
To check under which circumstances n'is open (onto its range) define the
natural inclusion

I G, ®;F ., (GeF)_, .
3.7. Lemma: 1 o 1is the inclusion-map G, ®, F. .G/, ’5” F

1
co*

Proof: Takez= Z ¢ ;®y; € G’ ® F'and P € (G, %.,,F;o)'andusethe
definition of n (P €L (G, ,F):

<&, @ > = <1@,n(®) > =2 <I(gey) ,n(@) >

=Z<Y (@) () >=Z <P, Y >=<0,z> . =
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Now things are prepared to use the basic observation on the continuity of I:

3.8. Theorem: For each pair (G, F) of quasicomplete locally convex spaces the
following are equivalent: n ’

(D n':(GeF) ;~G., ®,F_, isatopological isomorphism (in).

) I1:G,, ® F - (GeF),, is continuous.

(3) Every compact subset of G € F localizes.

Note that by 3.2. (4) the inclusion 7 is onto in the case one of these condi-
tions holds. Remember that range (7)) =U e ®e.

Proof: (1) implies (2) since ' o I is the inclusion—map. The equivalence (2)+(3)
follows by the definition of localizing and the fact that the sets

{l" (K°®L% | K C G compact, LC F compact }

form a basis of zero—neighbourhoods in G, ®, F_, . (3) ™ (1): nis onto
, and whence 7 "injective. To show that

' ' P FoNT N Y '
n :(GeF)co_'((Gco ®7TFco)co)e =Gco ®7TFC0

is open it is enough to note that every compact set in G € F is localizable,
whence (via 7-1) equicontinuous in (G, ®; F ) 'by 2.1..m n
In particular, the last step of the proof showed that co C e in (G, ®
Fiodeoifn'isa topological isomorphism (in).
The theorem says that in all cases of proposition 2.2.

m

’ ’ ’\I I3
(GeF),,CG., &.F

co

as a topological subspace (via 1'). But equality does not always hold: take a
non—complete Montel-—space, G: = ELO and F: = K, then

, M PN o
GeF), =ECE = Gig &, Fy,.

Later on (section 7) a more involved example will be given. Since range (1)
is always dense, 3.6. and 3.8. imply

3.9. Theorem: For each pair (G, F) of quasicomplete locally convex spaces the
following statements (1) — (3) are equivalent:
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(1) n’is a topological isomorphism (onto), ie.
I3 ’ 1 ’ . r
() GeF),, =G, ®, F, (via n).
—_—— r ’\l r
2)(@)Ve®e= G, , O, F

co*
(b) Every compact set in G e F localizes.

(3) (@) (G e F) ., is complete.
(b) Every compact set in G € F localizes.

By Lemma 3.7. it is now clear that (n")! =,iv (the completion of I) if n"is
a topological isomorphism (onto).

The most comfortable way to see (3a) being satisfied is when G € F is bor-
nological. If (G, F) is a pair of Kéthe—sequence spaces, G an (LB) —space and
F a Fréchet—space, then Grothendieck ([10], II théoréme 15) showed that for
the projective tensorproduct H=G ® ; F the following statements are equiva-
lent: (1) H is bornological, (2) H is barrelled, (3) H, is quasicomplete, (4) H_,
is complete and moreover characterized this in terins of the weight—matrizes
of G and F. So, if G or F are nuclear the condition of G € F being bornological
is necessary for (¢ ) in many practical situations when G is an (LB) and F a Fré-
chet—space. This is interesting since there are cases such that all compact sets
in G € F localize. Vogt, resuming the results of Grothendieck, characterized in
[16], pairs (E, F) of Fréchet—spaces such that every equicontinuous subset of
L (E, F) is equibounded. Moreover. he announces an investigation of those
Fréchet—spaces E and F such that E ® ; A/, and A ®, F, are bornological
for a power—series—space A.

3.10. If nuclearity is involved the following alternative characterization of the
surjectivity of n "holds:

Proposition: If (G, F) is a pair of quasicomplete convex spaces such that
(1) G, and F , are compleze,

(2)coCeinG,, and F

[0 4

(3)Fand F [ are nuclear,

thenn':(G e F)' — G, ®, F_ isonto ifand only if every continuous
operator G —F _ is bounded.

Proof: The nuclearity assumptions imply
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(GeF)'= (G &,F)' = B(G,F)
7’ ¢
1 ’\I ’ !’ r r
Gco ®1TFco = Gcocho = L(G’Fco) ’

where @ is the canonical mapping. Using that every bilinear continuous form on
G x F is nuclear, it is easily seen that the diagramm commutes. Now the result
is immediate. ®

3.11. Example: If G and F are complete (LB) —spaces and F nuclear, then by
2.2. (a) condition (3) of theorem 3.8. is satisfied, whence 7' is a topological
isomorphism (in). Since the assumptions of the proRJosition are fullfilled, n'
is onto and (e") holds. Moreover, since G € F = G ®, F is a barrelled (DF)
—space ([13], 15.6.8.), co = e in (G € F)_, and, by lemma 3.1.,:als0 (x') is
valid:

n, , L VI
(G ®;F)¢, =G¢o ®1F
LN L, n
(Gco ®Tcho)c:o =G ®7{F
Grothendieck [10], II p. 76 proved for the strong topologies
,\I 14 ’ ’\/ ’
G®zF, =G, ®,Fy
’ ,\I r r e ’\l Il'
Gy ®zFp)y =Gy Oy Fy

(for pairs (G, F) of (F) — or (DF) —spaces, one being nuclear).

4. COLLECTION OF RESULTS AND EXAMPLES.

The following main result is a direct consequence of 3.1., 3.4, and 3.9.:

4.1. Theorem: For each pair (G, F) of quasicomplete locally convex spaces
the following statements (1) — (3) are equivalent:
(1) The following duality relations hold true:

! L] ’\l ! s ’ ’\I :
(€) (GeF) =G ®4F ., (vien' =()1)
n,
(™) (Ggo ®pFio)eo =GeF {via ).
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(2) (a) Every one —point set in G € F localizes.
ar—ualit) ’ ,\l r
(b)coCe ®einG,, ®, F /.

n
(©)coCein(Gey ®rFlo)eo -

(3) (a) Every compact set in G € F localizes.
(b) (G € F), is complete.
(c)coCein(GeF),, -

Note that if G € F is bornological (whence Mackey) (3b) and (3c¢) are satis-
fied.

4.2. The case where G: =E_  and F: = H  for Fréchet—spaces E and H was
already treated in 3.5.: both, (¢ ) and (7 ") hold.

Let G and T be Fréchet—spaces. To apply theorem 4.1. (3) observe first that
by 2.2. (¢) condition (a) is satisfied; since G € F is bornological also (b) and (c)
are fullfilled and whence (¢’) and (7 ) do hold. This is the second Buchwalter—
theorem (due to Buchwalter [2]if one the spaces has the approximation proper-
ty, for the e —product this result is due to Kéthe [14]).

4.3. It is worthwile to note (though this is more or less known) that the two
Buchwalter—theorems (see 3.5. and 4.2.) provide the full duality for (FS) —
(= Fréchet—Schwartz) —spaces and (LS) —spaces, namely:

,\{f G and F are both (FS) —spaces (resp. both (LS) —spaces) theiz\’ GeFand

G ®, Fare (FS) —spaces (resp. (LS) —spaces), Gy, € Fy, and Gy ® ; Fy are
(LS) —spaces (resp. (FS) —spaces) and the duality equations

(G eF)y, =G, 8, F{ , (GyeFp), =G ¥, F
(G{ B, F), =GeF , (G 8 _F) =GjeF;
hold true,
For the proof look at the four equations coming from both Buchwalier—
theorems, use that the projective tensorproduct and the € —product of (FS) —

spaces are (FS) —spaces ([13], 15.6.5. and 16.4.3.) and apply the duality results
for (FS) —spaces and (L.S) —spaces (see e.g. [7]).
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44. Let G: = C(X), X a compact space, and F be an (LS) —space. Represent
F =ind F by a compact sequence (F,)) of Banach—spaces, then

GeF = C(X,F) =ind C(X,F,)
. n—

according to a result of Mujica ([15], theorem 1.5.). In particular, G € F is bor-
nological, whence (3b) and (3c) of theorem 4.1. are satisfied; (3a) follows by
2.2. (b). So also in this case (¢ ) and (7 ") are valid.

4.5. Using Hollstein’s generalization ([12], cor. 4.4.) of Mujica’s theorem, this
result can be extended to £ —spaces G and (LS) —spaces F. But even more
is true:

Let G be an f,w—space and F a complete bornological space such that F
is Schwartz and F{ has property (B) of Pietsch. By a result of [6], corollary
12 G € F is bornological, therefore (¢ ) and (7 ") hold by 2.2. (a) and theorem
4.1. (3). Note that if G is an infinite dimensional £~ —space and G ¢ F is borno-
logical, then Fy, has property (B) ([6], corollary 12). Metrizable spaces and o—
locally topological spaces have property (B).

4.6. The external characterization of Sciiwartz—spaces implies easily ([5], sec-
tion 6) that if a quasicomplete locally convex space ¥ has the property that
Jor all compact space X every one —point set in C (X) € F =C (X, F) localizes,
then F ; is a Schwartz —space. Since there is a (DFM) —space the dual of which
is not Schwartz, the results of 4.4, and 4.5. cannot be improved by taking F
a (DFM) —space: There is a compact space X and a (DFM) —space F such that
the map n for G: = C (X) and F is not onto and n’ is not open onto its range
(see 3.2. and 3.8.).

4.7. So for G and F being complete o—locally topological (= (gDF)) spaces, the
situation is as follows: (¢ ) and (7 ") hold in the following cases:
(a) G and F semi—Montel spaces (this follows from Buchwalter’s theorems
since there are Fréchet—spaces E and H with E;, =Fand H;, =G, see
[13], p. 355).
(b) Gan ﬁm—space and F an (LS) —space (4.5)).
{c) G and F bornological, F nuclear (3.11.). ,
and neither (¢ ") nor (7 ") holds in general, if G is only a Banach—space and F a
semi—Montel space.



Localization and duality of topological tensor-products 55

4.8. The following notion was already used in 3.5.: A subset D C E %ﬂ Hcan
be compactly lifted if there are compact sets K C E and L C H such that D
Z I'(K®L).

Proposition: If the following conditions (1) and (2)
(1) E isa Banach —space and H a barrelled (DF) —space, or: E is a separated
(LB) —spaceand Ha (DFM)’\I—space.
(2) Every compact set in E ® H is compactly liftatle.
are satisfied, then the duality relations (e') and (') hold for G:= H'
and F: =E_,

Proof: In G e F every compact set localizes according to 2.2. (f) and (g). Moreo-
ver, M: =G/, %7, F,,=E ,‘\é’rr H is a barrelled (DF) —space ([13], 15.6.8.).
Hence ¢ = co in M. Property (2) means just co C e®e in M, since in G/, and
F ., the relation ¢ = co holds. Therefore theorem 4.1. (2) applies. ®

5. LIFTING OF COMPACT SETS IN THE PROJECTIVE TENSORPRODUCT.

It might be interesting to note that this is intimately related to the validity
of (m’). Namely, if (7 ") holds, or even less: if 7 is a topelogical isomorphism
(in) then (by 3.3)) '

—_— PV ,
coCe®ein G, O F_ .

Since equicontinuous sets in G, and F  are in particular relatively com-
pact, this implies that every compact set in G;, ® , F ., can be compactly
lifted. Conversely, if G and F are Mackey—spaces and every compact set of
G, o %71 F ., is compactly liftable, then 7 is a topological isomorphism (in).

5.1. If E and H are semi —Montel o —locally topological (= (§DF)) spaces, then
there are Fréchet—spaces G and F such that E=G  and H=F_ (see [13],
p. 355). By the second Buchwalter—theorem (4.1.) this means that all compact
sets in B ® ;. H can be compactly lifted, This follows more easily from the lif-

ting of bounded sets in the projective tensorproduct of ¢ —locally topological
spaces ([13],15.6.2.).

5.2.1f E and H are Fréchet—spaces, G: = E',, and F: = H', the lifting of com-
pact sets was used in the proof of the first Buchwalter—theorem (3.5.).
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5.3. The result in 3.11. implies, that in E %n H all compact sets can be com-
pactly lifted if H is a nuclear Fréchet —space and E: =G , where G is a com-

plete (LB) —space. Since E %ﬂ H = E e H this implies in particular that all
compact sets in E e H localize.

6. POWER SERIES—SPACES.

Let A : = A, (@) and A = A(f) be infinite—dimensional power—series—
spaces of finite and infinite order respecticely (see [13] for the notation). They
are Fréchet-Schwartz spaces and, by a result of Zahariuta [17], all operators in
L (A, As) are bounded = compact. It follows with the aid of Grothendieck’s
factorization theorem for (LF) —spaces ([16], 1.1.) that all equicontinuous
subsets of L (A;, A_) are equibounded.

To see consequences of this fact in the present setting, assume that A is
even nuclear and take

G:=A, and F:=(A,),-

By 2.2.(a) all compact sets in G € F localize whence 7 is onto and 7 "a topo-
logical isomorphism (in) by 3.2.and 3.8..

However, there is always an operator

G=A, A, =F;

co

which is not bounded ([16], end of section 4.). Therefore, proposition 3.10.
implies that n 'is not onto:

_— Y .
range (n) = Ue®e#C G, ®7F ..,

in particular co ¢ e ®e such that 7 cannot be open by 3.3.. Hence the following
facts are settled:

(1) m is a continuous isomorphism (onto) which is not open:
’ % ’ ?
((Aoo)co ®7T Al) = A°° € (AI)CO

(as vector spaces; the topology of uniform convergence on compact sets on the
left side is strictly finer then the topology on the right side).
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(2) n'is a topological isomorphism which is not surjective:
N P
A€ (Al)co) co i (Ao co By
(topological subspace).

Moreover, by 3.6. (1)

(3) There is a one—point set in (M) o %’11 Ay which is not compactly lif-
table,

Note that it is also possible (by the nuclearity) to look at (2) with G: =
(M) ¢o and F: = Ay, whence giving an example where 7 is open but not onto.
In particular, these results hold if A, is replaced by H (D°) —the holomorphic
functions on the open unit disk in C — and A, by the space H (C) of entire
functions. '

7.LOCALIZATION AND BARRELLEDNESS.

It was crucial to have good knowledge of those G € F where all compact
sets localize; moreover, topological—geometric properties of G, ®, F ., were
used frequently. The following remarks show that there are some connections.

7.1. Proposition: Let G and H be quasicomplete spaces. If G, and F ,, are ba-
rrelled (resp. quasibarrelled resp. bornological) and all compact sets in G € F
localize, then

Glo ®, F.

co co

is barrelled (resp. quasibarrelled resp. bornological).

Proof: Corollary 2.1. implies that

G, ® .F.,=G., ® F.

co “eetco “co “mtco

(®c, e points at the (e, €) —hypocontinuous topology on the tensor—product).
By [6], theorem 5, the (2,, Z,) —hypocontinuous tensor—topology of two
barrelled (resp. ...) spaces is of the same type. m

For the converse look at the following result.
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7.2. Proposition: If G, ®, F . is barrelled, then every equicontinuous subset
of the space

K(G.,,F)CL(G., ,F) =GeF

co> co >

of compact operators localizes (equivalently: is equicompact).

Proof: Remember that range (n) =K (G_, ,F). Take D C K (G, , F) equicon-
tinuous; it is obvious that ! (D) is weak —%— bounded in (G, ®; F_,),

whence equicontinuous by the assumption. 2.1. implies that D localizes. »

The same statement holds for “barrelled” replaced by “quasi—barrelled”
— provided every bounded set in G ;, ®; F, can be boundedly lifted.

If there is an equicontinuous net (p))) ¢ A in K (F, F) which converges
pointwise to the identity of F, then for every equicontinuous subset D C
L(G.,,F)=G €eF the set

€0

{ep e TITED,N € A}
is equicontinuous in K (G, , F) whence equicompact under the assumptions
of the proposition; it is now immediate that D is equicompact as well. The
same is true if there is an equicontinuous net in K (G, , G},) converging point-
wise to the identity of G _,. A locally convex space has the bounded approxima-
tion property if there is an equicontinuous net of finite — dimensional (whence
compact) operators converging pointwise to the identity. So the following holds
true by 8.1. and 8.2. (recall that a priori the relatively compact subsets of G € F
are those which are equicontinuous in L (G, , F)and L (F, , G) by Schwartz’
theorem 2.1. (3)):

Corollary: If G and F are quasicomplete locally convex spaces and G [, or F has
the approximation property then the following statements are equivalent:

(1) G, ®, F ., is barrelled.

’

(2) G, and F _ are barrelled and every equicontinuous subset of L (G, ,
F)=G e F localizes.

(3) G, and F , are barrelled and every compact subset of G € F localizes.

Note that (2) implies in particular that all equicontinuous subsets of
L (G'co, F) are relatively compact in G € F, i.e. they are equicontinuous in
L(F,,G)aswell

co>
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As a consequence of the corollary, the space ¢® w is not barrelled — a well
known result due to Hollstein [11]. More general:

If E is an infinite—dimensional quasicomplete locally convex space with the
bounded approximation property and co C e in E/ | then E ® E.,, is not barre-
lled.

(For the proof take G: = E o and F: =E, observe that the identity operator
in L (E, E) =G € F is not compact and apply the corollary).
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