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ABSTRACT:

In this note we prove that if £2is a simply connected open set in the com-
plex plane and E is a Krein space with separable strong dual then the space of all
bounded holomorphic functions of §2 into E, endowed with the strict topology,
is a Rosenthal space.

The vector spaces used here are defined over the complex field €. Herein-
after, E will denote a locally convex space, E its completion and E' its topolo-
gical dual. E'b will stand for the strong dual of E. We say E to be a Krein space if
the closed absolutely convex cover of each compact subset of E is also compact.
Having in mind the characterization of Rosenthal ([5}) fort% Banach spaces
which do not contain closed subspaces topologically isomorphic to 1, we say E
to be a Rosenthal space if every bounded sequence in E has a weakly Cauchy
subsequence. If €2 is an open subset of €, H™(2; E) will be the space of all
bounded holomorphic functions of & into E. If E =€, we simply write H™ (£2).
Let h be a function of  into € bounded and vanishing at infinity, p a continuous
seminorm on E and ¢ a function in H™(£2; E). The formula

p, (#)= sup I1h(z)lp(g(2)
z el

defines a seminorm p;, on H™(82;E). The topology § generated by the family of
all p,,—type seminorms is called the strict topology. We denote by H™(%; E)ﬁ
the space H™(82; E) endowed with this topology.

Within the class JGof Krein spaces we set the following question: Is
H™(S; E),; a Rosenthal space when E € JUis a Rosenthal space and £ is a
simply connected domain? The answer is affirmative if E is a semirreflexive
gDF-space with separable strong dual (E e JU since by [4], p. 263, it is complete;
E is a Rosenthal space since E'b is separable): In fact, in this case the space
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(H*(R; E) )b is topolog1cally isomorphic to (H™(£2) )b ® Eb (see [1], Th.
2.11) and smce (H™ (n)ﬁ)b is separable (see [3], p. 227) (H (52, E) )b is
separable. Then H™(§2 E)ﬁ is a Rosenthal space. In particular, H(82; H™ (ﬂ) )
is a Rosenthal space, since H™ (ﬂ)ﬁ is a semi-Montel gDF-space ([6]).

In this note we answer the former question in the case in which the space
E € JU has separable strong dual.

THEOREM: If §2 is a simply connected open subset of the complex plane and E
is a Krein space with separable strong dual then H°°(Sl; E)ﬁ is a Rosenthal space.

Proof: If §2is the whole €, the space H (%, E) is topologically isomorphic to
E, and so it is a Rosenthal space. Let us now suppose 2 # €. We first consider
the case when £2 is connected. By Riemann’s conformal mapping theorem, §2 is
conformally equivalent to the unit disc U of € and so H™(%2 E) is topologically
isomorphic to H™(U; E) It suffices then to prove that H™ (U E) is 2 Rosen-
thal space. We argue as m the proposmon 2.9. of [5], p. 237, using that the Mac
Laurin’s series of a function ¢ in H™ (U; E) converges to ¢ uniformly on on
compact sets of U (see [4], p. 362), to prove that H™(U) ® E is a dense subspa-

00 S o :

ce of H (U E)ﬁ Thus the space H (U; E)ﬂ is topologlcally isomorphic to
H°°(U)6 ® E. Consider now a bounded sequence (¢ ) in H™(U; E)ﬁ Let (e))
be a dense sequence in E". The sequence (e’jo¢ ) is bounded in H (U) and by
the proposition 5 of [2] we can find a convergent subsequence (elodz 1q) in
H™(U),. By the same argument a convergent subsequence (e20¢ 95) can be
obtained from (e'20¢ 1n) and so on. We shall prove that the diagonal subse-
quence (¢ np) is weakly Cauchy in H™(U; E) It is easy to see that for every
e’ e E' the sequence (e's¢ an) is convergent in H (U)g, since this space is com-
plete and Eb is separable. Fix now w e (H"(U; E)g). We shall show that the
sequence (< ¢ ,,, w >) is convergent. Associatef to w, by the topological
isomorphism before stated, there are closed absolutely convex neighbourhoods
of the origin V and W in Hm(U)B and E, respectively, and a Borel regular mea-
sure ¢ on the compact set V° x W°® (V°® and W° endowed with their correspon-
ding weak topologies) such that

<¢,w> =I <eop,r> du(v,e)
Ve x we°

for every ¢ € H™(U;E). Foreach (v, ¢') € V° x W° the sequence (< oy ¥ >)
is convergent because (e'o¢ an) is convergent in H°°(U)ﬁ. Also

sup 1<e'op pp ¥ >l < oo
(,e',n)e Vo x W x IN
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since the set { &' nn’ (e',n) e W° x IN} is bounded in H (U) {(because the set
U {d ,,(U), n e N} is bounded in E and W° is bounded in Eb) and V° is boun-
ded in (HW(U)B)E). By Lebesgue’s dominated convergence theorem the sequence

<¢nn,w>:[V°xWo <e'°¢nn’u> du (v, ¢")

is convergent. Thus (¢ , ) is weakly Cauchy and H™(U; E)ﬁ is a2 Rosenthal space.
Let us now examine the case of £ non connected. The connected compo-
nents £, i e J C IN, of £2 are simply connected domains. If ¢ is a function defi-
ned on §%, we denote by ¢ the function such that ¢ 1(z) ¢ (z)if z € % and
1(z) = 0 otherwise. Let (¢ ;) be a bounded sequence in H™(§; E),. We next
show that it has a weakly Cauchy subsequencc The sequence (¢ | g 1) of the
restrictions to £, is bounded in H™(Q;; E); and as we have already shown it
admits a weakly Cauchy subsequence (¢ ;! Ql) in this space. Now the sequen-
ce (91, 52,) has a subsequence (¢ ,,! £2,) which is weakly Cauchy in
H™(9,; E) If J is infinite, we repeat this process and we consider the diagonal
subsequence (¢ nn)- If T is finite we call (¢ ;) the last sequence obtained. Let
us see that (¢ ) is weakly Cauchy. Let w € (H™(%; E)ﬁ)l be given. There
exists a continuous seminorm p on E, a bounded function h: £ - € vanishing at
infinity and a number C > 0 such that

I<¢p ,w>I<C sup lh@)lp (g (2)
ze S
for every ¢ € H™(£2; E). Let M = sup { p(¢ ,(2)), (z,n) e 2x N} . Given € >0
we determine a compact set K C £ such that |h(z)l < ¢/4MC for every

z € §2 ~ K. The compact set K is contained in a finite number N of components
of 2. Let I={ieJ: KN &, #¢} . Foreachiel the sequence (¢ ;,) is weakly
Cauchy in H®(8; E)ﬁ and so there exists an integer n; such that

I<gl  —¢l w>1< ¢2N,
mim nn

for every m,n > n;. We set no =max { n;,i€eI}. Then, if m,n>n,

i
1<pm — ¢nn,w>1
< Z <l —l o>+ 1< T (gl ¢l ) w>I<
iel iel~1
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< T 2N+C sup h@lp( T (gl @ -4 @) <
iel zef2 iel~1

€
<e€2+C—— 2M= e
4MC

Therefore H (82, E), is a Rosenthal space, q.¢.d 5
B8
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