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ABSTRACT:

In this paper, we consider two classes A and B of the family of integral
functions defined by Dirichlet series of finite order. We establish some results
concerning the integral functions represented by Dirichlet series of finite order
p1 and p, with respect to variables s; and s, .

1. Consider the double* integral function defined by a every-where absolutely
convergent Dirichlet Series [1]

(1.1 f(s).8)= 2 ap ,expAys; tus,)
m,n =10

of complex variables s; and s,, where the coefficients a_,  are complex num-

bers, Ay = g =0, Ap)m> 1> (Uy)n>, are two sequences of real increasing
numbers whose limits are infinity and further

(1.2) lim sup —__log (m+n) =D<oo

m+ n>oo )\m +”n

(13 lim sup —O8l3manl

mtareo A tu,

* For the sake of simplicity, we have considered only two variables. For the corresponding
in the case of several variables, the analytical work is similar to the corresponding analysis
for functions of two complex variables.
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Let

Moy.0)= > f(o,+it, 0y +it
—0<t, 1) <o If(0y +ity .05 Fit))]

be the maximum modulus of the integral function f(s, ,s,), for Re s,<o,,
Re s,<0,. From the maximum modulus principles of analytic functions, it
follows that, if f(s, ,s,) is not constant with respect to any one of the variables
s, and s, then

M(Ui ,0,) > M(0,,0,) ,for o) >0,

(1.4) M(o, ,05) >M(o,,0,) ,ford’, >0,

M(o;.05) >M(0,,0,) ,foro] >0, and g >0,

We shall consider the class A of the family of integral functions defined by
Dirichlet series of finite order as a special subclass of the class of integral func-
tions represented by Dirichlet series [1].

DEFINITION 1. We shall say that an integral function f(s, ,5,) given by Dirichlet
series of finite order belongs to the class A, if there exists K; >0, 8, >0;K, >0,
B, > 0 such that

(i) For any fixed value of g, > 0, there existsa number o(1) = o(1) (K, 8,,0,
such that

M(o, ,0,) <exp{K; exp(o,8;)} Jfor o, = o(1)

(i) For any fixed value of 0, >0, there existsa number o(2) = 6(2) (K, , 8, ,0,)
such that

M(o,,0,) <exp{K, exp(o,8,)} for 0, > 0(2)

and so there exists a number ¢ = o(K, X,, 8,, 8,) such that

M(o,,0,) <exp{K, exp(o,8,) + K, exp(0,8,)} foro,,0,20
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DEFINITION 2. An integral function f(s;,s,) defined by Dirichlet series has a
finite order p; and p, with respect to variables s; and s, if

(i) For any arbitrary small e > 0, and any 0, > 0, there exists a number
o) = ¢(1) (¢,0,) such that

(1.5) M(o,,0,) <expexp {g; (p,+e)} ,for o, = o(1)

In addition, there exists at least one value of 0,, say 68 (€) and correspon-
ding an arbitrary large values of o, : {o,;} such that
(1.6) M(0,;,0°,(¢)) > exp exp {0;(01 —€)}

The assertion (i) is equivalent to

a7 lim sup { lim sup M

0'2—>°O 0'1—>00 0‘1

b =p1

(ii) For any arbitrary small e > 0, and any o, > 0, there exists a number
0(2) = ¢(2) (e,0,) such that

(1.8) M(o,,0,) <expexp {0,(py+€)} , for 0, = 0(2)

In addition, there exists at least one value of ¢, say o9 (€) and correspon-
ding an arbitrary large values of o, :{0, it such that

(1.9) M(09 (€),0,;) > exp exp {0,5(p2—€)}
The assertion (ii) is equivalent to

M
(1.10) lim sup {1im sup _ 8 %8 M1:%2) (,,02)

0> Gy>o° 0,

b= py
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DEFINITION 3. An integral function f(s, ,s,) defined by Dirichlet series has a
finite order (p, ,0,) if

() f(sy,5,) €A

(i) f(sy,s,) has a finite order p; and p, with respect to variables s, and s,
as definition 2.

(iif) In addition, for € > 0, there exists a number o = o (€), such that

(1.11) M(0,,0,) <exp{exp(p,+e)o, + exp(p,+e)o,} ,foro,,0,=0

THEOREM 1. If

f(s18)= T ay ,exp(ys,+u,s,)
m,n= 0

is an integral function of order (p;,0,), (0 < p; <o0,0< p, <o), then

log log M(0,,0,)
limsup{ ——— } =1
0,,0,>°  91P1T 03P

PROOF. In view of eq. (1.11) and for given u; > p, and u, > p,, one has

log log M(0,,0,)

lim sup {
01,070 Ulu1+02#2

!
Further, if 0; >0, 0, > 0, 4 = max (y; u,), p = min(p, ,p,), then we have

log log M(0, ,0,) log log M(0,,0,)

=
0,0,+0,0, (0,+0)0

log log M(a,,0,) o1ty Ok,

OyMq+0,H, (0,+0,)p
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u  loglog M(0y,0;)
< — —_—
S oh Oy +0ai,
then
log log M(0, ,0,) M
(1.12) lim sup =a<~ <+
0y ,0,>% 0,011 0,0, p

thus, it is necessary to prove thata = 1.
Suppose that a > 1, then there exist a’, a” such that 1 <a” <a’ <a, and
in view of eq. (1.12), there exist two sequences {0y}, {0,;} suchthat

log log M( 0, ;,0,;)

> @ ij=12,..
0430110350,
ie.
M(o, ;,0,;) > exp exp {a’(0y 0, T 05;0,)} ij=12,...
and for j = j, one has
M(0y;,0,;) > exp exp {a” (01;0,) } fori>i,

This contradicts the hypothesis that the integral function f(s, ;s,) has order p,
with respect to variable s, , because for sufficiently small € > 0,a”p, > p, t+e.

Now, take a <1, then there exist a’, 2”, such that a <a’ <a” <l,and in
view of (1.12), one has

log log M(a, ,0,)

<a foro,,0, =0 (sa
0,0,%0,0, 1:02 = 0 (say)

ie.
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(1.13) M(o, ,0,) <exp exp {a’ (0,0, +0,p2)} foro,,0, >0
From (1.13) and in virtue of (1.4), we have
M(o0,,0,) <expexp{a’ (0,0, +0,0,)} for al, 20,0 <o, <o,
now, choose ¢* 2 o, such that
a’ (0,0, F0,p,) <a”o0,p, for o, > o*
then, we have for any 0 <o, <o,
(1.14) M(a,,0,) <expexp{a”(o,0,)}
If 0, > 0, one can choose o* 2 o, such that the following inequality holds
a’(o,p,1t0,p,) <a’o,p, for g, = o*
ie.

(1.15) M(o, ,0,) <expexp{a”(g,p,)} for 0,2 0* (0,)

This contradics the hypthesis that the integral function f(s, ,5,) has order
p, with respect to the variable s, because for sufficiently small ¢ > 0, p; a”
<p;—€.

2. Let, forj=1,2

fSj (s;.8,) = a/asj f(s; 5,)
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and

M® (0,,0,)= sup Ifs. (0 Fity, oy Fity) |
—oo<t, fy <o

LEMMA 2.

(a) For any fixed value of 0, > 0, there exists a number ¢(1) = ¢(1) (f, 0,)
such that

M(o, ,0,) log M(o0, ,0,)

0y

2. M) (o, ,0,) > for o, > o(1)
1502 1

(b) For any fixed value of g, > 0, there exists a number ¢(2) = ¢(2) (f,0,)
such that

M(o, ,0,) log M(0, ,0;)

0,

2.2) M2 (o, 0,) >

for o, > 0(2)

PROOF. It can easily be shown that for a fixed value of o, > 0, the function

log M(04,02)

9,

g(0,,0,) =

is monotonic increasing, for g, > ol (f,0,).

Let £,, such that Re £,=0¢, and If(§, s,)| = M(0,,0,), then we have
M(l) (01 a02)> |fi§'1 (El :s2)|

_ . f(sl 752) _"f(zl —hls2) |
= |lim
h*>0 h
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M(o, ,0,) — M(g,—h,0,)

= lim
h>0 h
- lim exp { 0 g(Ol 0,) } —exp { (01 ‘"h)g(al —h,02)}
>0 h
~1im exp{ 0,8(0;,0,)} —exp {(0; —h)g(0,,0,)}
h>0 h

= g(ol ’02) exp { 0y g(Ul :UZ)}

then

log M(0,.0,)
M™) (g,,0,) > —%— M(0,.0,)
1

and the proof of the 2nd. part is similar to that of the 1st. part.

THEOREM 3.If
f(s;5)= 2 am.n exp(A s, T 1,S,)
m,n=10

is an integral function of finite order (p, ,pz), Py .0, With respect to the variables
s, and s, , then

® (0, ,0,)/M(oy,
(2.3) lim sup{]im sup log{ M™ (0,,0,)/M(0,,0,))

} P
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log { M®) (0, ,0,)/M(0, ,0,)
2.4) limsup{limsup gt (01.% 1-%2)) } > P2
0,70 0,70 02
Further, if a_ =0, then
log {MM) (g, ,0,)/M(0, ,0
(2.5) lim sup {limsup o { (0,,0,)/M(0, 05) } } <2p,
0, >0 g, > 0,
: . 10g { M(z) (01 ’02)/M(01 702) }
(2.6) lim sup {hm sup } <2p,
01-)00 0'2-)00 02
PROOF. From eq. (2.1), we have
M ,
log 0, + log {“M( (0 (;2) } > log log M(0, ,0,)
01,0,
or, in view of eq. (1.7), we have
log { M) (0y,0,)/M(a;,
2.7 lim sup { lim sup o8 { (01,02 )/M(o, 02)} }
0’2-)00 gl—>oo 0‘1
log log M(0, ,0,)
lim sup | lim sup =p,
0, >o0 G, >0 a0,

Now, we suppose that . = 0, then for any fixed value of 0, > 0, we have

M(0,.0,) =f(0),0,) . M) (q,,0,) =3/d0, (0, 0,)

Further, for any fixed value of g, > 0, the function log M(o, ,0,) is increasing
convex function of ¢, , then one can write log M(g,,0,) as
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201
2.8) log M(20, ,0,) = log M(crl 0,) J a/at, M(t;,0,) dt,
o, M(t, ,0,)

M®) (0y,02)

=20,
M(o,.0,)

therefore

1) M
lim sup lim sup IOg { M (01 ’02)/ (01 ,Uz)}

02->°° 01 >00 g 1

<2p,

Similarly, by using eq. (2.2) of lemma 2, one can prove that egs. (2.4) and (2.6)
holds.

THEOREM 4. Let

f(s;,5,) = z 3 n €XP(Ay 8, THpsy)
m,n=0

be an integral function of finite order p, ,0, with respect to variabless; ands,,
then

log { M) (o, ,0,)/M(0, .0
2.9) lim sup {lim sup o¢ { (9,,0,)/M(0,.9,) | }: .
07 0> 0y
(2)
(2.10) lim sup {lim sup log {M"* (0,,0,)/M(0,,0,)} }-: )
0'1'>°° 02->oo g,
PROOF. For some fixed nn > 0, we have
optn 3/, M(t, 0
log M(0,+n,0,) = log M(0,,0,) + 1] /;(1_2_) dt,

o, M(t, ,0,)

MM (0,.05)
M(o,.0,)

>n
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Hence
log log M(g, ,0,)
lim sup {lim sup } >
02->°° 01—>oo 0y
1 M(l) , M ,
lim sup{ lim sup og { (0,,0,)/M(0,.0,) } }
gy gy o,
or
(1) M
(2.11) py > lim sup {lim sup log { M) (0, ,0,)/M(0,,0,)} }

gy > Gy>e° g,

From (2.7) and (2.11) follows (2.9).
Similarly, we can prove that (2.10) hold.

DEFINITION 4. We shall say that an integral function f(s, ,s,) represented by
Dirichlet series of finite order belonges to the class B, if the following conditions
are satisfied

(i) For any fixed value of o, > 0, there exists K; > 0,8, > 0 and o) =
ol (K, 8,.0,) such that

M) (0,.0,)

<exp(K,0,6;) foro, = oD
M(o, ,0,)

(i) For any fixed value of o, > 0, there exists K, > 0, §, >0 and o{?) =
o(2) (K, .8,,0,) such that

M2 (0,.0,)

—_—_— > o{?)
M(o, ;) <exp(K,a,8,) foro, =0
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and so, there exists a number 0 = ¢ (K, ,K,, 8,, B,) such that

M® (o 1:02) M) (0,,0,)
+ .
M(o,.0,) M(o, .0,)

<exp(K,0,8,+K,0,8,),0,.0, 20

THEOREM 5. If

f(s;.8,) = ) 8y n €XP(A, S, Fugs,)
m,n=0 :

be an integral function of order (p,.0,) (0 <p,; < o,0 <p, <o), then

lim sup [ log {M(l) (01’02)/M(01’02) + M(Z) (01 ’02)/M(01 ,02) } ]= 1

01,057 0,0,+0,0,

PROOF. From egs. (2.9) and (2.10), we have
(i) For any € >0, and any g, >0, there exists a number o) = ¢ (e,05)
such that

M(l)(ol,az)

<exp {o,(p;+€)} for o, > oV
M(o,.0,)

(ii) For any € >0, and any o, >0, there exists a number 0(?) = ¢ (e,0¢)
such that

M@ ,0. ‘
M (01.5) <exp{0,(p,+e) } for g, > o
M(o, ,0,)

and so, there exists a number ¢ = o(e), such that

M) (0,.0,) n M@ (0y.0;)
M(o, .0, ) M(a,.0,)

<exp{0,(p,+e) +0,(p,t¢€)
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for 0,,0,2 0. Then

limsup [ log {M™) (q,,0,)/M(0, ,0,)+M@ (0,.0,)/M(0,,0,)}

0,057 0,p1 10,0,

=A< 1

Now, it is necessary to prove that A =1,
Let A <1 and A <A’ <A” <1.Then

(2.12)

MY (0,.0,) n M® (0y,0,)
M(o,,0,) M(o,,0,)

<exp {A(0,0,t0,0,) } ,0,,0,20

From (2.12), we obtain that for any 0,> 0, there exists a number o) = ¢
(0,), such that

M i
M (0.03) <exp{A’(o,p,)} for 0, = oV
M(o,.0,)

this contradicts the hypothesis that the integral function (s, ,s,) has order g,
with respect to variable s, because for sufficiently smalle >0, p,A” <p, - €,
hence A = 1.
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