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ABSTRACT

In this paper we establish a new concept of transversality on manifolds with
corners, which is more restrictive than, and not equivalent to, the classical one.

Then, we prove for this transversality an analogue of the Thom’s transversa-
lity theorem.

We introduce some notations. Let X and X’ be CP (peNU { e } ) paracom-
pact manifolds with corners modeled on Banach spaces, and keNU{ O} with
k < p. We consider the set GP (X,X") ={(x,f)/xeX and f is a CP map defined on
a neighborhood of x and with values into X' } . Then the relation (x,f) Ry (x',f")
if and only if x = x” and localitations of f and f' have the same derivatives up to
order k in x, is a relation of equivalence and the quotient set GP (X,X')/Rk is
denoted by J¥ (X,X"). For each (x,f) € GP (X,X") the correspondent equivalence
class is denoted by [(x,f)] or Jl:f (il;f is the k—jet of f at x).

There are well defined source and target maps:

s: & (X X)) =X, s(5) = x, b: KX X') = X b(G~f) = f(x). We denote by T!
the unique topology in Ik (X, X"} such that for all ¢ =(U, y, (E,A)), a chart of X,
and all ¢’ = (U, y', (E",A")), a chart of X', J¥ (U, U") e T®), and the map

nS I (UU") = ExE x LEE)x.... x5 (BE"), defined by

7 G5 = (¥ (0, ¥ £¥ (0, DO’ ) (x) , . .. DX (&' ) (x), is a homeomor-
phism of Ik (U,U") on their image, when considering in Ik (U,U’) the topology
T®) | 1k U')' (.C]s( (E,E") denote the set of k-linear continuous symmetric maps
from E into E ).

(If 6X' =%, n%' X (UU)) =ExE'x L(EE) x ... LXK (EEY).
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If] CP (X,X") = ¢ (X, Jk (X,X") is the map defined by] H= ka we de-
note by T_ (p,k) the topology in CP (X,X') induced by j* from the strong topo-
logy T(k) on c(X, Ik (X,X")) defined by the topology of X and the topology 1)
of J¥ (XX) (T,, (p.k) is Whitney’s topology on CP(X,X") of order k). The
topology T, (p k) has a basis formed by the set { M(U)/UeT(k) }, where
M(U) ={ FeCP (X,X") / i¥f(X) C U}. Finally, if A,BC R", D(A,B) means
inf {d(x,y) / xeA, yeB}.

Definition 1. Let f be a map of class p (peNU { e }) from X to X' and let X" be
a submanifald of X' (X and X' are manifolds modeled on Banach spaces).

a) We say that f is transversal to X" in xeX and we put f& X" if f(x) ¢ X"
or, if f(x) € X", there exit (U', ¥/, (E, A")) chart of X' adapted to X" in f(x) € X"
by (E”, A", F' topological supplementary of E" in E' and U open set in X such
that xeU,f(U) C U’ and the map

£ ' g P
h:U —% U A y'(U) — E'xF — F

is a submersion in xeU, where 8:E"” x F' — E' s defined by 6 (a,b) =a + b and
p2 (a,b)=d.

b) If A is a subset of X, we say that f is transversal to X” over A, and we put
&, X", if & X" for every xeA. If f is transversal to X" over X, we will only
write f2X".

Here submanifold means that for every x”eX' there exist a chart ¢’ =
=(U', ¢, (', A") of X' with x"'€U",E"" closed linear subspace of E’ having topo-
logical supplementary in E' and A"C £(E" ,R) finite and linearly independent set
such that Y'(x") =0, ¢' (U'NX""y =y’ (U) NE" 7 and E} s C E|, ¥ (shortly we
say that ¢’ is a chart of X' adapted to X" in x" by (E", A")).

h is submersion in x means that there exist VP() open neighborhood of
h(x) and s: V). dom (h) map of class p such that sh(x) =x and hs(x") =x'
for every x'eVP(®),

Theorem 2. Let f be a map of class p from X to X', let X" be a submanifold of
X' and xef *(x'") with ind(x) = k > 0. Then the following statements are equi-
valent:

(Tx(fip, )™ (Tgexyi (TexX'")) has a topological supplementary in

T, B, X, where j: X" &X'
2) £ X" '
3) (fIka)’I‘xX”.
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Furthermore if f*, X" we have that:

2) Tey X' =im(Tyf) + Tegpyi (Trx) X'

b) (T,.H)™ (Trexyd (Tex)X')) has a topological supplementary in T, X. These
conditions form the classical definition of transversality. (X and X' are manifolds
modeled on Banach spaces).

Finally xeint X, a) and b) imply that {4, X". But the two preceding defini-
tions of transversality are not equivalent. Consider for instance Y(t) =(t,t) from
{ teR/£>0} to { (x,y)eR? /x>0 } and the submanifold x >0, y = 0.

Lemma 3. Let X be a manifold of class peNU { oo }, Hausdorft, second countable
with dimension meN and 86X = §. Then X = LJ X;, where X is a compact sub-

manifold of X with 8X; # 0, 82X, =0 and mt X, is an open set of X and
X; C X;; for every ieN.

Proof. We can suppose that p = . Itis well-known that there isf: X — R* U{0 }
proper map of class p. Then from Sard’s theorem we have that f(C(f)) has
measure zero in R*U{0} and hence there is a sequence {a, eR*U{0} /neN } such
that a; <a,,; and a, is a regular value of f for every neN. Finally we take
Xy =1 ([0,2,])=f7 ((~— ,a,)-

Lemma 4. Let X, X' be manifolds of class peNU {00'}, Hausdorff, second counta-
ble with dim X =m and dim X' =m’' (m,m’eN).

Let Y be a submanifold of X', let Y, be an open set of Y such that Y cY
and B X = U Xk for all ke {0, } followmg the preceding lemma and let

reN with r < p Then for each ieN and for each ke{0, ... m},
Gf ={geC? (X X)) xexk

with g(x)eY, we have that g, . %, Y } is an open set of CP(X,X") with the
o By X
Whitney’s topology Ty (p.1).

Proof. We take U]i‘ ={ i feJr(Xf, X)(x)¢Y, or f(x)eY,, and
r_ k ) -1, '
Tf(x)X —Txf(TxXI) + TJ(X)] (Tf(X)Y) } Whel’e_] : YC——"‘X .
Let { j,/neN } be a sequence of elements of J* (Xk X') - U ~Ck which conver-
ges to j, in JI(Xk X") with the topology T,

Suppose that Xo = 8(g)s Xp = b(iy), Xn =s(j,) and x}, =b(j,,) for each neN.
By continuity x, = lim X, and x; = lim x;. On the other hand for every neN,
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¥ ! . k -t %2 N
xp€Y, and Ty X' # Ty LG (T X )+ Ty i (Ter Y). Then xy€Y,,. Suppose
that j, = [(x4.f5)], let ¢ = (U, 11/ (R%, A)) be a chart of X with ¥(x,) =0,
UCdom(f,) and let ¢ (U, ', (R™' M)) be a chart of X' adapted to Y in x|, by
(E', A") such that f,(U) C U’. We take the map h,, defined by:

_ f wi I N7 , 0_1 ,
hy: ¥ (U) vy oy B V' (U) 2= R™ — E'x

x E" —>p2

E",
where E”' is a supplementary of E' in R™’, 8(x,y) =x +y and p,(x,y) =y.

Let j, = [(x,.f,)] for every neN. Since lim x;, =x,, and lim x;, =x, there is
n,€eN such that for every n 2 n,, x €U and x €U’. Then for every n 2> n,, there
is V,, open set of Y(U) with w(xn)eVn,f Yt (V ycU'and y (V) C dom(f )
and so we can define h,, as follows:

Y—1 £ ¥’ j” 6!

hV, — ¢V) 2 U = yU) — R™ — E'x

.
x B¥ P2 E".

The condition T,’ X #T, (]n) (T, Xl) + Tx, i (Tx, Y) implies that

Dh,, (¥ (x,)) is not sur]ectlve
Since { h: R® = E'/h is linear and surjective } is an open set of L(RS,E™),

we have that Dhy (¥ (x,)) =lim Dh, (¢ (xn)) is not surjective and we can prove
that Ty, X' # Ty (Jo) (Tx, XK i)+ Ty (Tx, Y) andJoeCk Then Ckls closed
and UY is open of (XY, X) and M(Uk) {feCP (XE, X)/ff(xk) c Uk} is
open of CcP (Xk X w1th the topology Ty (p.1). On the other hand, since
j ka'—a»X is proper, the map j*: CP(X,X) — Cp(Xk X") defined by
M= f|X1< is continuous with the Whitney’s topology. Then A = (j*) (M(Uk))
is open in Cp(X X") with the topology Ty(p,r) and A = Gk

Lemma 5. Let XX’ be like in Lemma 4. Suppose that X’ = and let r,keNU{0}
with k < p — r. Then the map J*: (CP(X,X"), Ty (p.k+1)) = (CP (X, J(X,X")),
Tyw(p—r.k)) is continuous.

Proof. Let U be an open set of JX(X,J*(X,X")) with the topology T®), Then
M(U) ={feCP~*(X,J*(X,X"))/ij*f(X) C U} is an element of the base of the
topology Ty (p—1,k) of CP(XJ'(X,X")).

The map a: JX*I(X,X) = JX(XJ5(X,X) defined by aiX*" ) = [(x§')]
is continuous and M(a™ (U)) =)™ (M(U)) is an open set in Tw(p k+r).
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Theprem 6. Let X, X' be manifolds of class peNU{OO}, Hausdorff, second counta-
ble with dim X=n, dim X' =n"and §X’ =9 (n,n'eN).

Let reNU{O} with r <p and let Y be a submanifold of class p—r of J*(X,X")
with fixed codimension and strongly well situated (that is Y =8 (X,X) NY
and if xeY N B, J* (X,X"), T, Y + T, B, J* (X,X') = T, J*(X,X").

Let seNwiths<p—-randp—r—12n— codin Y. then

={ geC? (X, X")/i"g2Y }

is residual, and hence dense, in CP(X,X") with the topology Ty /(p.r+s).

Proof. Since Y is a submanifold of class p—r of J* (X,X"), Y =G N C where G is
an open set of J*(X,X') and C is a closed set of J*(X,X') with the topology T,
For each yeY there is V¥ open set of J*(X,X") such that yeV¥ C V¥ C G.

Then V¥ N'Y =Y, is an open set of Y such that yeY,, Y, C GNC =Y,
where Y is the closure of Yy in 1L0.6.¢) Furthermore 1f we take V¥ conve-
niently small we can suppose that

a) Yy is compact.

b) There is Cy, = (Uy, ¥y, (R”, A) chart of X with ¢, (s(y)) =0, U, com-
pact and Y (U, ) bounded and there is C = (U xpy ,Rn ") chart of X with
xb (b(y)) = 0 and wy(U ) bounded such that (s b) (Yy) cU, x U

Since J*(X,X") is second countable, we have that Y= U Yy and we will
write Y, =Y for every meN. meN
m

Let B, X = U X like in Lemma 3, for each ke {0, ... ,n}.
ieN

We take T(r,mk,i) ={geCP(X,X")/ VXEX? with j; geY,,, it happens that
(jrg)lB £® Y } . It is clear that Ty = {2eCP(X.X")/i*eAY } = N{T(r,m k,i)/m ki

X
vary} . We shall see that T(r,m,k,i) is an open set of CP(X,X") with the topology
Ty (p.r+s).

By Lemma 4, H(i,mk) ={heCP ~T(XJ(X,X")/ VxeX}‘ with h(x)eY,, it

happens that hjp o 4 Y} is an open set in CP (X, J*(X,X")) with the topo-
X

logy Ty(p—1,s). By Lemma 5, (j*) ™ (H(i,m,k)) is open set in CP(X,X") with the

topology Ty (p,t+s) and () ™ (H(i,m k)) = T(r,mk,i).

We shall see that T(r,mk,) is dense in CP(X,X') with the topology
Ty (p,rts).

By condition b); puttirfg \I/ym =Y, Uym =U,, and so on, we have that
VW) 2 ¥, s(?m) and then there are open sets, A, and B, of R" such
that y s(Y) C A, C A, CB, CB_ Cy, (U,) Since B, is compact, it
follows that D(B,,R"—y, (U )) > 0 and there is a,,: R — [0,1] of class o
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such that o (y)=1if yeAp,, ap(y) =0 if y¢B, . Similarly ', 6(Y ;) C ', (U'p)
and there are open sets Ay, B of R"' such that
Ymb(Yy,) € Al C AL CBp CB, Cyp, (Ur,)and there is a : R"— [0,1]
of class = such that oy (y) =1if y'eA] , o) () =0if y' ¢ B . 3
Let feCP(X,X"), M’ =R™ x LR*R™) x...x Lo (R"R™) and let Y% be
an open set of Ywith Y, C ?;‘;1 such that ¥, s(?;;) CApand Yy, (Y5 C A,
By continuity it is clear that there is an open set, M, , of M’ such that OeM,
and if xeU, and f(x) €Uy, then

A (m',x) = (0 YUy (%) - @ty ¥y £ m" Y, (%) + Yy £(x)) €9y (Upy)

for every m'eM,, where m'(y) =m/ + mj (y) +...+ m. (y, ). y) for every
yeR", m' = (m/,mj,...,m;) e M;. Indeed: Since ¥,(U_) is bounded there is
an open set, My, of M’ such that 0eM, and for every m'eM; and every
xeUp,, Fm'Yp, ()1 <D(B, R™ ~ ¢, (Ur)), and M, is in fact the solution.

We take p: M; — CP(X,X') defined by p(m’) (x) = f(x) if x¢U,, or
f(x)¢Up,, p(m") (x) = (U)X (m'x) if xeU,, and f(x)eUy, . It is clear that
p(m") is a map of class p. Furthermore, from the fact that ep: M; x X = X'is
a map of class p it follows that p is a CP-representation.

Then the map j'p: M; — CP~I(X J(X,X")) defined by (j*p) (m") =j p(m"),
is a CP ~"-representation, which follows by localization.

Let £ =2 min { D(s0p 6}y, R — Y1 (Up,)), DYy b Voo, R™ — Aly) }and
M ={m'eM,/l m"y (x)Il <&V xeU,, such that ¥, (x)esop a; } which is an
open set of M; with 0eM; .

Let (m',x) € M x X such that jl (o (m')) e Y7 . Then xes(Y%) C Uy, and
hence ¥, (x)esop oy, in fact o ¥ () =1, and p(m') (x) eb (Y% ) C U/, . Then
(x.p(m") (x)) € U, x U'm. On the other hand f(x) e U'm and we have that

2= A 0P P (') () =d(¥ ]y 1x), Nim' ) < Il m' Y (O I < E.

Since Yy, p(m") (x)ey;, bY¥ and £ < D(yy, b (YE), R — AL ) we have that
Y f(x)eAr, C (og) ™ (1) _

Furthermore for every yeA 2 ¢, s(Y;"n) we have that o (y) =1 and
hence Y0 (m") (x) =m'Y, (x) + Vi f (x) € Yy, (Upp).

Since Y;, f(x) € Ay, and ¥, (x) € A, we have that there is an open set, VX,
in w; (Ap) Nf™ (U;,) C U, suchthat xeV* and for every yeV*, Y, f(y)eA,.

Then for every (m",y)eM x VX we have that Y, p(m") (y) = m" ¢ (y) +
+ Y, f(y) and &irp (m".y) =j§, p (m") e ¥ (V¥, Up).
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We consider the following commutative diagram

T
}p
Mx V¥ F(v5, U )
| .
Ixy ﬂc:
r 1 [ r
Mxy_(V¥) Y (V) x ¥ (U ) x LRRY) x. . x L(R",R™)

where h(m",2) = (z,m"(z) + ¥y, Y (2), Dty v (2), . .. D'ty n(2)),
tnr () =m"(y) + ¥y, f¥ (v) =¥y Mﬁﬁw(w

Then h : M" x Y, (v®) — ¥, (V¥) x R" x £(R®R™) x. . x L (R",R™),
defined like h, isa diffeomorphism of class p—r and hence h:M x ¢m (Vx) — im(h)
is a diffeomorphism and €1y Mx VX -~ ml(ejr p) is a diffeomorphism of class
p—1.Thenp =e. s :Mx B XN VX — B JT (X X)NI'(VX,U; )

M x B X NVX
is a diffeomorphism of class p—r from M x B, X N V* to im(p), where k = ind(x).
By the hypothesis over Y it follows that &t p(m ,’X)Y:l and by [1] we have that
M'T{* ={ m'eM/j"p(m")AY* } is a residual set in M. Then there exists a sequen-
ce, (mp) of elements of Mg« , which converges to 0 and hence p(m ) — f with

the topology T, (p,r+s) in é’if’(x X"). Indeed: Foliowing the properties of the
Whitney’s topology. It suffices to prove:

1) p(my,) =f

X-U

X-U,_

m
2) if e is a metric in J**3(X, X",

{ G (m;)) / peN } converges uniformly to (**5f)

Um

1) is obvious from the definition of p.

In order to prove 2), we remember thate; : M x X — J*™*%(X,X") is conti-
nuous and hence j*Sp: M — CP~(*S)(X F*+S(X X)) is also continuous with
the compact-open topology and then the statement 2) follows from the fact that

the compact-open topology describes the uniform convergence over the
compacts.
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The H = { geCP(X,X')/i'ghY* } is dense in CP(X,X") with the topology
Ty, (p.r+s). Finally H C T(r,mk,i) and T§, = { geCP(X.X")/j*gRY } is residual in
CP(X,X") with the topology T,,(p,s+r).

Corollary 7. Let X, X' be Hausdorff and second countable manifolds of class
peNU{eo }, with dim X =n, dim X' =n’ and X' =. Let Y’ be a submanifold of
X' with Y’ =P and cod Y' fixed and let seN with s <pand p — 1 >n — cod (Y").
Then Tyr ={ geC? (X,X) /gRY'} is residual in CP(X,X") with the topology
Ty (p.s).
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