A CLASS OF OPERATORS FROM A BANACH LATTICE INTO
A BANACH SPACE

by

OSCAR BLASCO

ABSTRACT:

In this paper we study a class of operators from a Banach lattice X into a
Banach space B. These operators map positive sequences in weak-1P-spaces with
values in X into sequences in 19-spaces with values in B. We obtain some diffe-
rent characterizations of them an we consider, in particular, the case X =1°,

The present paper is devoted to the study of certain class of operators from
a Banach lattice X into a Banach space B. These operators map positive sequen-
ces in weak-1P-spaces with values in X into sequences in 19-spaces with values in
B. They are near the (p, q)-absolutely summing operators I1,4(X,B) [4] and also
the operators of type < (p, q) defined by Maurey [7].

We. shall’ obtain different characterizations of such operators and we shall
study them for sequence Banach lattices. Finally we shall relate this operators
to the Orlicz property on a Banach lattice.

Throughout this paper X will denote a Banach lattice and B a Banach space.
Givenx;,X,, ... X, in Xand 1 < p <o we shall use the following notations

P (% l<gx> Pl

(1) wplxy) = Ilss'hlx*<1 1=1i

n
() wy(x) = sup (T < Igl>p)l/e
P lglly s <1,E>0 i=1 E

() 1P(B) = {(x,) CB:( T lx IP)/P<+oo}

n=1
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(@) 1P[B] = {(x,) CB:wy(x,) <+eo}

(5) 1B[X] = {(xy) CX:wp(x,) <+oo}

All this terminology enables us to introduce the following.

DEFINITION 1. Let 1 < p,q <. An operator T:X - B is said to be positive

(p,q)-summing if there exists a constant C >0 such that for every x, ,x,, ..., Xy =
20 in X we have

© ( ﬁl ITxIB)P < € wy(xy)
.

Forg<p=9o,
6' su HTx;ll, < Cw,(x;)
©) I <i%n il al%

We shall denote by Apq(X,B) (or Ap(X,B) if p = q) the space of such opera-
tors. This becames a Banach space with the norm 1l || A, given by the infimum
of the constants verifying (6) or (6"). q

Observe that Aoo’ q(X,B) =L(X,B) for all 1 < q <o,

The positive (1,1)-summing operator are already known. They are called
order summing or cone absolutely summing [10].
PROPOSITION 1. Let 1 < p,q <o
(a) If p<q then A, (X,B) ={0}.

(b) q=>rthen A, (X,B) - Apr(X,B).

(c) pr<rzmdi +L=—1—+—1—then
p S q r

Apq(X,B) & A (X,B) (In particular Ay(X,B) & A(X,B)if p<y).

@I X, %, B, KB §$>0amdTe Ayq(X1,B) then

. T.SeA,q(X;B)and R . TeAyo(Xy,B,).

(e) If X; C X, (for xe X, lIxIIX2 < Ix "X1) and X; =X, (X; dense in X,)
then Apy(X;,B) & A,4(X1,B).
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Proof.

(a) It is sufficient to take x, = n~Y/Px for some positive x in X to get a contra-
diction.

(b) It is clear since 17[X] C 19[X]for q>r.

(c) The argument used by Kwapien [4] can be reproduced in our case to prove
the statement.

(d) It is straightforward to show R . T e Ayg (X;,B;). Tosee that T.Se Apq
(X2 ,By) let us notice that if x;, X5,..., X, =>0and S >0 then

wo(Sx;) =

= sup  (Z I<gsx> 9la=
”5”x7<1 i=1

S*
HS*l  sup ( 2 i< ; X5 >lq)1/q<l|SI|.wq (x;)-
HEly. <1 i=1 |lls*ll’
1

() Itisobvioussince if £ € X¥ and I1£ll y, <1 then § € X* and || Ellg s <1.
2 1 .
PROPOSITION 2. Let 1 < q < q < o°. The following statements are equivalent

(@ Te Apq (X,B).
(b) There exists a constant C > 0 such that for every x,, X,,... X, = 0in
X we have

n n
N (2 ITgB)P<c sup, 1l 2 axlly (1<q<e)
i=1 Ealq =1 i=1
n n
@) (2 It <cil 2 xlly  q=1
i=1 i=1

(c) T maps positive sequences (x,,) in 24[X] in sequences (Tx,) in £P(B).
@ T: 23 [X] - 29(B), defined by ;l‘(xn) =(Tx,), is continuous.

Proof. We shall show the equivalence of each statement with (a).

(a) <==>(b) It follows from the following fact: For 1 <q <°°,% + 1. 1

ql

We(x) = sup (% I<£,xi>lq)1/q=
llsllx*<1 i=1
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n

=  sup su 2 <§ax>l=

liElige <1 zagpzl i=1

1

= sup sup |<g, 3 ox; > | =

zad’ =1 HEll;, <1 i=1

1

= sup |l 3 ox; 1y

Tod'=1 171
For g=1and x;, X,, . . . ., 2 0 then w; (x;) = IZx;llx ([10]).

(a) <==> (c). The direct implication is obvious. To see the converse let us sup-
pose for every C these exist X;, X, . . . XN(C) = 0 such that

CE TP < € wy(x,)
i=1

n n

Let us take C = n.2", then there will be xJ, xJ,... Xm > 0 verifying

mp
wq(-x?) < 1/2" and ( Z IlTx;lHr")I/p > n. By considering the sequence
i=1 .

x1 , xz, cen ,xm s x1 y ,xm , . .. we have that this pesitive sequence belongs
to 19[X] and its image does belong to 1P(B).

(a) <==>(d). It follows from the next simple fact:
For(x;) 2 0 , wy(x,) = w;(xn).

Obviously d) implies a). Now let us suppose T ¢ qu(X,B) and (x,) € 1P [X].

(2 ITxIPY? < (2 UTRP +( 2 IITxcIP)L/P =
i=1 i=1 i=1

o =+ - +
< Ciwg (x7) + Cowg (1) < 2Cwg (xy).

Therefore ll”i‘(xn)lllp(B) < 2Cw;(xn). #

Remark. By condition (b) we notice that a Banach lattice satisfy a lower p-esti-
mate [6] if and only if the identity I belongs to A 1(X X).
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This is the first connection of these spaces with some classical spaces. Ano-
ther operators very-related to these are the (p,q)-absolutely summing operators
(cf. [4], [3D), as easily follows from both definitions. Let us recall another con-
cept quite similar to these above. The (p,q)-concave operators, called in [7)
operators of “type mixte” < (p,q).

An operator T ¢ L(X,B) is said to be (p,q)-concave if there exists a constant
C such that for every x;, X, .. . ,x, in X we have

® ( 2 llTxiu]l;)”p < Cli( 3 Ixilq)llq Il
i=1 i=1

n
where ( El Fxl 9)!/9 j5 the element in X given by sup 3 X,
is

Zod'<y 171
We shall denote by Cpq(X,B) the espace of (p,q)-concave operators en-
dowed with the usual norm Il iz, given by the infimum of the constants

verifying (8).
With all this terminology we have

PROPOSITION 3. For 1 <q<p<w
Mpg(X.B) & Apg(X,B) & C ,q(X,B).

Proof. The first inclusion is obvious and the second one is a simple consequence
n
of Prop. 2 (d) and the fact that |l ( i :‘31 I % Iq)l/q > wq+(xi) as it can be seen by

using the homogeneus calculus on lattices [6]. #
In general the inclusions are strict as it will be shown later, but for q =1 we
have the following,.

PROPOSITION 4,

(@ A, XB)=C,; (X;B)
() Ay (XB) & Cyq (X,B) forall ¢ > p.

Proof. 1t is inmediate since forx;,X,,...,x, >0 then
2 Ixlly =1l & xli (%)
. = . =w ).
SR T R

Now a result of Maurey [7] shows CPI(X,B) C qu(X,B) if 9> p and then
(b) follows from (a). #
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There is a way of using operators in qu to deduce semothing about Hpq
and Cpq as the following result shows.

PROPOSITION 5.

(a) Te I, (X,B) if and only if for every operator Sin I{c,,X), T . S € Ap1(co,B)
and il T.SIl . <C.Isll.

(b) T e Ap;(X,B)-if and only if for every positive opérator S in L(c,,X),
,  T.SeA, (c,,B)and HT.SH . <C. sl

(c) Te Cpq(X,B) if and only if for every positive operator S in L(C(£2),X) for

a compact space §2, T.Se A_,(C(),B)and IT.SIl, <C. ISl
1 Apq

Proof. Parts (a) and (b) can be verified in the same way. We only show part (a).
If T e I, ;(X,B) and S € L(c,,X) then T . S ¢ I1,1(c,,B) and of course
T.Se Ay (c,B)and IIT. SIIAp1 < TllApl sl

To see the converse, let us take x;, X;,....,X, in X and let us consider

X defined by S(¢,) = % . & . X
i=

S:c,
Obviously 11811 < sup E‘, I<E, x>l
gy <1 171

Now denoting by e¢; the basis in ¢, since ¢; = 0 prop 3 (b) implies that

( 2 NTxIP)/P = ( 3 IT.SeIP)/P <
i=1 ! i=1 ''B

<CUSILINE ¢ll, <C.sp 2 I<gx>|
i=1 " gy, <1171

The demostration of (c) can be done with a slight modification of the argu-
ment in page 56, [6]. #

A study of positive p-summing operators AP(X,B) when X is a Lp-space was
done by the author in [1]. Here we shall deal with 1,-spaces.

PROPOSITION 6. Let 1 < q<p<ee.

(a) A,q (2 B)=L("B).
(b) Apq(ce:B)=Tl,4(c,,B) = Cpq(co.B).

Proof. .
(a) GivenT in (%' B)and x;,X,,... X, >0inl" we have
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n n n
T OITISUTI 2 lixlp =0T 1 2 xlip
i=1 i=1

i=1 i=

So Ay (I',B) = L(1' ,B) and therefore the same for 1 <q<p=-oo,
(b) It is a simple consequence of the following fact:
For x1,X,,X3,...,X, €, we have

IC 2 IgmYai, = sup (B 1x, 1919 =
i=1 k i=1

n
sup sup | T xpl=
k za;l’=1 i=1

0
w
[=}

e
v/

::;

=

[

sup (_§ I<E,xi>|q)1/q
gl <1 1=

The last inequality is obtained by duality ((c,)* =1') and by interchanging the
supremums. #

Remark. Kwapien in [4] showed that TI, ; (I' IP) # L(1' IP) for r < r(p) being

1 1 1
— =1 - |l———=I.
1(p) p 2
So we notice that in general the spaces qu(X,B) are larger than IIpq(X,B).
PROPOSITION 7. Let 1 <p <o and-—rl)— + p—l, =1

A@'B) = A, (') = ©(B).
Proof. We shall prove that
P®B) € A(P'B) € Ap(lp',B) C P(B).

Given a sequence (x,) belonging to IP(B), we consider the operator T:IP'— B
defined by T(¢,) = EN £,y Let ustake £, &,, ..., >0inP then
neé

m m
ZOITEI< 2 2 g, lixll =
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m n
= 3 T E)Hx IS T Ix PP || & £l
neN (i=1 in) llxg (neN nll®) i=1 fillp

Therefore T belongs to A,(1*"B)and IITll, < (Z Ilx, iP)L/P_ Given now an
operator T in Ap(lp',B) we consider the sequence T(e,,) =x;, being e, the cano-
nic basis in IP’, Let us prove that (x,) € I°(B)

(2 Ixy IIPYP = (2 IIT(e)IIPY/P <

< IITIIAP sup (T 1<te, > PP < I, #
gl <1 P

COROLLARY 1. For 1 <p,r<2 A,(2°,B) = A,(2",B).

Denoting by o, the Hilbert-Schmidt operators then we get the following
COROLLARY 2. A, (22,2?) = o,.
Proof. 1t is obvious since A, (1%,12) = g, as it can be shown easily.

Remark. For 1 <p<2 A,(I°;B)=1"'(B).
* For p- concave operators we have

© C, (PB) = L(PB) = P'[B]

Indeed, for Tin L(IP,B) and £, , &, . . . ,&, € IP we have

(2 UTEIPP < ITH( £ lglB)YP =
i=1 i=1

=(.

z ﬁ g o IP)V/P = “(i:ﬁl & PYL/PI
From this it follows that, in general, AL(X,B) is smailer than CP(X,B).

In [1] we found a relationship between the Radon-Nikodym property on
B and the positive p-summing operators. Here we shall deal with the Orlicz
property.

Let us recall that a Banach space B is said to have the Orlicz property if
every sequence x,; such that T il x; I < o is an unconditionally convergent
series in B.
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PROPOSITION 8. Let X be a Banach lattice. The following statements are

equivalent:

(a) X has the Orlicz property.

(b) A, 1(X,B) =L(X,B) for every Banach space B.

(c) For every Banach lattice Y, every regular operator T, T:Y —— X is posi-
tive (2,1)-summing.

Proof. This is an easy consequence of Prop. 1 (d) since the identity I.X——X be-
longs to A;;(X,X) and each regular operator T = T;—T, being T, and T, posi-
tive ones.

In [3] it was shown that II,(c,,X) = L{c, ,X) implies the Orlicz property on
X, now we are able to approach to the converse.

PROPOSITION 9. If X has the Orlicz property then
(a) l'Iq(c0 X) =1(c,.X) forali q > 2.
(b) HP(X,B) =11, (X,B) for all Banach space Band 1 <p <2.

Proof. Tt is sufficient to apply successively Prop. 8(b), 6(b) and 4(b) to solve
part (a).

Part (b) is a simple consequence of a Rosenthal’s result [9] which assures
that Hq(c0 X) = L(c,,X) if and only if IIq,(X,B) =1, (X,B) for all Banach space
B andL + L= 1. #

q qr

As P (1 < p < 2) has the Orlicz property, we can prove an analogous result

to Corollary 1, proved by Kwapien in [5].

COROLLARY 3. For 1 <r<2and 1 <p<2II(%,B) =TI, (%" ,B). #
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