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ABSTRACT
If X' is a compact topological space and I is a locally convex space, we prove
that the sets {& G C'(X. L) : o(X) C 1T'}, T running through the set of
bornivorous barrels in /[, form a base of bornivorous barrels in C'( X, Iv) if
arnd only il 1", has prtoperty (P) of Pietsch.

In this note X is a completely regular and Hausdorft topological space and £ is a
Hausdorfl locally convex space. We denote by C(X.FE) the space of all continuous
functions on X with values in I, endowed with the compact-open topology.

If X is compact and 1" C F is a bornivorous barrel. the set
CXT)y:={oe C(X.E):o(X)C 1}

is obviously a bornivorous barrel of C'(X, £). Schmets {4, Proposition 1.6.5] proves
that the sets C(X, ). T running through the set of bornivorous barrels in £, form a
base of bornivorous barrels in C'(X, F) if E has a fundamental sequence of bounded
subsets. Here we prove that the sets C(X.T) form a base of bornivorous barrels if
and only il 1Y has property (BB) of Pietsch.

l'or terminology and notations used in this note we refer to [2] and 3].
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104 PINEIRO
1. The compact case

Throughout this section X is a compact and Hausdor(f topological space. We say
that C(X, E) has the bornivorous barrel property (b.b. property), if the sets C(X,T")
form a basc of bornivorous barrels in C(X, F).

Proposition 1

The following are equivalent:

i) There exists an infinite and compact space Xo such thai C(Xg, E) has the
b.b. property.

ii) C(X, F) has the b.b. property for every compact space X.

Proof. i) = ii) Let us suppose that there exists an infinite and compact space ¥
such that C(Xy, IY) has the b.b. property. Let X be a compact space and let 7 be a
bornivorous barrel in (X, I). Let H be the family of the absolutely convex subsets
D of F so that C(X, D) C 7. We define :

To:= |J C(Xo, D).
DeH

[y}

In [2,Proposition 2.5(1) = (ii)] is proved thai 7y is a bornivorcus barrel in
C(Xo, F/). Fence there exists a bornivorous barrel T in F satisfying C(Xo,T) C To.
Now, following Mendoza's proof, it can be proved that C(X,T)Cc 7. O

The preceding result allow us to study the space Co(E) formed of all sequences
(zn) in 7 convergent to zerc, endowed with the uniform convergence topology (it is
well known that there exists a topological isomorphism from Cy(£) onto C (", E),
where M* = MU {co} is the Alexandroff compactification of ™). If Co(£);; denotes
the dual space of Co(E) endowed with the topology B[Co(E),Co(E)], fcllowing
[1, Proposition 1.6] we shall identify Co(~)}; with a suspace of £]{E}}.

If Co(T) denotes the set {(x,) € Co(F) : 2, € 1" (Yn)}, we have the following

Yy

IR, o By :
fropaosition 3

The following statements are equivalent :

i) For avery bornivorous barrel T of Co(E), there exists a bornivcrous barrel T
of ¥ such that Co(T)C 7.

ii) £} has property (B).
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Proof. ii) = i) Let T be a bornivorous barrel of Cy(£). If ¢ denotes the polar in
(Co(E),Co(E)'), then T* is a strongly bounded subset of £7{L}}. By hypothesis,
there is a strongly bounded set B C E’. which can be chosen absolutely convex and

a(F', E)-closed, such that

oo
Z’ pp(r)) <1 for all (z1,) e T* (1)

n=1

Thus, for each (z!)) € T* and (z,) € Co(3°), from (1) we obtain

00 [+5)
‘\';'—\ ‘,—-\

I((zn),(r'n))l <7, |(7’nf-77’n,>| <7, pi(zy) <1
n=1 n=1

Hence, Co(B°) C T** =T.
i) = ii) Let A be a bounded subset of £1{ E}}. If we pul

Ao = {#'(p): pe N, 2" € A},

then Ao C Co(£) and it is alsc a bounded subset of £L{E}} (here, '(p) denotes
the sequence (z},...,25,0,0,...)). Therefore, it is enough to carry oui the proof
supposing that 4 is a bounded subset of €L{E}} contained in Co(Z)'. By (i), there
exists a bornivorous barrel 7' of E such thal Co(1") C .A%. Then A C Co(T)*. Hence,
given (z,) € TH, (z!) € Co(1')* and p € M, we have (for suitable complex numbers

Qp, lanl = l)

p 4 ]
>—\ |(zn,:r:1)| = z {anzn,zn)| = l((a,:l:]_,...,a,,m,,,O,O,...),(xf,L)H <1
n=1 n=1
because (@1 &y,...,¢pZp,0,0,...) € Co(T). Thus, we have the inequality
-CK)
'_\’ |(zﬁ,,:t;l)| <1 for all (z,) € T and (zh) € Co(T7)".
n=1

‘This proves that Y oo, pre(z}) < 1 for all (z7,) € A. O
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2. The completely regular case

Now we consider the completely regular case. If X is completely regular and Haus-
dorfl. we denote by Co( X. I) ihe space of all continuous functions ¢ : X — K such
that 3(X) is relatively compact. endowed with the uniform convergence topology.
Again, il T C I is absolutely convex, we put Co(X,T") := {¢ € Co(X,F) : ¢(X) C
I'}. We say that C(X, E) has the b.b. property if, for every bornivorous barrel 7° of
(X, F), there exists a bornivorous barrel T C £ such that Cy(X,T)C 7.

Propositicn 3

If E}y has property (I3), then C'(X, L) has the b.b. property

Proof. As the canonical linear map Co(X. E') — C(X, E) is continuous, TNCo (X, E)
is a bornivorous barrel in Co(X,I5) for every bornivorous barrel T of C(X, E).
Since the spaces Co(X, ) and C(3X,E) are isomorphic, the conclusion follows
from section 1. [J

Praposition 4
if X is a complelely regular space such that C(X, £) has the b.b. property, then
C(K,E) has the b.b. property for every compact subset K of X.

Proof. Let us denote by R : C(X,F) — C(K,F) the restriction map. If 7 is a
bornivorous barrel of C(f, ), then R™Y(7) sois in C(X, E). Hence, there exists a
bornivorous barrel 1" C % such that Co(X,T") C R™YT), i.e.,

R(Co(X, 1)) C T. (2)

Mow we shall prove that C'(X,T) C T. Yor this, by [2, 2.3(i)], il is enough
to prove that P(K,T) C T, where P(K,7) denctes the sct of all functions
¢ = >, wi%i, with ¢; € C(K), z; € T, and ¥ |@i(t)] < 1 for all ¢ € K. Tet
O = Z,:;l wir; be such a function. For each i = 1,...,n, we choose a continuous
extension @; : ¥ — K of @; (here < denotes the scalar field ). (t is easy to check
that each function ¢; : X — K defined by

- n
A0 i @) < 5
i =1

wi(t) = ¢ n
; ,5,(1‘) (—-‘
U\H

-1
aﬁi(t)i) , otherwise,

is a continuous extension ol ; and the inequality 35, ()] < 1 holds for all
t € X. Then v = Y[, wiz; belongs to Co(X,T) and it {ollows from (2) that
R(v) = ¢ is an element of 7. O
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In view of the above Propositions, we may state the following

nesrem

If X is a completely regular and Hausdorll topological space containing a com-
pact and infinite subset, then the following are equivalent:

i) C(X, L) has the b.b. property.

ii) IV has property (I8).

Remark. a) It is obvious that C(X, E) has the b.b. property if it is quasibarrelled.

b) if every compact subset of X is finite, there are spaces C(X, E') which have
the b.b. property but K} has not property (13). indeed, if we take X = M and E = @,
ihen C(X, E) is quasibarrelled [2, Theorem 2.10] and £ = @ has noi property (B)
(3. p. 31].
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