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ABSTRACT
Let: f($1.$2) be’ an ‘entire funetion of two complex variables irepresented
by double Dirichlet scrics. In the present paper, we have studied certain
. growth propertics of, the gecometric means of | f(s1.:52 )| and-obtained. some .
incqualitics which are the best possible. .

1. Introduction

Consider the double Dirichlet series
B V] ! )

f(""l- 'q2) = Z « m'.’u X [)(*‘1 ’\‘;‘n‘:‘" "".2/"11; ')".'! ("‘f —— a; bl i / =L 2)

me =1

(1.1)

where a,, , € C, the field of complex numbers, A, and ji,, are veal. and
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AL Janusauskas [1] has shown thatif. .
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then the domain of convergence of the series (1.1) coincides with its domain of
absolute convergence. Also. Sarkar [2, pp. 99] has shown that the necessary and
sufficient condition for the series (1.1) satisfying (1.2) to he entire is that

. l()g |“m l‘i|
13 lim ————— =
( ) (m.n)—c /\m + Hn

Let the family of all double Dirichlet series of the form (1.1) satisfving (1.2) and
(1.3) be denoted by F. Then f € F denotes an entire function over C2. The results
can he extended to several complex variables.

Corresponding to an [ € F. the maximum modulus M = M and the maximum
term p = pip on R? are defined [2. pp. 100] as

M(a)y= Mp(or,09) = max{|f(s1.59)] 151,59 € C. Rsy - 7y, Ny = 09}
o) =pglor.0o9) = (T‘I'Ll;l';:;léNq {|u,"_,‘,,| exp(oy Ay 4 ay,)}

whiere N is the set of natural numbers. "The following two letimas are due 1o Sarkar

[2, pp. 101].

Lemma A

Let f € F beof finite order. Then p = (p1.py) 3> (0.0) is an order point of f
if and only if

. loglog Al ()
lim sup —

(71,02)— |()g((;“71 mtemin)

= 1. a € R?.

Lemma B

Let £ € F be of linite order. Then 7 = (1.715) 3> (0.0) is a tvpe point of [ if
and only il

log M(a .
limsup g V() — 1. a ¢ R
(”1 R )—-rx. T1 (.fﬁl 121 .|. TQ 710
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The geometric means of |f(81,37)] are defined as

1 Ty T:
1.4) G(oy,09) = exp lim —— log i1, 19 )| diq di
(1.4) G(o1,0q) T{(T1.:l'7)—-f>o41112 ./_1_1 -[-Tz og|f(ay+iti.aatity)| dly 2}

. k? moron R
(1.3) gr(01,02) = eXI){m / / log Gy, 2 ) ¥t *r2 dpy d.l,'g}
- o Jo

where k is a positive number.

Salimov [3] has given the definitions of R-order and R-type of functions
f € F. He has defined the geometric means of the functions [ € F as above
and obtained some results about them. Tn this paper, following the definitions of or-
der and type [2], we have studied the properties of geometric means of the functions
f € F, and obtained some inequalities which are the best possible.

2. Theorem 1

Theorem 1
For f(s1.%2), [ € F, we have

: . gr(0y10y,0a907)
2.1 lim : = )
( ) (o1,00)—x gr(0y,09 )C,km(l—{.n)(;l\'nq(l—n-,)

where @y, o (0 < a1, < 1) are constants.
We first prove the following lemma.
Lemma 1
For f(s1.82), fEF,and 0 < 0y < a1 < 71, } < ) < 7y < 75, we have
(c’"’1 — kTy(ekm k72 Vog G(@y.0h) + (eXr — FPrybm kg )og G(ay . 87)
(eFT — R (eR — B ) lop G0y . aq)
< {ﬁkaﬁ'ka’ log g(a1,02) — FM1 % o gy (o Loy )}
< (eF1 = *P) ek — 1)log Gilay, aq)
4 (¥ — ") (* 1) log ((ay. )
+ (ko — ek Nk Ry log (Gl ay . ayq)

where k is any positive number.



78 SRIVASTAVA AND V1AL

Proof of Lemma 1. Gi(xy.23) is an increasing function of x4 and 24 [3] and therefore
we have from (1.5)

¢hortko log ge(a1,09) — ko1 kM log gi (1, 03)
[} ] T2
= 2 / / log G(xq,29) X HE (s g
Jo Jo
2] 4}
—k? / / log Gy aq)eFrrHkr gl gy
Jo Jo
aq [
= k? / / log G(xq,29) F 4572 (Lol day
JFy 0
.21 ad
+ &? / / log Gy rq) X tE oy day.
JO J B2

7 [}
4+ )2 / / log Ci(ary.wq) e MrHkr o day.
7 Ba

Mence
(2.2) ek tkor o g (ay,09) — X1 P og gy (a1, 0)
< (€57 — R (kP L log (Hay. Fy)
4 (ck7 — *®) (R ) og (G(my . ay)
+ (r.?""a‘ — Ty eker o Ry log Gay L oy )
Also
(2-;) (‘.km + kg ]0;{,!/;.-(01 ,07) — C,A'?h + k3, l()g gr(oy, dg)

M by +
> 2 log (i(aq.aq) 1R s da
Z i 1.2 1 (g
Jay Jag
1 7q
+ &2 / / log Ci(aqorq) Xt hrs o de,
. r.'r; J 7

71 T
+ k2 / / log Glay. )b rrthm go da,
J ¥ (o4}

> (.(°"'”’ — Pk - ko Jog (i(ay, ab)
+ (ko — PP ko ke Yog ((ay.ay)
+ (R — (PP (kT KT op ((ay . ).

Combining (2.2) and (2.3). we obtain the lemma. ]
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Proof of Theorem 1. If we put &y = ayay, 0] = 810y, 63 = gy, ay = By0,, where
81 < 01,07 < az in Lemma 1, we get

(ekm eka; o ) (ek‘ﬂz o2 eko'n Ba )

- log G(ayay,3,04)
+(ekaz _ ekcrg oy ) (ekm oy _ ekm 051 )

log G(3y01,v703)
+(eror — ghoren ) (ekor — ek “1)log G(ay01,va07)

< eFM1tR Jog gi(01,09) — ek Tt EN O g ) (a0, a007)
< (eFor — eknron(ekor01 _ 1) 1og G(ay, nq07)

+ (241 — k1) (b1 1) log Glag,02)

+ (ko = eR101) (eFr — F 191 1o Gy 7y ).

By dividing the whole inequality by e*”191¢5™ 52 we ohtain

(ebm=an) _1)(1 - ermlh=e1)) log G(ayay, Byay)
+(eka(1—a) _ 1)( _ ekai(ﬂl—al)) logG(ﬂlﬂl,ﬂ'gﬂz)
+(ekor(1=an) _ ) (ghsli=on) _ 1) log G(ajo1.n30,)

1
1

(ckrrt=enlghoa(i=and) 1op g, (01, 07) — log grl oy, o o3)

(eFm1 =0 _ 1) (1 - e~*729) log G(1y, 0907
+ (ek"’(l"“’) - 1) (1 — ¢k ) log Glayay.09)
+ (eFr e 1) (1 = A0 _ ) log (i(ay, 7).

By taking limits on both sides we get

<
<

gr(0101,0007)

lim )}f-‘k"ﬂ’_"“l)r“""1(1_“1) =0.0

(”1 1”?)_"‘0 {.(]L((rl 7”2

3. Theorem 2
Theorem 2

Let the Dirichlet series f(sy,83), [ € F, be of order p = (py.py) and type
T =(n,mn). Then

loglog G(oy,
(3.1) limsup —b 28 (01.72) <
(o1.07)—nc lO(CTP 4 T201)
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(3.2) lim sup log ({1, 72)

(0y,09)—¢ ERARKLEE S Y ST

log gi(01.
(3.3) lim sup loglog gi(01.02)
(7y .09 )—00 log(e"'l P1 + cO1m ) —

. log (o1, 0
(3.4) liin sup B9k(71,2) <
(01,03)—m0 TLE1P 4 THe™IM

The above results follow directly from the definitions (1.1}, and (1.53), and lem-
mas A and 1.
Let us set, for py = ps = p, 0 < p < x,

log g..
limsup M‘M’_)zn

(3.5) (01,00)=c €717+ en?

liminf log 91 (01,01) =

(oq,07)—0c €71P 4 %P (< bS < x).

log (i(a1,¢
limsup w:g

(3.6) (01,07)—x ](-'”.‘(’l" + e71p
liminf log (. 02) = (0<d<e< %)

(1.00)—x. €710 4¢P

4. Theorem 3

Theorem 3

Let f($1.89), f € F,beoforder p=(p1.pa). 0 < p <. Then forpy = py = p

(‘4.1) A.(l S {) S " S II“(I
p+k P+ A
(1.2) alp + 2k PO

Ak prl
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pd(3p + 4k) < a(p + 2k)r+20)/k

(4.3) Ak(p+ k) — Ak prlk

Proof. If A is a constant, then from (1.5), we have for h > 0, and p; = py = p

I h R\ k?
08Ik \ 01t Du02t ) = A Rt
ar+h/p porth/p
(44) X / / M) Jog Gy, wg) dey dzg.
0 )

And this expression is

ﬂ'1+ll/,1
(4.5) = A(m+h/p)pk(ﬂz+h 5 // / / / /
1 2 ar+hfp 2 1 g0 1 pmatli/p
AV R ALY A T
n a n n
a3 Jal Jm
c1+hfp oythfp poathfp
/ / / / MDD o (Hry . wg) day dag

A («:"'”? -1)

[( ‘,\(7'1
cko gkoa ok pkay C.Qkh/p '
+ (M2 — 1)kt log Ga?, a9 4 h /p)

A R
(k2 — 1)
’ ckor pkor o2k /p

+ ( ,,’\""/P _ )(":"T1 I()g (‘l.'((Tl 4 h/l)?”g )]

+ cte I‘Q (k+/r).‘l'1 r.’-'.‘l"z + ((I\'+p).rq ‘ ko dzs dz
(’\01‘I\.'71‘2’\I|/[) ' A1 (g
. ~Vof R
(¢ +e)lk(e e _ ) kerq ™ (k4 7). Ken om0 g
T oy ke 2F ( ¢ bR ety day
ckor ¢kaa¢2kh/p Jat

o2

+ ko / (ﬁ,k:m P PL k+p).m) ([.,,2]
0
« 0.1

(ﬂ:k’l,/[) _ 1)2
e2kh/p

(1.6) < — (:k'”;l Y og (.'(rr,”.(rg )]

[((;;"“" — ¢k Ylog (i(ay.ad)

F logG(oy + hfp.og + 1 [ p).
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A kol — 1
- eko1 ckay ekoigkos g2khfp

+ (ekh/p _ 1)6""’? ]ogG(G’?,Ua + h//’)]

ekﬂ'ﬂn -— 1 ka'; ka_n 0
eko1 gkoa g2kh/p [(e —e"1)log Gi(ay,03)

+ ("7 — 1)eF71 log G(oy + h/p,ag)]
(c+ a)k’ [e(k+p)a, — Lktpiol )(ekcr, _ flmg)
ok01 ckos c2kh]p k(k + p)
(Kt mar _ (bt p)ad y(hor _ ckol )]
Kkt p)

(e — €51 )log G(a?, a3)

+

(¢ + ’:‘)]\‘7((""',"‘/” — 1) [ektman _ (bt ) hm
1 ko1 ghoy c2kkifp (]. + /")
(ko (,i.(f_:k:n, _ Ckrr:') | (.,(Ar+/»)n1‘li(’(k-lr, _ r[,-ng)
t k k
{k+p)or _ (k4 /))!7':: ) ko { khip | )2
C ¢ ¢ ¢ .
+ T+ ] + wTr log Citay  h/p.aa + h/p).
A P

(48) =

ckm pkoy (..'k”‘ ;;QA'II//J

X [(1 — (_-.:""”2(?_"'”’) log (i(a?,07) + (( kifo _. I) log ((a¥. oy + h/p)
(:I‘m',n -1 S .
TR [(1 _ hor ko ) log (i( oy ,03)
+ (KMo — DNlog Glay + h/p.ad )]
¢+
(l\ + p)(‘jkh/p

+ Lkt)ot —koy koy —kaa _  po PR

[( g + P ) Py L L'tr;'( —kag ’.(I\'-I-p)""..l ¢ kay

_ (;3( k4 /))a; e—k(r, + (:,'( k4 ’,)”g (;;_IHT? (‘,k'ﬂ? ¢ kg ]

(C + g)l"-(ekh‘//) — ]) (01)01 + (;K‘UZ ) — ((,‘+ I‘)"Il, I3 “kery l‘(k+l))”“2‘ (.3_1‘:0?
+ c2kh/p ([‘ +p)
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(eP7t + €P71)eh (e”"’e""1 €~FN 4 #71 ek gk )oh

k

+

(ekh/l) — 1)2
+ w08 Glor + h/p,oy + 1 p).

Hence, dividing both the sides by
(ep(a1+h/p) + ep(va+h/p)) (P! + P71 )ch

and taking superior limits, we get

1.9 < ke kc(ck(h/p) -1) | [ (GA:)-./,, _ 1)zc
(1.9) a< (k + p)eCFIn+ DR t 7, (k4 p)h AT

Also, from (4.1), we have

logge(or +h/p,oa + 1fp)

L2 or+hfp poathfp
(4.10) > —/ / MO g (g 9 )y dizg

ekoy pkoy (Qkh/p

L2 o1 artlifp var+hfp poa
= ]
(,Isa',(k(n(an/p / / / '/(.T -[71 '/n_g

or+hfp posth/p
/ / ’\(‘1+‘1)]()u((11 aq)dry dag
79

¢hlmta) log Gy aq)day diy

_ k?
(1.11) > rkm(krr,(ikh/,) [/

)
A
[

+ ""Ing_,((ll,rrg)(lll

I.o'1 /\/L/[) _

+ A Jog (e g )dag

ka,ckrn ekh/p 1 .,
+ (I\.Q N log Gi(ay.a3)].
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(4.12)

(4.13)

(4.14)

T e2khfp
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k2 (4] oy
> ko1 gkor g2kh /s (‘1‘5)[’=1 /ag

+ lktodra ghay )dzy dzy

RUELICRES) {k [

M

n

(('( k4 p)r ¢ karq

(((Ar+ HEN + P kaq )(I.’l‘]_

g
+ ek / 2 (¢?™ ckmr 4 (ktp)i )2 H

73
((jkh/p — 1 )2
c2kh/p

+ IO}!;(;'((Tl.Ug)

- C.’t‘.'(ﬁ C.I\"(’g (‘:.2’\"1.//}

(k+p)

k [(d— £) { (((k+p)rr1 Rl ) ((k'rr-; _ ‘,L-n',')

+ (e(k+/>)ﬂ1 — ko ) (ﬁkm

— i)}

ko ((‘.(k+ M _ kg pyal

+(d—¢€)(e*h/P - 1) {

(k+p)

log (/(aq.07)

ckar (poa (ﬁkm _ ﬁ,ka;' ) ko1 (P ((:krn _ (‘_I\'ng )
k ko
eko1 (elk+nm _ ((kt o)l }] (ekhle _ 12
&+ 7) t—amn

k (d—¢)
(k+p)

A0 . 0o,
{(,_fm + (,3/)07) — PP Ry pmkm (Kt p)oy —ka

+ (,( k+ [;)a';l ekﬂg (_,—‘.'(71 (?—I\'(Tz _ (‘:'/)r,r-z p A-(r.:1 p —keery L (_( k4 ,;)rr;] (‘_—I\'(r,

+ LK+ )07 pkal ,~koy —koy }

cpo'! + s 103

(( A'l' I’)”:‘ (‘_,"”1 I_ (-( k+/’)”'g (ﬂ;_k”'l

+ (d—e)(e*/r — 1){ T

el _ Ck”l;f.'_'k”' + PN (:',ka;' (:,—Im-;

k+p

k
((,',kh,/p —1)?

g, logGlowos).

(:/)”1 + (I"’?
+ k }}
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Dividing both sides by

eXa1thln) 4 eoath/n) ("1 4 '™ ),h

and taking superior and inferior limits, respectively, we get

4.15 > kd (2].? + ﬂ)(t'.“'/” _ ])d ((_kh/p _ 1)2(:
(+19) = (k + p)el(2k/p)+1)h (k + p)eC2k/p+1)h Q2k/p+1DR 7’
(4 16) b> kd (Qk + p)(ekh//) . 1)(1 (C,kh/p _ 1)2d

(EF p)e@F DR ¥ (5§ p)eXFloaDh - T kot DR
If we put h = 0in (4.9) and (4.16), we get (:1.1). Also, from (1.153)
hd (ckhlo — 12k + p)d

(1.17) (r::“‘/” — l)zc < a2kt _ 1 - it
Therefore, for all h > 0
_ ac(2k/p130
(1.18) c< (TR
The right hand side of the above inequality has the mintimum value when
h = plklog(p+ 2k/p).
therefore

a(p 4 2k )( rt2k3/k

(/12) GRS _Ik?,-’/)/k

Also. from (4.17) aud (1.2), we get

‘ Al y L 9y rt2k) /K
ot pd(3p + k) < alp + 2k)

(1 5) 1 I.( e + /)) — 4 I.-'zl)/’/"'

Remark. The result (4.1) has also been obtained by Salimov [3] following the defi-
nitions which he has adopted.
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