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ABSTRACT

In this paper we consider band compositions determined by two transitive
systems of monomorphisms, called the sturdy bands of semigroups.

A H. Clifford [3] introduced semilattices of groups and determined their structure
in terms of what we now call strong semilattices of groups. Strong semilattices of
groups, i.e. semilattice compositions determined by one transitive system of homo-
morphisms, are also considered by many authors. In [1] and [2] authors gave the
construction of a band of monoids and of an inflation of a band of monoids by two
systems of homomorphisms, which must not be transitive. In this paper we consider
band compositions of semigroups determined by transitive systems of homomor-
phisms, called the strong bands of semigroups. Strong bands of monoids and groups
are considered by B. M. Schein [8]. For example, B. M. Schein [8] proves that a
semigroup S is a strong band of groups if and only if S is orthodox and a band of
groups (called also the orthocryptogroup). For other characterizations of orthocryp-
togroups see [5], [6] or [9]. By Proposition 1 and Theorem 1 we give generalizations
of Petrich’s results [7, p 87-88, 4, p. 98]. For some related results we refer to [6] and
[5]-

For undefined notions and notations we refer to [4] or [7].

Let I be a band. To each ¢ € I we associate a semigroup S; such that §;NS; =0
if i # j. Let <; and <, be quasiorders (i.e. reflexive and transitive binary relations)
on [ defined in the following way:

1<1] &= ji=1, 1<9] < 1j=1.
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Let ¢;; and %;; be homomorphisms of S; into §; over <; and <; respectively, for
which the following properties hold:

(1) For every i € I, ¢;; and ;; are the identical automorphisms of S;;

(2) pijo @ik = pir, 1 <17 <1 k;

(3) vijo ik = Yik, 1 <2 j L2 k;

(4) Prjk© Vri = Yrjj 0 @iir § <16, k <ot

Define a multiplication * on § = [J;¢; S: by:

8; %85 = go,'j,,-(si)w,-j,j(sj), si € 55, s; € Sj.
Then (§,*) is a semigroup and a band I of semigroups S;, 1 € I [8]. If j <y ¢ and
J <21, then by (4) and by (1) it follows that
(47) bii = Pji-

DEFINITION 1. A semigroup S is a strong band of semigroups if it can be constructed
in the previous way, and we denote it by S = [I;S5;, pij, ¥i;]. If all ;; and 9;; are
one-to-one, then we say that S is a sturdy band of semigroups S;, 1 € I, and we
denote it by S = (I; S,-,t,a,-j,z/),-j).

If S = [I; Si, pij, ¥i;] is a strong matrix of semigroups, then, as in [8], we obtain
that all ¢;; and %;; are one-to-one. In the general case, when I is an arbitrary band,
this is not true. Now we will consider strong bands for which all ¢;; and %;; are
one-to-one, i.e. sturdy bands of semigroups.

Proposition 1
On § = (I; Si, ¢ij, ¥i;) define a relation p by:
apb <= iji(a) = ¥iji(b) A ¥jii(a) = @ji;(b),

a € 5;,b€ S;. Then p is a congruence and S is a subdirect product of I and S/p.
Conversely, let S C I X T be a subdirect product of a band I and a semigroup
T such that the following condition holds:

5) {(iglj A (j,u) € S = (i,u) €S
(i<27 A (J,u) €S5) = (4,u) €5,

for all i,5 € I, w € T. Then S is a sturdy band of semigroups S; = ({z} X T) ns,
1€ I
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Proof. Let § = (I; S;,goij,@bij). It is clear that p is reflexive and symmetric. We
will prove the transitivity. Let apb and bpc, a € Si, b € S;, ¢ € Sk. Then

(6) piji(a) = ij,;(b),
(7) Yjii(a) = ¢ji,;i(b),
(8) ®ik,i(0) = Yjk,k(c),
9) Yij,i(b) = @rjk(c).
Now,

Pikij,jki © Viki ki © Pki k(€) = @jkijjki © Pjki,jk © Yjkk(C) (by (4))

= Pjkij,jk © Pik,;(b) (by (8),(2))

= Pikij,i(b) (by (2))

= Yjkij,i(b) (by (47))

= Yjkijij © Yij,(b) (by (3))

= Yjkij,ij © iji(a) (by (6))

= Qjkij,iki © Vjkii(@) (by (4))

= Qjkij,jki © Vjkiki O Yki,i(a). (by(3))

Since ;k; ki and @jrij jki are one-to-one, then we have that
Yki,i(a) = pkik(c)-

In a similar way we prove that
pik,i(a) = Yir,k(c).

Thus, apc, so p is transitive.
Let apb, a € Si, b € S; and let ¢ € Sk. Then (6) and (7) hold, so

WYiikjk,ikjk O Pikjk,ik © Pik,i(@) = Pjikjk,jik © Vjik,ik O Pik,i(a) (by (4))
= Qjikjk,jik © Pjik,ji © Vjii(a) (by (4))
= Pjikjk,jik © Pjik,ji © Pji,i (D) (by (7))

= Qjikjk,jikj © Pjikj,j(b) (by (2))
= Qjikjk,jikj © Vjikj,;(b) (by (4%))
= Yjikjk,jk © Pjk,;(b) (by (4))

= Vjikjk,ikjk © Vikjk,jk © @jk,j(0). (by (3))
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Since 9jikjk,ikjk is one-to-one, then

(10) Pikijk,ik © Pik,i(a) = Yikjk,jk © Pjk,i(b)-
Moreover,

Pikjk,ik © Vikk(€) = Vikjk,kjk © Pkjkk(C)
= Yikjk,kjk © Vrjkk(C)
= Yikjk,k(c)
= Yikjk,jk © Vikk(c),

SO
(11) Pikjk,ik © Vik,k(€) = Vikjk,jk © Vi k(c).

Now we have that

Pikjk,ik(a * ¢) = Qikjk,ik(Pik,i(a) - Yikk(c))

= QPikjk,ik O Pik,i(@) - Qikjk,ik 0 Yik,k(c)

(by (4))
(by (4))
(by (3))
(by (3))

= Yikjk,jk © Pjk,j(0) - Vikjk,jk © Yikk(c) (by (10, (11))

= Yikjk,ik(Pik,i (D) - Yjkk(c))
= Yikjk,jk(b* c).
Thus,
Pikjk,ik(@ * ¢) = Yirjk, jx(b * c),
and, similarly,
Vikik,ik(@ * ¢) = Qjkik,jk(b * c).

Therefore, axcpb*c. In a similar way we prove that cxa p c*b, so p is a congruence.
Let n be the band congruence on S whose classes are the various S;. Then it is

clear that
pNn =g,

where ¢ is the identical relation on S. Therefore, S is a subdirect product of S/n = I

and S/p [4, Proposition II 1.4].

Conversely, let § C I x T be a subdirect product of a band I and a semigroup
T such that (5) holds. For each ¢ € I, let S; = ({i} x T)N §. Then it is clear that

S is a band I of semigroups S;, ¢ € I.
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Define functions ¢;j, 7 <1 j, and ¥;;, ¢ <3 j, by:

Soij((j7u)) = (i’u)v (.7,“) € Sj 1 <1 7,
le((]su)) = (is u), (],u) € Sj 1 <2 7.

By (5) it follows that (¢,u) € S, so (¢,u) € S in both cases. It is easy to prove that
@i; and 1;; are homomorphisms and that conditions (1)—(4) hold. Let (i,u) € 5;
and (j,v) € S;j. Then

@ij,i ((5,))%i;,5((G,v)) = (i, 2)(%,v) = (i5, uv) = (3,4)(4, v)
(= (G u)*(4,v))-

Hence, S is a strong band of semigroups S;, ¢ € I.
Let ¢ <1 j and let (j,u),(j,v) € S; such that

wii ((4,u)) = ¢i;((4,))-

Then we have that (¢,u) = (4,v), i.e. u = v. Hence, (j,u) = (J,v), so ¢;; is one-to-
one. In a similar way we prove that any 1;;, ¢ <y j, is one-to-one. Therefore, § is a
sturdy band of semigroups S;,7 € I. O

Theorem 1

S is a sturdy band of groups if and only if S is regular and a subdirect product
of a band and a group.

Proof. Let S = (I; Sis Pij %b,-j) be a sturdy band of groups G;, ¢ € I, and let e; be an
identity element of G;, i € I. Then by Proposition 1 we have that S is a subdirect
product of I and a semigroup S/p. Since S is regular and S/p is a homomorphic
image of S, then S/p is regular. It is clear that every idempotent from S/p is of the
form ep, where e is an idempotent from §, i.e. e = e; for some 7 € I. Moreover, for
every i,j € I we have that

pijiei) = eij = Yiji(e;),
Yjii(e:) = €ji = @jii(es),
so e;pe;j. Hence, S/p has only one idempotent, so S/p is a group.

Conversely, let S be a regular semigroup and S be a subdirect product of a
band I and a group G. Let e be an identity element of G. Assume that S C I x G.
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Let 7 € I. Then there exists a € G such that (¢,a) € S. Since § is regular, then
there exists (7,b) € S such that

(1,a) = (¢,0)(5,b)(5,a)  and  (4,b) = (5,b)(3, a)(4, ).

Thus
(i,a) = (iji,aba)  and  (j,b) = (jij, bab),

i.e.i=1ji,a = aba, j = jij and b = bab. So b = a~!. Now we have that
(i,e) = (ijji, abba) = (,a)(j,b)*(i,a) € S.

Moreover, it is clear that (i,e) is the identity element of a semigroup G; =
({i} x G)Nn S. Also, we have that

(2,0) = (4,e)(4,b)(zs,e) € S

and
(i, a)(i,b)(i, @) = (i, aba) = (i, a).

Therefore, G; is regular and since G; contains only one idempotent, then G; is a
group.
Let 7,5 € I and let i <1 7, (j,a) € S. Then ji =1, so

(i,a) = (ji,ae) = (j,a)(i,e) € S.

In a similar way we prove that by ¢ <; j and (j,a) € S it follows that (¢,a) € S.
Hence, (5) holds, so by Proposition 1 we have that S is a sturdy band of groups
G;,1€l. 0

Corollary

S is a sturdy band of periodic groups if and only if S is a subdirect product of
a band and a periodic group. O



w N

W0

\O 00

Sturdy bands of semigroups 195

References

. S. Bogdanovi¢ and M. Cirié, Bands of monoids,Matem. Bilten 9-10 (XXXV-XXXVI) (1985-
1986), 57-61.

. M. Ciri¢ and S. Bogdanovi¢, Inflations of a band of monoids, Matematicki Vesnik (to appear).

. A. H. Clifford, Semigroups admitting relative inverses, Annals of Math. (2) 42 (1941), 1037-
1049.

. M. Petrich, Introduction to semigroups, Merill, Ohio, 1973.

. M. Petrich, The structure of completely regular semigroups, Trans. Amer. Math. Soc. 189
(1974), 211-234.

. M. Petrich, Regular semigroups which are subdirect products of a band and a semilattice of
groups, Glasgow Math. J. 14 (1973), 27-49.

. M. Petrich, Inverse semigroups, Wiley, New-York, 1984.

. B. M. Schein, Bands of monoids, Acta Sci. Math Szeged 36 (1974), 145-154.

. M. Yamada, Strictly inversive semigroups, Bull. Shimane Univ. 13 (1964), 128-138.






