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On certain multidimensional generalized Kober operators
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ABSTRACT
In this paper, we introduce certain multidimensional generalized Kober op-
erators associated with the Gauss’s hypergeometric function, which provide

an elegant multivariate analogue of the operators introduced by Saxena and
Kumbhat [16].

1. Introduction

The object of this paper is to establish some theorems for the multidimensional
generalized Kober operators introduced in this paper.

These operators are the extensions of the operators of fractional integration
defined and studied earlier by many authors, notably by Saxena and Kumbhat
[16-19], Kober [6], Saxena [13], Kalla [2-5], Kiryakova [7], Saigo [11] and several
others.

In what follows, the symbol f[(z)] will be used to represent f(z1,...,2,) and
@[(t/x)] to represent ¢(t1/z1,..., tn/Tys).

2. The multidimensional generalized Kober operators

The multidimensional generalized Kober operators are defined in the following man-
ner:

R{fl(2)1} = R{e;,B;,m;,6;,0; : fl(2)]}
27
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where the kernel ¢[(t)] is such that the integrals make sense. o F1 (¢, 85575 ) is the
Gauss’ hypergeometric function; a;, 8;, v;, 65, n; and (; are complex numbers.

In what follows j varies from 1 to m.

The operators exist under the following sets of conditions:

(i) 1<pj;q5<o05p;' +q;' =1

(i) R(n;) > —g;", R(6;) > 0, R(B;) > 0, R(E; — a5 = ;) > 0

(iii) R(¢;) > PJ » R(75) >0, R(yj — o — B5) > 0

(iv) fl(=)] € [Lyp,(0,00)],
where [L,, (0, 00)] denotes the space of Lebesgue integrable functions of n variables,
or more exactly, with p;—th power integrable with respect to each of the variables z;.

This is a space with ‘mixed norm’. This norm for two variables is pointed out
n [12].

3. The multidimensional Mellin transform

The multidimensional Mellin transform pair, required in the analysis that follows,
is given by

Pl = Mift@ = [ [ ft)_ﬁ N dtn (3)

and

f[<t>]=(2—_7fi)—n/061fi°°---/cc"fi°° ITL(5%) o dous  G2)

1—100 n—100 j=1
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under suitable conditions on the parameters and the variables.

4. Special cases

The following special cases of the operators are worth mentioning;:

(i) For a; = 0, n = 1 and ¢(z) = 1, we obtain the classical Erdélyi-Kober
operator:
-6

RIf@) = 1" f(0) = - [0 - 0 e (4.1)

It is well known [1] that a sufficient condition for I"°f € L, is that f € L,,
R(n) > —1/q and R(6) > 0.

(ii) For aj = 1, n = 1, ¢(x) = 1, we obtain the operators defined by Saxena and
Kumbhat [16]:

__é' T

This case is considered first by E. R. Love [8]. In the special case a = n+§, (4.2) re-
duces to the operators considered by M. Saigo [11]. They may also be obtained as
a special case of the operators of general fractional integration of V. Kiryakova [7]
(for m = 2).

(iii) Putting a; = 1/a; and taking the limit as a; tends to co we obtain the
following operators:

R{S@N} = R {5.85m585, = flo)]}

nj—6;

jﬁl[m A A

<afi (0105 (1- 2)) [(t)]¢[<t/z)]dt1---dtn} (43)

and

K{f[(x)]}:K{aj,ﬂj,cjm, ; [(w)]}

- mj’ /oo / =G i—1
= . J(t._l-.)'h

x1F (ﬁj;’rj;aj (1 - ?)) fI®1¢l(=/1)] dty ---dtn} (4.4)

J



30 SAXENA AND RAM

where the kernel ¢[(t)] is such that the integrals make sense and the following con-
ditions hold:

(i) 1<pj;5q;<oo;p; +q; =1
(i) R(rj) > ~;, R(E;) >0
(iil) R(v;) > 0, Re(¢;) > pJ

5. Theorems

Theorem 1

If f[(w)] € [Lp;(0,00)], 1 < p;j < 2 (or f[(z)] € [Mp,;(0,00)] with p; > 2),

Y4git =1, R(n;) > —q¢;', R(y;) > 0, R(§;) > 0, Rly; — e — B5] > 0,
§R[6 —a; — ;] >0, for j € (1,2,...,n), and the integrals involved are absolutely
convergent, then the following result holds:

M[R{ajaﬂj’nj,éjaaj : f[(z)]}] = Mf[(-’l?)] I([O!j,,Bj, nj —$8j+ 1’6.7"aj : 1]’ (51)
where [M,, (0, 00)] denotes the class of all functions f[(z)] of [L,,(0, c0)] with p; > 2
which are inverse Mellin transforms of functions of [L,;(—00, c0)].

Proof.

M[R{aj’ﬂj,nj,éj,aj :f[(:c)]}] = /°°___/°° ﬁ {z?_l {””J;Z;—)a,
_/ / 10 (25— ;)%
X o Fy (aj,ﬂj;éj;aj (1 _ a%))

x fl(1)] ¢[(t/z)] dty -- -dtn} dzy--- dwn]
[ /wﬁ[s:—l Dldts -,

t”’ o ot nj —6;—1
Ve [l
X (25— t;)7 "2y (ajvﬁj;%';aj < - %))
J
X ¢[(t/z)]dzy - dan ,
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Interchanging the order of integration, which is permissible under the conditions
stated with the theorem, (5.1) readily follows from the equations (2.2) and (3.1). O

The following two theorems can be proved in the same way.

Theorem 2
o f[(lw)] € [Lp;(0,00)], 1 < pj < 2 (or f[(z)] € [ﬂf’p,-(O,OO)] with p; > 2),
P qj_ =1, ‘%(7.7') > 0, *SR(&J) > 0, ‘SR(CJ) > "'pj_ ’ %[71' - a; — ﬂ]] > 0,
R[6; — a; — B;] > 0, for j € (1,2,...,n), and the integrals involved are absolutely
convergent, then the following result holds:

[K{a;,ﬁp(g,%,% f[ ]}] Mf[ [ajvﬂj’Cj+sj_177jaaj 1] (52)
Theorem 3

If fl()] € [Lp;(0,00)], ;" +q;' = 1, g[(z)] € [Ly;(0,00)], R(7;) > O,
.SR(lSj) > 0, %[‘)’j - aj — ﬁj] > 0, ?R[ﬁj - o — ﬂj] > 0, for j € (1,2,...,n) and
the integrals involved are absolutely convergent, then the following result holds:

/Ooo.../Ooog[(m)]R{aj,ﬁj,nj,éj,aj : f[(s:)]} dzy---dz
= [T [T N K e 585,05 ol@)} don o (53)

Theorem 4

If f[(z)] € [Lp;(0,00)], 1 < pj < 2, (or f[(2)] € [Mp,;(0,00)] with p; > 2),
Yt =1L R > —qit, R(y) > 0, R(6;) > 0, Rly; — o — B5] > 0,
R[6; — aj — B3] > 0, for j € (1,2,...,n), the integrals involved are absolutely
convergent, and

R{aj,Bj,nj,6;,a; : f(z)]} = gl(=)], (5.4)
then the following result holds:
fl(@)] = "I 5ol hiCe /o s - dt, (5.5)
o) s 1
where
. B 1 ¢y +ico ¢l +ico H7?=1 %
M=) = (2mi)" /c’l—ioo .“/;’,,—ioo JIT(S)J]_dSIMdSn (56)
and

IXV[(S)] =K [ajvﬂja n; — Sj + 1’6]'7(1_7' : 1] (57)
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Proof. Multiplying both sides of equation (5.4) by H?=1 :1:;" ~!, integrating from 0
to oo with respect to z; and applying theorem 1, we find that

My((=)]
Mfl(z)] = —=—.
[(2)] K(s)]
Now using the multidimensional inverse Mellin transform, we get the desired result.

a

Remark. Theorem 4 is only a formal inversion formula. It is well known that such
types of fractional integration operators could be inverted by ‘fractional derivatives’,
i.e. by means of integro-differential operators [7]. One may expect to write down
such an inversion formula only for special choices of the kernel function ¢(z) by
specializing the parameters, e.g., as an H-function of one or more variables, etc.

A similar remark also holds for Theorem 5 given below, which can be proved in
the same way.

Theorem 5

If f[(=)] € [Lp;(0,00)], 1 < pj <2, (or f(z)] € [Mp,;(0,00)] with p; > 2),
p;l + qj_l =1, %(’)’j) >0, ?R(&j) > 0, %[7_,’ - aj — ﬂj] >0, R[&j —aj — ,@J] > 0, for
j €(1,2,...,n), the integrals involved are absolutely convergent, and

K{e;,B;, (7505 ¢ fl(2)]} = n*[(2)], (5.8)

then the following result holds:

fi@l= [ [T T g olole /s - 5.9
where 1 ¢} +ico Cptico H;}=1 :cJ-_Sj
i) =g [, TG G0
and

T[(S)]=R[aj,,3j,Cj+Sj—1,’)’j,aj :1]. (5.11)
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6. Some general properties of generalized Kober operators

The results presented in this section can be readily established with the help of the
definitions (2.1) and (2.2).

n n

H :L'j_lR[aj,,Bj,"?j,&j,aj f(:cJ_ H a]alsj,njaéjaaj f(wj)]’ (61)

j=

fuy

n

_lIi aJ,/@J7ij7_7’aJ f(m_l) = H ajaﬂjﬁ(ja’)’j,aj:f(wj)]' (62)

"!:1:

(6.3) and (6.4) given below exhibit the rules for a ‘generalized’ commuting of the
operators R and K with power functions of z.

n

n

>‘j A;
I =5 Rloy, B5.ms, 65,05 ¢ f(z5)] =H [, B5,m5 — Xjy 65,05 2 27 f(z;)], (6.3)
j=1

J Aj
I( a]aﬂJ,CJ77J»a’J f('TJ = aJ’IBjaCj+>‘j77j7aj:zj f(xj)] (64)

nm:
u";_—_]:x

The following two properties express the homogeneity of the operators R and K.

If
ﬁ R{aj,B;,5,6,a; : fl(2)]} ﬁ [(z)], (6.5)
then - -
fI R{aj,Bj,n5,65,a;: f(cj 25)]} = ﬁ [(cj z5)]- (6.6)
If - =
j_ﬁl K{aj,B85.Cvira;: f(z5)]} = ﬁ ¢l(z;)], (6.7)
then

H {aJ?IBJ’CJ"yJ’aJ: CJ z;) }: (CJ J) (6.8)

u'z:
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