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ABSTRACT
An ideal in a commutative topological algebra with separately continuous
multiplication is non-removable if and only if it consists locally of joint topo-
logical divisors of zero. Also, any family of non-remowvable ideals can be
removed simultanously.

The notion of non-removable ideals in commutative Banach algebras was intro-
duced by Arens [1] and further studied e.g. in [2], [3]. In [5] it was proved that an
ideal in a commutative Banach algebra is non-removable if and only if it consists of
joint topological divisors of zero. Any countable family of removable ideals can be
removed simultanously [6] which is not true for non-countable families [3].

Non-removable ideals in locally convex and topological algebras were studied
in [7], (8] and [4]. In [4] some partial results for topological algebras with sepa-
rately continuous multiplication were obtained. In the present paper we continue
the investigations of [4]. It turns out that there exists a nice characterization of
non-removable ideals in the class of topological algebras with separately continuous
multiplication.

All algebras in this paper will be commutative, complex and with units.

As in [4], by an s-algebra we shall mean a topological linear space with a sepa-
rately continuous associative multiplication which makes of it an algebra. The topol-
ogy of an s-algebra A can be given by means of a system v(A) of zero-neighbourhoods
which is closed under finite intersections and satisfies
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(1) for every U € v(A) there exists V € v(A) such that V+V C U
(2) for every U € v(A) and complex number A with [A| <1, \U C U
(3) every V € v(A) is absorbent

(4) for every U € v(A) and z € A there exists V € v(A), 2V C U.

Let A, B be commutative s-algebras with unit elements. We say that B is an
extension of A if there exists a unit preserving algebra isomorphism f : A — B
which is also a topological homomorphism. We shall identify A with its image f(A)
and write shortly A C B.

Let I be an ideal in a commutative s-algebra A with unit e. We say that I is
removable if there exists an extension B D A such that I is contained in no proper
ideal of B. Equivalently, this means that there exist a finite number of elements
Zi,...,Z, € I and by,...,b, € B such that 21;:1 zsb; = e. Otherwise we say that
I is non-removable. Let {z;,...,2,} be a finite subset of a commutative s—algebra
A. We say that z,,...,z, are joint topological divisors of zero if there exists a net
{24} C A which does not tend to 0 but lign zats=0fors=1,...,n.

If ¥(A) is a system of zero-neighbourhoods giving the topology of A then
Z1,...,Z, are not joint topological divisors of zero if and only if for every U € v(A)
there exists a neighbourhood V' € v(A) such that

2€A, z2z;€V (s=1,...,n) implies z € U.

Let m > 1. It is easy to prove by induction on m that zy,...,z, are not joint topo-
logical divisors of zero if and only if for every U € v(A) there exists a neighbourhood
V € v(A) such that

n
(5) z€A, zzP...z% €V for every ql,...,qn,th =m implies z € U.
t=1

Let I be an ideal of a commutative s-algebra A. We say that I consists locally
of joint topological divisors of zero (cf. [8]) if every finite subset of I consists of joint
topological divisors of zero. If I consists locally of joint topological divisors of zero
then it is non-removable. Indeed, suppose on the contrary that there exist B D A,
T1,...,Zn € I and by,...,b, € B such that > _, z,b, = 1. Let {u,} be the net
satisfying z,z; — 0 (s = 1,...,n) and z, # 0. Then

n n
Za = 24 ( Zz3b3> = Z(zazs)bs.
s=1 s=1
We have (zo25)bs — 0 (s=1,...,n) so z, — 0, a contradiction.

The aim of this paper is to prove the converse implication. Also we prove that
any number of removable ideals can be removed simultanously. Thus the situation
in the class of s-algebras differs from that of Banach algebras where only countable
families of removable ideals can be removed simultanously (see [3], [6]).
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Theorem 1

Let A be a commutative s-algebra with unit e. Let A be a set and p; a positive
integer for every | € A. Let u;s (I € A, 1 < s < p;) be a system of elements of
A such that, for each l € A, w;1,...,u;,p are not joint topological divisors of zero.
Then there exists an extension B D A and elements b;; € B (I € A,1 < s < p)
such that 3% uisbi, = e for every | € A.

Proof. We may assume that p; > 2 for every [ € A (if p; = 1 for some [ € A we can
replace the element u;; by the pair u;y,u12 = u11).
Denote by N the set of all non-negative integers,

T = {(l,S),lEA, 1_<_SSPI},
D={k:T — N, k((l,s)) # 0 only for a finite number of (I,s) € T}.

For k,j € D and (I,s) € T denote ks = k((1,3)), |k|; = X%, k15 and (k+j) € D,
(k+3)is = ks + J1s- We write k < j if ks < jys for all (I,s) € T'.

Denote by Q(A) the algebra of all polynomials with coefficients from A and
with variables b; (j € D) i.e.

Q(A) = { Zajbj, a; € A, a; # 0 for a finite number of j € D}.
JED

Here bJ stands for ] b{;’.
(1,)€T
The algebraic operations in (A) are defined in the natural way.
Let v(A) be a system of zero-neighbourhoods in A giving the topology of A
which satisfies (1)-(4).
We define the topology in Q(A) in the following way: for any mappingd : D —
v(A) define a zero-neigbourhood Vy in Q(A) by

Va= { Z ajbj € Q(A), a5 € d(j) for every j € D},

jeD

Clearly the system v(Q(A)) = {V4, d : D — v(A)} satisfies conditions (1)-(4)
(condition (4) is clear for every a € A and for bi, (j € D) and every z € Q(A) is a
finite combination of these elements).
Therefore Q(A) with the topology determined by this system is an s-algebra.
Let I C Q(A) be the ideal generated by the elements {e — ’s"=1 uisbis, | € A}
and denote by B = Q(A)|I. Then B is an s-algebra (see [4]).
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Consider the mapping f: A — B, f = 7 fo where fy : A — Q(A) is the natural
identification of A with the constant polynomials and 7 : Q(A) — Q(A)|I is the
canonical projection. Clearly f is a continuous homomorphism and

bt

Zf(u,s)ﬂ'(b,s) = ep for every | € A.

s=1

Therefore it is sufficient to show that f is open.
We must show that for every U € v(A) there exists a mapping d' : D — v(A),
such that

(6) (Va+DNnACU

(cf. [4]). In fact is sufficient to show that for every U € v(A) there exists a mapping
d: D — v(A) such that

(7 (Va+I)NACU.

Indeed, suppose U € v(A) and Vy € v(Q(A)) satisfies (7). Find Vg € v(Q(A))
such that Vg + Vg C V3.

Let a € A and z € T satisfy a — z € V. Then there exists zo € I such that
z—z9 €EVyganda—zo=(a—z)+(x—20) €E Voo + Vo C Vyg. By (7),a € U.
Therefore (6) is also satisfied and f: A — B is open.

Denote by G = {g: A — N, g(I) # 0 for a finite number of / € A}. For g € G
put |g| = 37,ca 9(1). For j € D let g(j) € G be defined by (9(3))(!) = [il: (I € A).

Let U € v(A). We define the zero-neighbourhoods U,,U; € v(A) for g € G
inductively. Choose Uy € v(A) such that Uy + Uy C U (here 0 is the zero function
A — N). Suppose U}, is defined for all h € G, h < g, h # g. Choose Uj; € v(A) such
that

P
(8) zuj} u;];,‘ € U, for every q1,...,q1 € N, qu =p(g()-1)+1
s=1
implies x € Uy, whenever [ € A, g(!) # 0 and h € G is determined by h(l) = g(I) -1,
h(m) = g(m) (m #1).
This is possible because of (5) and g(!) # 0 only for a finite number of [ € A.
Choose further Uy € v(A) such that

(9) Ug+Ug+...+ U, C U,

c
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where ¢ = 219! . T] ply(l)z_
leA
For j € D find now a zero-neigbourhood V; € v(A) such that

(10) Viu? C Uyj) for every q € D such that |q|; < ljl?.

Define d : D — v(A) by d(j) = V5 (j € D). We prove that the corresponding
zero-neighbourhood V; € v(Q(A)) satlsﬁes (nN.

Letac A,z €l,a+z€Vy,

T = E Z agl) (e —upb — ... — uz,p,bl,p,)
leA jeD
where only a finite number of elements a( )
V4 may be rewritten as follows:
a+ Z a(l)

leA
(11) i€V (ieD,i#£0)

€ A are non-zero. The condition a4z €

where

EDILLED MR

leA leA 1<t<p;
i[¢#0

and Jit = it — 1, Jms = tms for (m,s) # (1,1).

Suppose that elements a,q; (j € D) satisfying (11) are fixed. It is sufficient to
show that (11) implies a € U.

In the following we shall need some notations and results of [6].

It is convenient to consider linear combinations of a; (s as formal expressions.
Therefore we denote by W the free additive group with generators &(1) ik (§,k €
D, 1 € A). Here we consider a( )@k as one symbol; there is no mult]phcatlon in W.

Define the additive mapping P : W — A by Pa}l)uk = a(')uk
Define the following additive mappings acting in W
Leti,ke D,k >1i,l,me A,de€ N. Put

Gk if i, = d
Hopa(a{" 0 1) = {0
Tim (6071 = o™k, m@Dak ) =0 forr #£1
Frlm(&gl)ﬁk—i)z Z &El)ﬁk_j

jEMi,m

otherwise,
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where M; m = {J € D, there exists t, 1 < t < p,, such that j,: = tm: — 1, jrs =
irs for (r,8) # (m,1)},
Fzm((r) kl)=0 for r # 1.
For 1 < s < pi, kis > 415+ |ili + 1 put

. oy e — s = D) v
Gls(agl)ﬁk—n)=Z(_1)Ju—u,-—1 (J1 Us ) a(l)uk—_]

Iz, Gl

k)

where
= {j €D,jre=1tpforr#1, jy <iyfort#sand|jl; =i + 1}.

We put Gi,(a” a%—%) = 0 if either 7 # I or ki, < i1 + |il; + L.
For 9 =3 A 2ijen 71(3) El) & € W (a finite sum with integer coefficients 7‘J))

define (1)
|8] = max ax |y
ijeD

By the definition of G;s we have
lili lil:

!
(12) |Gls (l)u‘ll < Z Z n_l'___t_.n___ Z(p’ _ 1)t < p|l|l
n n - p
"1+1 +n:,'_11_t l
(see Lemma 2 of [5]).
Further put Zis = Gis + X ((TimGis = Tim Fim Gis + Tmm ).
The properties of these mappings can be found in [6]. We shall need the fol-
lowing lemma (Lemma 5.1 of [6]).

Lemma 2
Let k € D, gEG, D=3 1cp EIED 'yl(l)a(l)uk‘i € W (finite sums with integer
coefficients 7; )) Let Ag = {I E A, 7; 75 0 for some i€ D}. Letl € Ao, 1 < s < py,
kis > 415+ |i|; + 1 whenever 7 ;é 0. Suppose that
(1) |ilm < g(m) whenever 7i(m) # 0 for some m' € A and |i|, = g(m) if'yi(m) #£0
(ii) Hpt o(m)Tmm® = Trmm® — Frumi Tmm® for every m,m’ € Ao, m # m/
(iii) Hpm, g(m)Tm m:v = Tmm!Hpt g(m)Tmm® for every m,m' € A (i.e. 7(m) = %(m)
for every m,m' € Ao, i € D, |i|m = g(m), |i|m = g(m').
Then W = Z;,D satisfies conditions (i)-(iii) for ¢’ € G determined by

g =gl)+1, gW")=g(') forl'#l.
Further || < 2plg(l)|fz|.
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Proof. The statements (i)—(iii) are proved in Lemma 5.1 of [6).
Further

Ile%I = IGlsf) + z(ﬂ'lmGls — Tim F1mGis + 7rmm)'b|
m#l

= ‘Z Tmmf)' + |G[s’l7 + Z ﬂlmHm,g'(m)Glsﬁl
m#l m#l
< 18] +1Gusd| < [81(1+p{") < 29131,

(We used the fact that G;; = ;G5 and property (ii)). O

Suppose now that elements a;(!) € A (j € D, ! € A) satisfying (11) are given
such that only finite number of them are non-zero. Put Ag = {l € A, ag»l) #
0 for some j € D}. Choose a sequence ¢o,91,92,--- € G such that go = 0 € G,
Int1 > Gn, lgn] = n (n = 0,1,...), ga(l) = 0 for I ¢ Ao and such that, for n
sufficiently large,

g=(0) > il whenever j € D and ag}) £ 0.
Put Mo = {¥,ca, @} C W and define inductively sets M, C W (n =1,2,...) by

Moy = {Z15(2ul .. w2},
where & € My, | € A is determined by gn41(I) = g.(1) + 1, X0, ¢: = gu(Dp1 + 1,
1<s<pandgs > gn(l)+1.

Lemma 3

Let & € M,. Then & satisfies conditions (i)-(iii) of Lemma 2 for g = g, € G
and for some k € D, |k|m < pmgn(m)? (m € A).
Further
&) <2 I pg™”.
meA

Proof. By induction on n:
Suppose & € M, satisfies conditions (i)—(iii) of Lemma 2 for ¢ = gn and for
some k € D, |klm < pmgn(m)? (m € A) and let |3 < 2" I, cx P (™ . Let I € A

be determined by gn41(l) = gn(l)+1and let ¢1,...,q,, € N, X0, ¢ = gm(Dpi + 1.
Let 1 < s <pjand g5 > go(l) + 1. Put § = 24 ... 4.
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Then § satisfies conditions (i)—(iii) of Lemma 2 for g = g, and for k' € D where
Ikllm = |k|m < ngn(m)2 = ngm+1(m)2 for m # [ and

K| = [K|: + pign(@) + 1 < pi(gn(l)* + gn(D)) + 1
2
<pi(gn(D? +1)° = pignta(D)?.

Hence Z,53 satisfies conditions (i)-(iii) of Lemma 2 for ¢ = g,41 and for k' € D.
Further
1Z0,3] < 20" V131 = 292

<o .20 [ pge" < 2741 ] piposn, 0
meA meEA

We prove PM,, C Uy, (n=0,1,2,...).
By the previous lemma PM,, = {0} for n sufficiently large as only finite number

of the elements a}m) are non-zero. Therefore it is sufficient to prove

PM,4 CU,,,, = PM,CU,  (n=0,1,...).

n+1
Let £ € M, and let | € A be determined by gn4+1(l) = g.({) + 1. To prove
Pz € U,, it is sufficient to show

pi

P(zaf; ...ﬁ;’z'n) € U;n“ for every q1,...,9 € N, th =pign(1)+1
t=1

(see (8)). Fix q1,...,qp and put § = &af; ﬁ?;‘ Then there exists s, 1 < s < p
such that ¢; > gn(l) + 1. Then Z;,;j € My 41 by Lemma 2,s0 PZ;,§ € U,
We shall need the following lemma:

n+1°

Lemma 4

Let i,k € D, g(i) = gn, let [k|m < pm(gnt+1(m))? for every m € A, let kis >
i + il + 1.
Then

P(&{ & - 2,6{" &) € Uy, + ... + Uy, -

gn+1
- -

~

pf”(l)— times
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Proof. By [6], Lemmas 3.1 and 3.2 we have

. . — 2. — 1! .
P(&gl)ﬁk—l_zlsdgl)ﬁk—l) Z( 1)],,—1,, (]ls s ) fuk'J.

jen H t#s (llt—]lt)‘ J

For every j € J; we have f; € V; so fyjuk™ € Uy, ., by (10) (note that g(j) = gn+41
for j € J1).
The rest follows from the estimation

Z (]13 — s — 1) ga (1)

<p;
| | — !
J€N 1<tf’ (th J“)

(see (12)). O

(Continuation of the proof of Theorem 1):
We have

:‘7 = (ﬁ - leg) + Zl.s:a € £JQH+1 + ...+ Ug,..‘_L

~

c—times

where , .
c< p.lqn(l) .on . H p;qﬁ,(m) +1< gn+1 H p_g’:+1(m)
meEA meEA

hence § € Uy, ., by (9).
We have proved that PM, C U,, for every n. In particular,

Y o) € PMy C Uy = Up
1€Ao

and by (11),
a= (a+ Z aé”) —Eagl) elUp+UsCU.
l€eAo leA
This finishes the proof of Theorem 1. O

Corollary 5

An ideal I in a commutative s-algebra A with unit e is non-removable if and
only if it consists locally of joint topological divisors of zero.

Proof. If I does not consist locally of joint topological divisors of zero then there exist
elements uj,...,u, € I whish are not joint topological divisors of zero. Theorem 1
for card A = 1 gives the existence of an extension B D A and elements by,...,b, € B
such that Y37 | uby = [, i.e. I is removable. O
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Corollary 6

Let {T1}iep be any family of removable ideals in a commutative s-algebra A
with unit e. Then there exists an extension B O A such that, for every l € I, I, is
not contained in a proper ideal of B.

Proof. I, does not consist locally of joint topological divisors of zero so there exists
a finite number of elements 1, ..., %, € I} which are not joint topological divisors
of zero. Apply Theorem 1. O

Corollary 7

Let {us }aen be any family of elements of a commutative s-algebra A with unit
e. Suppose that u, is not a topological divisor of zero for every a € A. Then there
exists an extension B D A such that all u,’s are invertible in B.
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