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ABSTRACT
In this paper we prove that the geometrical notions of Rotundity and Uniform
Rotundity of the norm in a Banach space are stable for the generalized Banach
products, which enclose the products that M.M. Day deals with in [2] and [3].

1. Introduction

In 1936 J.A. Clarkson [1], introduced the notion of uniform rotundity of the norm
in a Banach space. He proved that for p > 1 the spaces L? and (P are uniformly
rotund.

Later, in 1941, M.M. Day [2], studied the behaviour of this property in relation
to the Banach products of ¥ type. With this paper, we expand the Day results,
and we enlarge on the family of uniformly rotund Banach spaces, establishing the
stability of this property for the spaces introduced by R. Huff in [5], that generalize
”Banach products” for a countable quantity of spaces. In addition, we establish
analogous results for the notion of rotundity of the norm in a Banach space.

We follow the standard terminology that can be found in [6]. Let (X, ]| -||) be
a Banach space. By denotes its closed unit ball, Sy the surface of Bx. K denotes
the field of real or complex numbers.

This paper is a part of the thesis presented by the second author to obtain his
PHD-degree at the University of Valencia.

Now, let us consider the following definitions:
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138 MONTESINOS AND TORREGROSA

DEFINITION 1.1. A Banach space (X, ||-||) is Rotund (R) if, given z,y € Sx with
z # y, then 5;4‘“ < 1.

DeFINITION 1.2. (X, || -||) is Uniformly Rotund (UR) if, given ¢ > 0, there exists
6 > 0, such that

=

3 H <1-46 whenever ||z — y|| > ¢, and z,y € Sx.

The function 6 : [0,2] — [0,1], defined by

6(e) := inf {1 -

T4y
2

L2,y € Sx, e = oll > ¢,

is called The Modulus of Rotundity of the space (X,||-||). Sx can be replaced by
Byx in the former definition giving the same value for é(-).

It is clear, from the definition, that (X N ||) is uniformly rotund if, and only if,
for every € > 0, 6(¢) > 0. It is also clear that, if e; < €3, 6(£1) < 8(€2). At the same
time it is obvious that §(0) = 0 and we have 0 < §(¢) < ¢/2, Ve € [0,2], therefore
lim,_,g+ 8(¢) = 0. Indeed, given ¢ € [0,2] and 2 € Sx, we define y = (1 —¢€)z. Then
y € Bx and ||2 — y|| = €. On the other hand

= =l =5l = -5
U)o e =1- £,

Therefore, 1 — “%MH = ¢/2 and we have 0 < é(¢) < g/2.

It is obvious, from the definition, that
(UR) — (R).

DEFINITION 1.3. Let {Xn i E N} be a family of Banach spaces with the property
(UR) and let §,, be the modulus of rotundity of X,, n =1,2,.... It is said that the
spaces {Xn in € N} have a common modulus of rotundity if

inf{én(e):neN}>0 Ve:0<e<2.

It is clear that inf{6,(¢) : n € N} > 0 if and only if there is one function §(¢) > 0
which can be used in place of all é,(¢).
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2. The product of rotund Banach Spaces
The following spaces have been used by R. Huff in [5)].

DEfINITION 2.1.  Let (Y,]|-[]) be a Banach space with basis {¢; : 7 € I} (uncon-
ditional if I is non-countable) and such that, for every finite subset J of I,

< H > Bie;
i€

(1) 0<ogl <5 Vied = Y ase
Jj€J

Let {X,t NS I} be a family of Banach spaces. Let us consider the space

Y(X;:1el)= {;r = (;1711)1.61 € HXi : Z”:r,:”m € Y},
iel iel
endowed with the norm

el = [ ot

The space Y(X; : 4 € I') with this norm is a Banach space.

In order to prove the stability of the properties (R) and (UR) for the spaces
Y(X;: 1€ I), as it was mentioned in the introduction, we shall use the following
simple result.

Lemma 2.2

Let (Y,]| - ||) be a Banach space with basis {e; : i € I} (unconditional if I is
non-countable) satisfying (1). Let {X; :i € I} be a family of Banach spaces. We
define ¢ a mapping from Z = Y(X;:1 € I)into Y as

i 16] Z“’ ”( V(.‘If.i) € 7.

i€1

Then ¢ has the following properties:
()Vz€ Z, ||o(=)] = |l=]l-
(11)V~€7V/\E]K,</>/\ || p( =
(i) V21,2 € Z, (1) - é(2)]| <
(iv) V~1,~> € 7, ”d’ ~1)+¢ (z2)]| >

"‘—‘——v
I
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Proof. (i) is just the definition of the norm in Z. (ii) is obvious. (iii) is easy: let
z1 = (¢}),cp» 22 = (27),; be elements in Z. Then

l¢(21) = éz2)l| = || D_ll=illes = D[l les
i€l i€l
= I el = fle2 e
el
< [Sllet - w2 = s = 20 = 1 - 2l
€l
in view of l”l”l - ”112” < “;:7} - :1:12;”, Viel.

2

(iv) is also easy: let z; = (:lr})iel, z2 = (:r;)iel be elements in Z. Then

lp(z1) + ¢(z2)

=[Sl es + Sl e
1€l i€l

=SS + e
€]

> (|50t + ] = ot + 22)] = 21 + 2l
1€1

in view of “1,1 + fo < “1}“ + Hlf“, Yiel. O

Theorem 2.3

Let (Y,||-]|) be a Banach space with basis {e¢; : i € I} (unconditional if I is
non-countable) and such that, for every finite subset J of I,

0 S '(_l’jl < /3]', V_j €.J = ”z Q]'C‘]'“ S HZ ,5.7'(5]'
i€J j€J

Let {Xi e[ } be a family of Banach spaces with the property (R). Then, if
(Y,|| - |l) is a rotund space, Z = Y (X, : 1 € I) has also this property.

Proof. Let us consider ¢ the mapping from Z into Y, defined in the previous lemma.
Let & = (2;)..;, ¥ = (yi);; be elements in Z, with [|z]| = [|y|| = 1 and = # y. The
elements ¢(x), ¢(y) are in Sy. Let us consider two cases:

(a) If () # #(y), then |} (4(x) + 6(y))
2.2, we obtain
52 <1

< 1. From here, by virtue of lemina
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(b) If ¢(x) = P(y), then H;r,-” = ||'y,;||, Vie I. As @ # y, there will exist i € 1
so that x;, # y;,. Due to the rotundity of the space X; , we have

199
1 1
“5(""130 + 4io) || < '2'(” 1"1?0” + ” yiOID'
Let us supose that ||z + y|| = ||¢(x + v)|| = 2. Then

2= [l +wll e <[ i + i
1€

i€l
<|[Xlleille]| + [ Xllwill e
iel 1€

= [|a()|| + le()]| = 2,

then

”Z;”‘"i + C‘/i” (:',-l

Since Y is a rotund space, we have

= |12 Uil + llel)
i€l

@) E:wm+mu+9pi+ﬂmmci<“§:ww+wwﬁ.
i€l i€l
But
s 4 ] < Lt osll+ Qe + )
A Ji _ 2
hence

HZ;”‘“ bl e < H; i + il + (2“-’1’i|| + [lw:ll) e,:H

which is in contradiction to (2). O

Bearing in mind that the space [? with 1 < p < oo is rotund Banach space [1]
with basis {¢, : n € M} that satisfies the conditions of theorem 2.3, we can obtain,
as an inmediate consequence of the cited theoremn, the following Day result [4]:

Corollary 2.4

Let p be with 1 < p < oo and let {X,, : n € N} be a countable family of Banach
spaces. Let us consider the Banach space I’(X1, X2,...) defined by

Z:=1"(X1,Xs,...) = {.q,- = (a) € [[ Xt M2l = 3 flaall? < +oo}

n=1 n=1

and provided with || - ||,. Then, Z is a rotund space if, and only if, the spaces
X,., n=1,2,3,... are also rotund.
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Similarly, the space L” with 1 < p < 0o is rotund Banach space [1]. We choose
the Haar system {¢, : n € N} defined as follows. The function ¢, is identically 1
on [0,1]; ¢ is 1 on [0,1/2), and -1 in [1/2,1]; ¢3 is 1 on [0,1/4), -1 on [1/4,1/2)
and 0 on [1/2,1]; ¢4 is 1 on [1/2,3/4), -1 on [3/4,1) and 0 on [0,1/2). For positive
integers r and k& < 2771, ¢yr-14p is 1 on 15, 4, -1 on I3, and 0 otherwise, where
[0,1] is partitioned into 2" intervals {/7 : 1 < j < 27} of equal lenghts.

{¢n : n € N} is a basis that satisfies the condition of thearem 2.3. Therefore,
the space

1
LP(X) = {f :[0,1] — X Bochner integrable, ||f||” = / | f(2)])P da < +oo}
0

is rotund if and only if (X, ]| - ||) is also rotund. [4]
The spaces of I?(X7, X3,...) type have been used by Day [3], in order to obtain
rotund Banach spaces which cannot be renormed in a uniform rotund manner.

3. The product of uniformly rotund Banach spaces

Theorem 3.1
Let (Y,]|| - ||) be a Banach space with basis {e, : n € N} and such that

0<a, <p,, VneN = “Z €y ! < ” Z Bren '

n=1 n=1
Let {X, : n € N} be a family of Banach spaces with the property (UR) and a
common modulus of rotundity. Let

o

Y(X1,X5,..) = {;I‘ = (a,) € H X, : Z anllen € Y}

n=1 n=1

equipped with the norm

el = |3 oullen

n=1

y

Then, if (Y,|| - ||) is uniformly rotund, Y (X1, X>....) is uniformly rotund, too.
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Proof. Let é : [0,2] -—— [0,1] be the common modulus of rotundity of X,, n € N,
and 67 : [0,2] — [0,1] that of Y.

Let us consider ¢ = (x,), ¢’ = («) elements in Y (X3, X3,...) with ||z|| =
|z’|| = 1. Let ¢ > 0 be given and suppose ||z — z'|| > e. We will prove that exists
65 > 0 such that

p !
”mfm <1-6,.

Let us consider two cases:
(a) First we assume ||z,|| = ||/,||, V» € N. Then, for each n € N

o+ 24l <2 (1= 6( Loy g,

since @, and !, both lie on the sphere of radius ||z,|| about the origin in X,,. Hence

© =[St e 2[5 o= et

n=1

Consider

ui={ne i po, ol £f

Therefore, if n € N\ M,
4
|l > =, — 2" |l
lnll 2 =llen = 2%l

Then, we get

=)
1= HZ ”11’11.” Cn
n=1

b

4
> 2 Meallea]| 2 2| X e = allen
neN\M - neN\M

that is

> o = alllen]| < .

neN\M

In addition, it can be easily proved that

| 3t = e

neM

>

Hence 3
€
Z ?a

1
I Hallen]| 2 5[ 3 llen = wlen
neM nemM
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in view of ||z, — 2L || < 2||x.||, Vn € N.
Now, we denote

Y= Z lenllen, ¥ = Z Nznllen, 3" := (1 - 26(%))3}',

ne€N\M neM

elements in Y that satisfy

ly+ 4"l <lly+ ¥l =1
, £ €. 3¢
ly+ v = (w+ 9"l =26(3) I'll 2 265) T =: ae).

By virtue of the property (UR) for Y

1 ) w4«

s +y +y+ il <1-6i(ale)),
that is
(4) Jv+ (1-4(5)) v| < - rtaten.

From (3) and (4), we obtain

|25 <] £ (- o570 e
Ty #0
<[ X (-6(3) lallewt 3 llallea
neM n€N\M
<J(1-e(5)) v+ o £ 1 - mteten =1 - s

where we have denoted
. : €. 3¢
bo(e) = butate)) = & (85 )

(b) In the general case we suppose only that ||2|| = ||2'|| = 1 and that ||z +2'|| >
2(1 = 61(u)), were 0 < pp < 2.
The lemma 2.2 shows that

201 = 8x(w)) < flw + «'l| < llg(x) + o),



Rotund and uniformly rotund Banach spaces

then

lé(a) - m-”}:mnu—muna

Now let €, = 1, n =1,2,3,.... We will prove that, also

“2:% (llzall = Il en | <

n=1

So,let A={n€N:¢e, =1}, B={n€N:¢e, = —1}. We define

o = ifne A J af, ifneA
Yn = a, ifneB”’ In =\, ifneB’

Then y = (y»), ¥’ = (y;,) are elements in Y(X1, X2,...) such that

I6(y) + Syl = llé(x) + (=) > 2 (1 = 61(n)),

then ||¢(y) — ¢(y')|| < p.

But, it is easy to prove that

() MJl—HE:wLPn Ak

n=1

Now, we define

||' ’LH lf ’I',

x, #0
all = || A Fas w ¥ , n=123,...
Ty, ifal =0
We obtain |[2|| = [[«.||, Vn € N, then 2" = (2!) € Y(X1,Xq,..
||z|| = 1. Also
(o]
e = 2 = | 3 Nt = il en| = H}:aJPAIIPADH<ﬂ
n=1 n=1

where ¢,, = +1 appropriately.
On the other hand

Hm+ﬂﬂzHm+ﬂH—W”-WH>2U—5KM)—M=2(1—%00—

145
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Once € > 0 is fixed, we take p such that 0 < p < €/2 and 6;(p) + /2 < o(e/2),
where 6y has been defined in part (a). Then

lz + 2"|| > 2 (1 - 50(§>).

By virtue of part (a) we have ||& — 2"|| < ¢/2.

Finally,
6 —_
5 =£.
Therefore, given 0 < ¢ < 2, u has been defined, and therefore §;3(¢) := 6;(u) in such

a way that if #,2' € Y(X1,X;,...) with ||z|| = ||z'|| = 1 and

le = 'll < lle = 2"l + ll2" = o'l] < < +

=5

Iy

“ > 1 - 8y(e),

then ||z — 2'|| < e.
This finish the proof of the theorem. O

Since {? with 1 < p < oo is a Banach space uniformly rotund [1], with basis
{e, : n € N} that satisfies the condition of theorem 3.2, we obtain, as an immediate
consequence of the cited theorem, the result of M.M. Day [2], in which it is estab-
lished that the space I?(X1, X3,...) with the || - ||, is uniformly rotund if, and only
if, the spaces X,, n =1,2,3,... have a common modulus of rotundity.

Analogously, (L?(X),|| - ||p) with 1 < p < oo is uniformly rotund if and only if
(X1 ll) also is. (2]

We can obtain this result as an immediate consequence of theorem 3.1 using
the Haar system {¢, : n € N} as a basis of the Banach space uniformly rotund LP.
It’s also possible to prove it with an embedding argument similar to that used by
Clarkson in analogous circumstances in LP.
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