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ABSTRACT
Given a Banach space X and a Kothe sequence space Ay, with 1 < p < 00
orp 0, itis known that Ip(Ap, X) is barrelled if’ A, satisfies Heinrich’s
density condition. In this notc we show that if p > 1 and if A, does not
satisfy the density condition then Lb(Ap, X) is barrelled if and only if every
continuous linear operator from A, into X is compact. As a consequence we
get a characterization of the distinguished spaces of type foc®x Ap.

Let £ and X denote a Fréchet and a Banach space respectively and let Ly(F, X) be
the space of all continuous linear maps from E into X endowed with the topology
of uniform convergence on the bounded sets of E. The space FLy(F, X) admits a
fundamental sequence of bounded sets but in general it is not a (DF)-space, l.e., it
may happen that Ly(F, X) is not Rg-quasibarrelled; see |15] for a counterexample
and [8] for more information. The following results concerning harrelledness of
Iy(#, X) are already known.

Theorem 1

(a) [3, 2.9] Let us assume that Ly(F, X) is a (DF)-space and that E satisfies the
density condition (i.c., the bounded sets of E; arc metrizable, [2]), then Ly(E, X) is
barrelled.

(b) [4] Let A, be a Kéthe sequence space with 1 < p < 0o or p =0, Then (A, X)
Is & (DF)-space. By (a) it is barrelled if A, satisfies the density condition.
(c) [2] If Ly(E, £s.) is barrelled then I satisfies the density condition.
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Morcover the barrelled spaces of type Lf,(/\,,, E,,), with 1 <p<oo0,1<q< o,
have been characterized in [4], also see [5). However a characterization of barrelled
spaces of typc I,-g,(/\,,, X ) for a general Banach space X remained still open. This
note is devoted to solve this case. As a consequence we can also give a description
of the distinguished I'réchel spaces of type )\,,6:'9,,300.

We refer the reader to [11] and |13] for notation and general theory. ‘I'he Banach
space ¢ will also be denoted by 4.

DeriNrrion.  Let T be a countable index set and let A be a Kothe matrix on 1,
ie, A= (ak(i))k'ef~!.ie] with 0 < ag(i) < agyi(i), for every k € N, i € I. Given
1 <p<ocorp=0 the Kothe scquence space of order p is defined as

Ap(1,A) - {(-’l-'i)iEI )|l o= (Z|:L',-|pa.k(i)>l/p <o, k€ N} ir <p< oo,

i€l
Ao(T, A) = {(:1:,;),;;_1 : liienllm,-ak(i) — 0}, ()|, = sup|eilac(i), k € N.

We write Ap(A) or even A, il there is no chance of confusion.

DEFINITION. Let (G.7) be a locally convex space. A Schauder decomposition of G
is a sequence of continuous operators P,: G — G, n € N, such that:

(1) P;o .Pj = (S,jj.["j, Vi.j € N.

(i) x - Z;’f, Pj(2), Vr € G, where the serics converges in .

E.g., if (G, 7) has a Schauder basis (en)nen and (e})nen denotles the associ-
ated sequence of biorthogonal functionals then (et ® €,)nen is a finite dimensional
decomposition of . (We omit the word Schauder from now on.)

Liet (Pu)ner be a decomposition in a locally convex space (. (P)nen is said
to be shrinking if the sequence of dual operators (P )nen is a decomposition of the
strong dual of ;. I7.g., the canonical basis of A, induces a shrinking decomposition
il 1 <p<ooorp- 0, morecover every decomposition in a reflexive Fréchel space is
shrinking (]10]). Let us denote @, : Z;’; 1 P4, 7 € N. The decomposition is said to
be equicontinuous if the sequence (@ )nen is equicontinuous. Every decomposition
of a barrelled space is equicontinuous. A sequence (zn)nern in G is said to be a
block sequence if it has the form z; (an — Qn,_,)(z;) for every j € N and some
increasing sequence 0 = ng <np <ng <...

The following characterization is straightforward (also see the proof of Lemma,
2.(a) below).



Barrelledness of Ly(Ap, X) 237

Lemma 1

Let (Pn)nen be an equicontinuous decomposition of a locally convex space G.
(Pn)nen is shrinking if and only if every bounded block sequence is weakly con vergent
to 0.

Let K(I7, X') denote the subspace of Ly( £, X) of all compact operators. Given a
decomposition (P, )nen in the Fréchet space 15 we define continuous lincar operators
ol K(FE,. X)— K(IE,X), f— [oP, neN.

Lemma 2

(a) Let I5 be a I'réchet space with a shrinking decomposition (Py,)nen and let X be

a Banach space. Then (o[’,,)" en I8 an equicontinuous decomposition of K(F5, X).

(b) Let G be a (DI)-space having an cquicontinuous decomposition (I,)nen such
that P,(G) is quasibarrelled for every n € N. Then (' is quasibarrelled.

Proof. (a) The condition (i) of decompositions is clear. To prove (ii) we have to
cheek the following equality for any f € K (£, X) and every bounded set 8 in Iy,

lim supl{(f — o Q;)(2)|| = lim sup||/f((id — Q;)(2))|| = 0.

)
j—x z€R j—o0 z€B

Let us assume on the contrary that this condition does not hold for some bounded
set 13 and some f in K(17, X). By induction we can scleel sequences (2, )nen C B
and j(1) < §(2) < ... such that

Hf((Qj(n 1) — Qj(n))(zn)>|| >¢e neN,

for some € > 0. Now the sequence ((QJ-(,” 1y — (Jj(,,))(zn))ner..! is a bounded block
sequence by the equicontinuity of (@ )aen, thus it is weakly null by Lemma 1
and the hypothesis that (P, )nen is shrinking. Since f is compact we have that
(.f((Qj(n.-|-1) - Qj(n;))(zn))

‘The fact that (/%)

N is a null sequence. A contradiction.
€N

k{3
nen 18 equicontinuous can be readily checked.

b) Let (I3,)nen be a fundamental sequence of bounded sets in G. I we sel C; 2=

G J
Ui>1 Qi(B5), j € N, then (Cp)ren is also a fundamental sequence of bounded scts
in (" and satisfies Q;(C,) C Cyp, for every j,n € N. Now the proof goes in the same
J ) Y .

way as in |7, Proposition 2|. O
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Lemma 3

Let X be a Banach space and 1 < p < oo orp =0:
(i) A continuous lincar operator T: £, — X is compact if and only if the image of
every boundced block sequence is a null sequence.
(ii) If there is a continuous linear operator from £, into X which is not compact
then we can find a continuous linear operator T: £, — X such that “T(e,-)” =1 for
every i € N.

Proof. (i) The “only il” part is clear since every bounded block sequence is weakly
null in £,. Conversely, let us assume that T is not compact. Then we can find
a weakly null sequence (2,)nen in £, such that ||T(z,)]| - 1, n € N. By using
a “gliding hump” argument we shall construct a bounded block sequence (En)nGN
such that [|’l’(z,,,)| > 1/2 for every n € N, a contradiction with the hypothesis.
In fact, let us denote Q;(2) = (zl,...,zj,0,0,...), with z € £,, j € N. We
take j(1) € N such that ||[T(Q;a)(z1))]| = 1/2 and set 21 := Q;qy(z;)- Now
the sequence (Qj“)(z,,,))"EN converges to 0 in norm, hence can select n(2) € N
such that ||7'((id - (Qj(l))(z.,,(z)))|| > 1/2; next we choose j(2) > j(1) such that
1T ((Qje2y — Qi) (Zn(2y))|| > 1/2 and set 2o 1= (Qi2) — Qi1)) (2n(z))- We observe
that (Qj(z)(zn))"e“ converges Lo 0 in norm and repeat the argument above; by
induction we construct the announced bounded block sequence (Z,,)

n€EN’

(ii) Let 7:£, — X be a continuous lincar operator which is not compact. By (i)
there is a bounded block sequence (z,)nen such that ||’I’(z,,)|| > pfor some p > 0
and cvery n € N. There is a continuous lincar operator I2: €, — £, mapping e; into
|’I'(zi)||_lz,; for every i € N (e.g. see [12, 2.a.1]). Then T'o R: €, — X is the operator
that we are looking for. O

Remark. Given a continuous linear map 7:¢; — X it is cnough to check that
(T(en))n n 18 a null sequence to assure thai 7' is compact. However this is not true
if 1<p<ooorp- 0. Weexhibit a simple exarmple for the case p = 2. We define
the operator 1: 4, — fo, (x;) — (.7:1,(.1:2 + x3)/2'/2, (24 + x5 + .'L'ﬁ)/31/2,---)- It
can be readily checked that 7' is a continuous linear mapping and it is not compact
though (CI'(e,‘,))” e converges to 0.

Theorem 2

Let 1 < p < o orp=0andlet A\, be a Kéthe sequence space without the
density condition. Given any Banach space X the following are equivalent:
() D(Apn X) - K (%, X).
(ii) L(£p, X) = K (£, X).
(iii) Ly(Ap, X) is barrelled.
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Prool. "I'he equivalence of (i) and (ii) is clear since every continuous lincar operator
from A, into X factorizes through £, and since A, is not a Montel space and hence
has a complemented copy of £),.

(i) = (iii) Tet us denote by (P")ner!
Ap associated to the canonical basis. By Lemma 2.(a), (ol’n)" e 18 an cquiconti-
nuous decormposition of K (A, X), morcover oP; (K (Ap, X)) is isomorphic to X for
every j € N. On the other hand Ly (A, X) is a (DI)-space (|4]) and coincides with
K (\p, X) by hypothesis. It follows that Ly (), X) is quasibarrelled by Lemma 2.(b)
and it is barrelled since it is complete.

the 1-dimensional shrinking decomposition of

(iii) = (i) Assume that there is a continuous lincar operator from £, into X which
is not compact. I'rom Lemma 3 there is a continuous lincar operator ¢: £, — X such
that |[¢(ei)|| 1. for every i € N. We have to show that Ly(Ap, X) is not barrelled.
According Lo the results of [1] since A, does not have the density condition it contains
a complemented subspace isomorphic to /\,,(Nz, H) where the matrix 73 satisfics:

(B1) bi(i,5) 1.Vi,jcN.
(B2) bu(iij)  bi(i.j), Yi 2 n, and imj_eo by 1 (1, §) = o0, ¥n € N.

I is enough to check that l,;,()\,,(lf), X) is not barrvelled. Lot U,, and V denote
the n-th unit. ball of A,(£8) and the closed unit ball of X, respectively, and set
B = {g € Lo(MAp(13). X);9(Ux) C V}. Then W = Uys, Bk is 2 bornivorous
absolutely convex setin Ly, (Ap(B), X). Since Ly (Ap( ), X) is a (DF)-space it follows
from |13, 8.2.27| that W contains a barrel. Tlence, it now suflices to prove that W
is not a O-neighbourhood. If it were we could find a bounded set A in A, (B) such
that

U {1 (i), X): 1) gV} c w (1)

Let M;: sup{||lz|li:x € A}, Given i € N we use (132) to sclect n(i) such that
lleinill; o= b (i.n(i)) > 2'M;y . 1L is important to remark that by (B1,2) the
basic sequence (Gi.n-.{i)),.en is equivalent Lo the canonical basis of £,. We denote by

I the scectional subspace spanned by ((.e,-l."(,-)) by w2 an isomorphism from /1 onto

i
¢, such that w(ei,y) ¢, i € N and denote by m the canonical projection from
Ap(B3) onto 1. Now we define f: poigor € Ly(A,(13), X). We [irst check that f
belongs Lo U. Tet us assume 1 < p < o, the case p 0 is similar.

Given z € A and i € N we have

"o < |-’I>'i.n(i)|pi|(-’—i,n,(i)H,;_|1 < lzlliy e < My,

o
|'I'1.r‘.'|‘z}
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whence |2; ;) |” < 27, therefore

00

1/
[por@ll = (Llonl) <1

i=1

for every x € A. It follows that @ o o w(A) is contained in |||V and consequently
[ belongs to U. On account of (1) there are j € N and g € B; such that f = g/2.
However note that || f(e;n)|| = ||¢(e:)|| = 1, for every i € N. On the other hand
ejn(j) belongs to U; by (B1,2) whence ||g(ejn¢))|| € 1. A contradiction. O

The following examples follow by the Theorem above; we also use [9].

Corollary 1

Let 1 < p < oo orp=0andlet A\, be a Kithe sequence space without the
density condition. Then:
(i) Lv(Mp, X) is barrelled if X has the Schur property.
(ii) If X contains a copy of cg, Ly(Ap, X ) is not barrelled.
(iii) L (Ap, L1]0,1]) is barrelled if and only if either p > 2 or p == 0.
(iv) Ly(ho, X) is barrelled if X is reflexive.

As a further consequence we give a characterization of the Fréchet spaces of type
Loo®nAp, with 1 < p < oc or p = 0, that are distinguished. A Fréchet space is said to
be distinguished if its strong dual is barrelled (or equivalently bornological). Many
authors have recently been concerned with distinguished Fréchet spaces (see [6] for
a survey). In particular the Fréchet spaces of type £,® A, which are distinguished
were characterized in [4, 7], when 1 K p<ooorp::0,1<qg<ooorq=0. The
case ¢ = oo remained open (see [13, 13.11.3)).

Corollary 2

(i) If A, satisfics the density condition then X &g\, is distinguished.

(ii) If Ap docs not satisfy the density condition then X &\, is distinguished if and
only if L(€,,X") = K(£,,X"); in particular, then o,®. ), is distinguished if and
only if either p=0o0r2 <p < co.

Proof. According to the results of {14] (also sce [5]) the strong dual of X&), is
isomorphic to Ls(A,, X'). Thus statement (i) is a particular case of [3, 1.7] and (ii)
is a consequence of Theorem 2. To show the case X = €., one should check that
L(tp, L) = K (€. £.,) (or equivalently I(€oo) €y) = K (£oo,£,) ) if and only if p=0
or 2 < p < oc and this is already done in [9]. O
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