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ABSTRACT

Let f be a mapping from a metric space X to a metric space Y, and let v be
a positive real number. Write dim(E') and H*(E) for the Hausdorff dimen-
sion and the s-dimensional Hausdorff measure of a set £/. We give sufficient
conditions that the equality dim(f(E)) = o dim(F) holds for each £ C X.
The problem is studied also for the Cantor ternary function G. It is shown
that there is a subset M of the Cantor ternary set such that H*(M) = 1,
with s = log2/log 3 and dim(G(E)) = (log 3/log 2) dim(E), for every
ECM.

1. Statements of main results

Let f be a mapping from a metric space (X, p) to a metric space (Y, d). It is a simple
fact that if the double inequality

ci(p(z,y))* < d(f(x), f(y)) < calp(,y))* (1.0)

Keywords: Hausdorff dimension, Cantor function.
MSC2000: 28A78, 26A30.

193


textes4
collect


194 DovGcosHEY, MARTIO, RYAZANOV, AND VUORINEN

holds for all x,y from X where o € (0,00) and ¢; and ¢y are some positive constants,
then every set A C X satisfies

qum»:émmm.

We are interested in necessary and sufficient local conditions under which this equality
holds for every A C X. The following theorem provides conditions for this.

Write ac(A) for the set of all accumulation points of a set A. Let f be a mapping
from a metric space (X, p) to a metric space (Y, d). If z and a are the points of X and
T # a we put

log(d(/ (+), f(a)))
Kpmaym | JoE(p(.)

oo it f(x) = f(a)

it f(z) # f(a)

Theorem 1.1

Let f: (X, p) — (Y,d) be a homeomorphism. Suppose that the limit

lim K¢(z,a) = a(a) € (0,00) (1.1)

r—a
exists for every a € ac(X). Then the following statements are equivalent.
(i) There exists a set Xg C acX such that
ala) = ag (1.2)

for all a in ac(X )\ X and either dim(Z) = 0 or dim(Z) = oo for every Z C Xj.

(ii) For every A C X the equality

dim(f(A)) = —= dim(A) (1.3)

Qg
holds.

Corollary 1.2

Let f : X — Y be a homeomorphism and let dim(X) < oo. Suppose that the
limit (1.1) exists for every a € ac(X). Then

dim(f(A)) = dim(A), Y AC X (1.4)

if and only if
afa) =1 (1.5)

for every a € ac(X)\Xo where Xo C X is zero-dimensional.
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Remark 1.3 Note that, as it follows from the proof of Theorem 1.1, the equivalence
(i) <= (ii) is also valid if (1.1) holds only in X\ X, where

dim(X,) = dim(f(X.)) = 0. (1.6)

See further consequences of Theorem 1.1 in the end of Section 2. Note also that, if
f: X — Y is a continuous bijection and (1.1) holds, then it does not follow that f is
a homeomorphism. On the other hand, if f : (X, p) — (Y, d) is a homeomorphism and
for each a € ac(X) we have a(a) = 1, then there need not exist positive constants o
and ¢ such that the inequality d(f(x), f(y)) < e(p(z,y))® holds for all x and y in some
ball B(a,r) C X; see Example 3.3.

In the third part, we investigate the following problem: Let C' C [0, 1] be the
standard Cantor ternary set and let G be the Cantor function. Characterize the set of
points x € C such that

iy 081G (2) — G(y)| _ log2

v log |z — y| log 3

In Theorem 1.4 these points are characterized in terms of the spacing of 0's and 2's in
ternary expansions.

Let = be a point of the Cantor ternary set C. Then z has a triadic representation

> 2«
m
T=2 S
m=1

where a,, € {0,1}. Define a sequence {R,(n)}32, by the rule

inf{m —n:am#a,, m>n} if Im>n:ay,#a,
0 if Vm>n:a,=a,,
Rz(n) =1 <= (an # ant1),
i.e.
Rz(n) =2 <= (an = ant1) & (ani1 # ant2)
and so on.
Theorem 1.4
Let x be a point of C. Then

log |G(z) — G(y)|  log?2

lim = (1.8)
V& log |z — y| log 3
if and only if
R
lim =) _ g (1.9)
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This theorem and Theorem 1.1 imply the following result.

Theorem 1.5

There exists a set M C C such that H*(M) = 1 with s = log2/log3 and

dim(G(A)) = }ggg dim(A), for every A C M.

Remark 1.6 It is well-known that the Cantor function G satisfies the inequality
|G(z) — Gly)| < 2|z — y[*s>/10e? (1.10)

for all  and y in [0,1]. The proof can be found in [4], see also [3]. The Hausdorff
dimension of the Cantor ternary set equals log 2/log3 and, moreover, H*(C) = 1 for
s = log 2/log 3.

2. Linear distortion of Hausdorff dimension under mappings of metric spaces

We recall the definitions of the Hausdorfl dimension and the s-dimensional Hausdorff
measure. Let (X, p) be a metric space and let

diam A :=sup {p(z,y): x,y € A}

be the diameter of A C X if A # (), diam ) = 0. If A C |J E; with 0 < diamFE; < §
i€l

for each index ¢ € I, then {E;};cs is called a d-cover of A. If all §-covers of A are

uncountable, then

H5(A) =00
for each s > 0 and, in the opposite case,
H5(A) := inf {Z(diam E;)° : {E;}ien is a countable d-cover of A} (2.1)
1€N

for s > 0. The s-dimensional Hausdorff measure of A is defined by

Hi(A) = %in(l) H5(A). (2.2)
Note that the limit exists because Hj(A) is nonincreasing function of ¢ and that the
Hausdorff measure H*® is a regular Borel measure, see e.g. [7]. The Hausdorff di-

mension of A is the number dim(A) such that
+oo if s < dim(A),

H*(A) =
0 if s> dim(A).

DEFINITION 2.1 Let (X,p) be a metric space. A family B of closed balls B(a,Jd)
in (X,p) is said to fulfil the condition (V) if B(a,d) € B whenever a € X and
0 € (0,A(a)] for some A(a) > 0.
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Some results closely related to the next lemma can be found in [2, §2.8].

Lemma 2.2

Let A be a subset of the metric space (X, p) such that H*(A) = 0 for some s > 0
and let a family B of closed balls in (X, p) fulfil the (V') condition. Then, for all positive
numbers § and 1), there is a countable -cover {B;}ien C B of the set A with

Z(diam B;)® <n. (2.3)
€N

Proof. 1t follows from (2.1), (2.2) and H*(A) = 0 that for every v > 0 there is a
g—cover {Ei(l)}ieN of the set A such that

S (dVy <

1€EN

b0 |2

) (2.4)

where dl(l) := diam E,L.(l).
Suppose B fulfils the (V') condition. We shall say that ¢ € N is a marked index
if there is a point oV e Ez(ol) N A for which

0

(1) (1)
dj, < A(a;”)

0

where A is the function from Definition 2.1. Let Z() be the set of all marked indices.
It is obvious that
EY c BV, d") e B

(2

for all i € 7). Using (2.4) and
diam B(a{",d") < 24",
we have

3 (diam B(alY,dM))® < 23%. (2.5)
iez(@)

It should be observed that {B(agl), dgl))}iez(l) is a d-cover of the set

{a €A:Aa) > <;>1/S}.

Really, if ag € A\( U B(al",d\")), then there is B\ 3 ao with ) > A(ap).

ieZ(™
It follows from (2.4) that
1/s
v )
(3) =&
1/s
Alag) < <7> .

Hence,

2
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Reasoning similarly we can define the sequence {Z () moq such that for each pos-
itive integer n:

3" (diam B(a{™,d"))* < 28;, (2.6.1)
eZ(n)
B(az(n),dl(-n)) € B and diam B(agn) d(-n)) < ¢ foreach i€ I("), (2.6.2)
{a € A:A) > ( ) } U B@™,d™). (2.6.3)
’LEI(n)

For this purpose we take a g-cover {Ei(n)}ieN of A such that
E (diam E( )) 7
‘ 2n
€N

Now set v := 5=7. Then (2.6.1) implies that

3> Y (diam B, dM)* <y

n=1;e7z(n)

Hence, by (2.6.2) and (2.6.3), the family

is a desired d-cover of A. O

Proposition 2.3

Suppose that (X, p) and (Y, d) be metric spaces. Let 3 € (0,00) andlet f : X — Y
be a mapping such that
liminf K¢(z,a) > 3 (2.7)

r—a

for each a € ac(X). Then we have

dim(A) > gdim(f(A)) (2.8)
for every A C X.
Proof. If dim(A) = oo, then the inequality (2.8) is trivial. = Suppose that
0 < dim(A) < s < co. Then by the definition of the Hausdorff dimension we have

H*(A) = 0.
For each € € (0, 3), define a family B. of the closed balls B(a,d) in (X, p) by the
rule
(B(a,0) € B) = (¥ € B(a,d) : d(f(x), f(a)) < (pl,0))").  (29)
It follows immediately from (2.7) that B. fulfils the condition (V). Hence by
Lemma 2.2, for every n > 0, there is d-cover {B;(a;, d;) }ien C B: of A such that

> (diam B(a;, 6;))° < 1. (2.10)
€N
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It follows from (2.9) that
diam (f(B(as,8;)) < 2(diam (B(as,d;)))? =,

The last inequality and (2.10) imply that {f(B(as,d;))}ien is a 20°~°-cover of f(A)
and
S (diam f(B(as, 8:)))" 09 < 25/,
1€EN
Consequently
HY P9 (f(4)) =0,

that is
s

B—e
foralle € (0, ) and every s > dim(A). Lettinge — 0 and s — dim(A) we have (2.8). O

dim(f(A4)) <

Corollary 2.4

Suppose that (X, p) and (Y,d) are a metric spaces. Let 0 < < o < oo and let
f: X — Y be a homeomorphism such that

8 < ligl_glfo(x,a) <limsup K¢(z,a) < « (2.11)

r—a

for every a € ac(X). Then the inequalities

é dim(A) < dim(f(A)) < ;dim(A) (2.12)

hold for every A C X.

Proof. By Proposition 2.3 it suffices to prove the first inequality in (2.12).
Since f is a homeomorphism, we have

ac(Y) = f(ac(X)).

Let f~! be the inverse map of f and let a € ac (X). Applying inequality (2.11) we

obtain )
— < {limsup Kf(z,a)} ! = liminf Ki-1(y,b)
[0 y—b

r—a

where b = f(a) € ac(Y). Now the desired inequality follows from Proposition 2.3. O

2.5. Proof of Theorem 1.1. (i) = (ii) Suppose that there is Xy C ac(X) such that
a(a) = aq for every a € ac(X)\ Xy, and for every Z C X we have either dim(Z) = 0
or dim(Z) = co. Let A be a subset of X. Then

dim(A) = max{dim(A\Xp), dim(AN Xo)}

and
dim(f(4)) = max{dim(f(A\Xo)), dim(f(4 N Xo))}.
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Thus, by Corollary 2.4 it remains to prove that either

dim(A N Xo) = dim(f(AN X)) = 0

or
dim(A N Xy) = dim(f(AN Xp)) = +o0.
To prove this we represent A N Xg in the form
o0
ANXy= U A,
n=1
where
Ay = aEAﬂonlga(a)<n
n
for n =1,2,... . From this representation we get the equalities

FAn X)) = L) F(Aw),

n=1

dim(AN Xp) = sup (dimA4,),

1<n<oo

dim(f(AN Xo)) = sup dim(f(A4n)).

1<n<oo

Hence dim(A N Xp) = 0 iff
VneN:dim(A4,) =0.

It follows from the alternative
dim(A,) =0 or dim(4,)= o0
that we have dim(A N Xy) = oo iff there exists ng € N such that dim(A4,,,) = occ.
Consequently, the conclusion follows by Corollary 2.4.

(i) = (i) Suppose that (1.3) holds for every A C X. Put

X ={a€acX :ala) >},
Xy ={a€acX :a(a) < ap}, and
Xo =X UX;.

By definition a(a) = ag for each a € (acX)\Xo. It remains to prove that
dim(Z) =0 or dim(Z) = +o0

for each Z C Xj.
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Suppose that for some Z C X
0 < dim(Z) < 0.

Then we have

0 <dim(ZNXJ) < oo (2.13)
or
0 < dim(ZNX;) < oo. (2.14)
Consider the case (2.13) first. Set for each positive integer n
X = {aEaC(X) cafa) € (ao—i-%,ao—i-n)}. (2.15)
Then

o0
xi = U x;
n=1
and (2.13) implies that for some ny € N
0 < dim(Z N X,}) < oco.

Hence, by Corollary 2.4 and (2.15), we have

. 1 . 1 .
dim(f(ZN X)) < —dim(Z N X)) < oo dim(Z N X,}).

Oéo‘i‘n*o

This contradicts (1.3) with A = ZN X} . The case (2.14) can be proved analogously. [J

2.6. Proof of Corollary 1.2. In order to prove this corollary, it suffices to take ag = 1.
It should be observed here that the inequality dim(X) < oo implies the equality
dim(Z) = 0 for each Z C Xj. O
Corollary 2.7

Suppose that (X, p) and (Y,d) are metric spaces, and

X=X°ux!, X°nx'=0.
Let a € (0,00) and let ¢ : X — Y be a mapping such that:
dim(X°) = dim(p(X°)) = 0. (2.16)

2.8. For every a € ac(X1) N X1,

lim K, (z,a) = o.

zeX!
2.9. The restriction |x1 : X' — ¢(X') is a homeomorphism.

Then

dim(p(A)) = édim(A) (2.17)
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for each A C X.

Proof. Tt follows from (2.16) that dim(A) = dim(ANX!) and dim(p(A)) = dim(¢(AN
X1)) for every A C X. Consequently, it suffices to prove (2.17) for A C X!,

For this purpose we can use Theorem 1.1 with X = X', Y = p(X1!), Xy = () and
f equals ¢|x1 : X1 — p(X1). O

Corollary 2.10

Suppose that all the conditions of Corollary 2.7 hold with an exception of 2.9. If

X1 can be represented in the form X' = |J le such that ¢|y1 : X} — gp(le) is a
JEN 7
homeomorphism for every j € N, then equality (2.17) holds for every A C X.

Proof. Reasoning as in the proof of Corollary 2.7 we can easily show that

dim(p(A)) = sup(dim(p(A N X1)) = ~ sup(dim(AN X1) = = dim(4). O
j€EN & jeN «
Corollary 2.11

Suppose that all the conditions of Corollary 2.7 hold except 2.9. If X' is separable
and p|x1 : X1 — ¢(X?!) is a local homeomorphism, then equality (2.17) holds for each
ACX.

Proof. Every separable metric space has a countable base, see e.g. [5, §21, II, Theo-
rem 2|. Hence we can use Corollary 2.10. (]

Let ¢p(X) denote the set of all condensation points of a metric space X, i.e.
points whose neighborhoods are not countable sets.

Corollary 2.12

Suppose that X and Y are metric spaces, f : X — Y is a local homeomorphism
and X is separable. Let o € (0,00) and let
lim Kf(z,a) = a

r—a

for every a € cp(X). Then (2.17) holds for every A C X.

Proof. The set X\cp (X) is a countable set in every separable metric space X, [5,
§23, I11). 0

3. The Cantor ternary function

We recall the definitions of the Cantor ternary set C' and ternary Cantor function G.
Let x € [0, 1], then x belongs C' if and only if x has a base 3 expansion using only the
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digits 0 and 2, i.e.
2anm,
r=3Y 2m g, €{0,1}. (3.1)

The Cantor function G may be defined on C' by the following rule. If x € C has the
ternary expansion (3.1), then

In this section we will denote by C! the set of all endpoints of complementary intervals
of C. We also write C° := C\C'.

The proof of Theorem 1.4 needs the following lemma.

Lemma 3.1

Let x € C be a point with the representation (3.1) and let R(n) be the sequence
from (1.7). Then

Rz(n) = Ri—z(n). (3.2)
If x is not a right endpoint of a complementary interval of C, then
ST a2 > o (HRen ) -y e N, (3.3)
m=n-+1

o0
Proof. Since 1 —z = 3} w we have (3.2). It remains to prove (3.3). If apy1 =1,
m=1

then (3.3) is obvious. In the opposite case, 2~ (14Rx(n+1)) g the first positive element

o0
of the series 3. @2~ (M=), O
m=n-+1

3.2. Proof of Theorem 1.4. Consider first the case where x is not an endpoint of some
complementary interval of C'. Suppose that x has representation (3.1), y tends to z,

and -
206m
y=2 S

m=1

where B, = Bm(y) € {0,1}. Let ng = no(z,y) be the smallest index m with
|Bm — aum| # 0. Then using the definition of the Cantor function we have

lo S A, — B, 2~ (m=no)| _ 1o 2

regle@ a2, 0m ) olos

hin ] = h£n = .

yel oglz —y| yec log ‘2 > (am — Bm)3~(m=m0)| — nglog 3
m=ng

It is easy to make sure that

<3

2 3" (cm — )3 (0)

m=ng

1<
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for all y € C' and that ng(z,y) tends to infinity if y — x, y € C. Hence,

log |(Oéno - ﬁno) + § (am — ﬂm)Q—(m—n0)|

log 3 log|G(z) — G =
og2 e loglr —y| V& nolog
Writing

(atng = Bro) + Z (am — ﬁm)Q_(m_no)

m=no+1

2(2,y) =

we see that the limit relation (1.8) is equivalent to

]
i 108 2(x,y)

=0.
vz no(z,y)
Next we obtain bounds for z(z,y). If
(O‘no - 5”0) =1,
then
(o)
z(x,y) =1+ Z (am — ﬂm)2_(m_”°)
m=ng+1

and hence

o0

Z amZ_(m_”o) < z(z,y) < 2.

m=ng+1

Consequently, by (3.3) we obtain

9~ (I Ra(no+1)) < 7(z,9) < 2.

If
(ang = Bny) = —1,
then
o0
Z(l’,y) = 1 - Z (Oém - ﬁm)Q_(m_n0)7
m=no+1
and hence
oo
1— Z a2~ (M=) < z(x,y) < 2.
m=ng+1

Since

D o

1— Y a2 = 3T (1 - ap)27 ),
m=ng+1 m=ng+1

relations (3.6), (3.3) and (3.2) imply that

) > 9—(1+R1-z(no+1)) _ 9—(1+Rx(no+1))

z(x,y

(3.5)
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Consequently, as in the first case, we have (3.5). Now, (3.4) follows from (3.5) and (1.9).
Thus, the implication (1.9) = (1.8) follows.

Suppose now that (1.9) does not hold. Then there is a strictly increasing sequence
{n;}32, such that

Ra(1 i
lim Re(1+ny) = lim sup =(n) =a € (0,00 (3.7)
j—oo 1+ n; n—00 n
and
Qn; 7 Qpy1, Y 1Ny (3.8)

where ay,; and ;41 are digits in the representation (3.1).
Let {a,}5°_; be a sequence of digits in (3.1). Putting

1 -y if ny <m<n;+Ru(1+ny)

B = (3.9)
Qm, otherwise
and )
Yj = Z 377
m=1

we claim that

i 081G (@) — G(y;)| _ log?2
j—o0 log |z — y;| log 3

Indeed, (3.8) and (3.9) imply the equalities

1 1\ 1 n;+1 1 nj+Rx(TLj+l)
eni=(3) - =) ’

G -6 = (5) - (;)+ - (;)"”R““(”j“) |

Hence, by (3.7), we have

(1+a).

log 2

log|G(z) — G(y;)| _ log2 | 1y +Ra(l+mny) _ (1+a)82.
j—oo log |z — y;| log 3 j—o0 nj log 3

Consider now the case where z € C'. In this case there is ng € N such that
Rz(n) =0 for every n > ng. It remains only to show that

iy 081G (2) — G(y)| _ log?2

v log |z — y log 3

Suppose that z is a right endpoint of a complementary interval, (i.e. «, = 0 for all
large enough n), y tends to x, and

v=3 250 s e o,
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Then there are positive integers m; and mg = ma(y) such that

mi

2am
r= 3 T, Buly) = am

m=1

if 1 <m < my, ma(y) > mi, Bm,(y) =1, and G, (y) = 0 if m1 < m < ma(y).
Hence

log ( > %2“@)

. log|G(z) —G(y)| _ . m=ma(y) . —ma(y)log2  log2
lim log]| | = lim = lim W) 3 = Toa 3
y—x — Yy—x [e’e) Yy—r —
v BT el (2 > ﬁms—m> yeG TmAToRS 8
m=ma(y)
The case where x is a left endpoint of a complementary interval is similar. O

EXAMPLE 3.3 Here we give an example of a homeomorphism f : (X, p) — (Y, d) such
that:
(i) For every a € ac(X)
lim K¢(xz,a) = 1.

r—a

(i1) For arbitrary positive a, ¢ and for every ball B(a,d) C X there exist z,y €
B(a, ) for which
d(f(z), f(y)) = e(p(z, y))".

The example is constructed with aid of the Cantor ternary set C' and the Cantor

function G.
Set,
1 — log 2
M = {:E c(C: liin o8 IIG(:U) G(y)l = 10g3}
voo loglr —y 0g
and

I°:=G(MNCP. (3.10)
Let Fy : I° — M N C° be a function such that F;(G(y)) =y for every y € M NC°. It

is easy to see that Fj is a homeomorphism and by the definition of M we see that

. log 3
lim K (0.9) = (225 (3.11)

for every a € I°.
Let & be the space of infinite strings from the two-letters alphabet {0,1}. We
may define a metric d on £ by setting

1

d(a,ﬁ) = 2in|an*5n|

= max
1<n<oo

if o ={an}s, B={0.}52, are elements of £.
Evidently, if d(«, 3) # 0, then there is a positive integer n such that d(a, ) = 27".
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The space (&, d) is an ultrametric space and the map

o0
2e,

n=1

is a homeomorphism. (The proof can be found in [1, Chapter 2].)
We claim that the inequality

Sl — g8 < (), B(y)) < | — g5 (312)

holds for all z,y € C. Indeed, if z and y have the representations

o0 o0
r=> 2037, y=> 263", «, B €{0,1},

i=1 i=1

and if d(®(x), P(y)) = 27", then we get

%L’E - y| = i(al — ﬂl)?)—z > 3—n <1 o i?)—z) _ %(d(@(l‘),@(y)))10g3/10g2.
i=n i=1

A similar argument yields
|z —y| < 3(d(P(x), @(y>)log3/log2.

These inequalities imply (3.12).
Let Fy: MNC° — ®(M NC®) be the restriction of the map ® on the set M NC°.
Obviously, F» is a homeomorphism and it follows from (3.12) that

log 2

lim Kp,(a, z) = (3.13)

z—a log 3

for each a € (M N C°). Now set, for every x € I°,

f(x) = Fy(Fi(z)).

The function f is a homeomorphism from I° to ®(M N C®) and the limits (3.11),
(3.13) imply that
lim K¢(z,a) =1

r—a
for each a € I°, i.e., we get (i).
Suppose a, ¢ are arbitrary positive constants and O is an open interval in [0, 1].
To prove (ii) we can choose x € C such that (3.7) holds and

2

> )
@ 1+a

a€ (0,00), G(z)e€O.

Since M is a dense subset of a perfect set C, there are sequences {z;};en and
{y;}jen in M such that

lim z; = lim y; =2, z;#y; VjEN,

Jj—00 Jj—00
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and
i 081 F1(z)) — Fi(y;)| _ log3 1
j—o0 10g|l’j _yj| log 2 (1-}-@)7

see the proof of Theorem 1.4. The last relation and (3.12) imply that

o B T ) 1

j—o0 log]a:j —yj] (1 —i—a)'

Hence there is Ny € N such that

d(f(xy), fly;)) > |z — y; 2/ F)

for j > Ny. Since 1+La < o and hIT(l) |z; —y;j| = 0, we have (ii). O
]—)
To prove Theorem 1.5 we use the following two propositions.

Proposition 3.4

Let I° be the subset of the unit interval [0,1] from (3.10). Then each number,
simply normal to base 2, belongs to I°.

We recall the definition. Suppose x belongs to [0, 1] and has the following base 2
representation

This number z is called a simply normal to base 2 if

1 g 1
A}EHOON;"’” =3 (3.14)

3.5. Proof of Proposition 3.4. Let g € C be a point with the ternary expansion

[e.e]

2c
onZTnn, Oan{O,l}

n=1

[e.°]
Suppose G(wg) is a number simply normal to base 2. Since G(zg) = > &, formula
n=1

(3.14) implies that 2o € C°. (If 29 € C', i.e. = is an endpoint of a complementary

N N
interval of C', then lim % > a,=0 or lim % > a, = 1.) Hence, it suffices to
N—oo n=1 N—oo n=1

show that
lim Ray(n) ()

n—00 n

= 0. (3.15)
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Put Ng := {n: a, = 0} and Ny := {n : ay, = 1}. Since z¢p € C° we have card(Ny) =
card(Ny) = oo. It follows from (3.14) that

Mm+Ra, (m)

1 1
- = lim —— Z Ol
2 o mt Rao(m) =
I m L <R (m)— 1+ i )
= Jlim s | Ra (m) om
"o m —+ Ry, (m) m =
= lim < )
men, mt RIO
Hence we get
lim Rl _
meN;
A similar calculation yields
lim o™ _
meENy m
Since N = Ny U N; we have (3.15). O

The proof of the next lemma is well-known.

Lemma 3.6

Let my be the Lebesgue measure on R, and let s = log2/log 3. Then
mi(G(A)) = H*(A)
for every A C C.

3.7. Proof of Theorem 1.5. As in Example 3.3 set

log 2
M=<3zeC:limKglyz)= b
y—o log 3
yeC

We claim that

. _log3 ..
dim(G(4)) = log2 dim(A)) (3.16)
for every A C M, and
H (M) =1 (3.17)

for s = log 2/log 3.
In order to prove (3.16), we can apply Corollary 2.7 with X = M, X° = C!,
Y = [0,1]. Observe that C! is countable and hence we have (2.16). The restriction

Glaynce : MNC° — G(MNC?)



210 DovGcosHEY, MARTIO, RYAZANOV, AND VUORINEN

is strictly increasing and continuous, so that it is a homeomorphism.

It remains to verify (3.17). Let N~ be the set of numbers which are not simply
normal to base 2. It is known [6, p.103] that m;(N~) = 0. By Proposition 3.4 I° is the
superset of the set of all simply normal to base 2 numbers. Consequently, m1([°) = 1,
and by Lemma 3.6 we have (3.17). O
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