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ABSTRACT

In this paper we consider general second order, symmetric and strongly elliptic
parabolic systems with real valued and constant coefficients in the setting of a
class of time-varying, non-smooth infinite cylinders

Q= {(zo,z,t) ER xR xR : 2> Az, 1)}

We prove solvability of Dirichlet, Neumann as well as regularity type problems
with data in LP and L’f’l /2 (the parabolic Sobolev space having tangential
(spatial) gradients and half a time derivative in LP) for p € (2 — €,2 + ¢)
assuming that A(z, -) is uniformly Lipschitz with respect to the time variable and
that HDi/QAH* < €y < oo for € small enough (||D'i/2AH* is the parabolic
BMO-norm of a half-derivative in time). We also prove a general structural
theorem (duality theorem between Dirichlet and regularity problems) stating
that if the Dirichlet problem is solvable in LP with the relevant bound on the
parabolic non-tangential maximal function then the regularity problem can be
solved with data in L‘{’I/Q(@Q) with g7 + p~! = 1. As a technical tool,
which also is of independent interest, we prove certain square function estimates
for solutions to the system.

Keywords: Second order parabolic systems, time-varying cylinder, Carleson measure, maximal
function, parabolic singular integrals, square functions, potential theory.
MSC2000: 35B65, 35C15, 35K20, 35K40, 35K50.

93


Servicio de Textos



94 NYSTROM

1. Introduction and statement of main results

In recent years considerable progress has been made in the study of linear second order
parabolic systems and equations in non-smooth, time-varying domains. In particular
in [9], [11] the L2 solvability for Dirichlet, Neumann and regularity type problems were
established for parabolic Lamé systems as well as a linearized system of non-stationary
Navier-Stokes equations.

General second order symmetric parabolic systems with real valued and constant
coefficients satisfying the Legendre-Hadamard ellipticity condition have the following
form for relevant n, m and constant coefficient matrices A",

ou" 9 . 0u’
ot Ox Y Ox;j
Aij = A3, (2)
Aiivivin'n® > cv|?ln)? forall veR™ neR™ (3)

0<i,j<n—-1 1<r,s<m, (1)

From the perspective of boundary value problems in a domain {2 the most natural
boundary conditions for @ = (u!, ....,u™) are Dirichlet conditions, @ = f, and Neumann
type conditions (%)T = NiAgj‘?gT“; = f". Here N = (N?,..., N"™1) is the (in the space
variables) outward directed normal define on the boundary of the time-slices of Q (this
is made more precise below). A prototype for the kind of systems considered in this

paper is the parabolic Lamé system

ou . o

i pAU + (o + p)V(div ). (4)
The stationary version of this system appears in linear elasticity and the constants
and o are referred to as Lamé moduli. The parabolic Lamé system can be represented
as a second order, symmetric, constant coefficient system satisfying the Legendre-
Hadamard ellipticity condition in an infinite number of ways. For example if n = m = 2

we can express this system in the following two ways,

2u4+0 0 0 o
s Al Al2 0 oo 0
Aij = <A21 A22> = 0 0o 0 5 (5)
o 0 0 2u+o
2u+0c 0 0 p+o
. At A2 0 w0 0
Ajj = <A21 A22> =l o o u o | (6)
p+o 0 0 2u+o
Using integration by parts each representation give rise to a conormal derivative,
ouNT ou \7 s OU®
) = (=) = NiAT 7
(8y) (aVA) Y] 8xj ( )
In particular the examples in (5) and (6) give rise to the following two conormals,
ou . _, _
G = oV DN +u((ViD) + (Vi) )N, (8)
ou N 4
= (u+o)(div @)N + pu(Va)N. 9)

vy
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Here (V)7 is the transpose of the matrix under consideration and (V) + (V)T is the
matrix of symmetric gradients. A Neumann type problem with (8) being prescribed
on the boundary of the domain is usually referred to as the traction boundary value
problem and in the stationary case this condition is the most relevant one from the
physical point of view. In this case the corresponding matrix (5) is only semi-positive
definite while in (6) the Lamé system is represented in terms of a positive definite
matrix.

In this paper we will assume, partially as we are interested in proving a structural
theorem about the duality between the Dirichlet and regularity problems for systems,
that our system satisfies a condition stronger than the Legendre-Hadamard condition.
In fact we will assume that

Aisnin; > CZ |77?’|2 for all n;,n; € R™. (10)
)
This condition implies that the matrix {A}7} is positive definite. As described above
many systems can be represented in an mﬁnlte number of ways and our results on
Dirichlet problems and our duality result will apply to any system having at least one
representation in terms of a positive definite matrix {A;j .
Our geometric set up is that of time-varying non-smooth domains of the form

Q={(z0,z,t) ERXxR" I xR: xg > A(z,t)} (11)

where n > 2 and where the function A(z,t) : R” — R is compactly supported. In
order to introduce our regularity assumptions on the function A, which give a clear
connection to parabolic singular integrals, we have to introduce some more notation.
Let z = (z,t) € R" ! xR and let ||z| be the unique positive solution p of the equation

- 2
Z%: . (12)
0

Note that ||(dx,82t)|| = §||(z,t)|| and we will call ||z|| the parabolic norm of 2. By defi-
nition the parabolic BM O is the space of locally integrable functions modulo constants
satisfying

1
1Bl := sup — / 1b(2) — mpbldz < oo (13)
B |B
B
where z = (z,t), B denotes the parabolic ball B = B,(z9) = {2z € R = ||z — z|| < 7}
and mpb denotes the average of the function b over the ball B. Let }V be the Fourier

and the inverse Fourier transform on R”, and let £, 7 denote the phase variables.
Following Fabes-Riviere [3, 4] we define a parabolic half-order time derivative by

DAz, t) = (ll( 1 A(e, )) (z,1). (14)

We let || - ||oo be the supremum norm and define ||A||comm = [|[VzAl|oo + [|DrnA||« where
Ve = (8217 N 1) |VaAlloo := sup; [V A(+, t)|lco- The regularity condition we
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impose on our domains in (11) is that ||Al/comm < 00. As explained in [5, p. 213] the
notation || Al|comm reflects the fact that this quantity is equivalent to the operator norm
of the commutator [\/A — /¢, A] and since this commutator is the parabolic analogue
of the first Calderén commutator, the present condition is, at least from the point of
singular integrals the appropriate parabolic analogue of the Lipschitz domains which
have been considered in the elliptic theory. One can also prove that || A||comm < § < 00
implies that A(x,t) is parabolically Lipschitz in the following sense,

|A(z,t) — Ay, s)| < B(lz —y|+ |t — s|V/?) 2,y eR™ t,seR. (15)

We furthermore introduce for 0 < a <2 and g € C§°(R) the fractional differentiation
operators D, by

(Dag)" (1) := |7]*9(7). (16)
It is well-known that if 0 < o < 1 then
[ 9(s) —g(7)
Dag(S) = C!W}dT, (17)

whenever s € R, i.e., I, = ¢D; ', where I,(s) = |s|*"! for s € R is the one-dimensional
Riesz transform of order o and ¢ is a universal constant. If h € C§°(R"™) then by
Dih : R" — R we will mean D,h(z,-) defined a.e. for each x € R*~!. In [6] it is
proved that

[Allcomm = [IVaAlloo + IDrAlls = Ve Alloo + D] oAl (18)

and that given € > 0, 0 < e < 1 and 7, 0 < v < oo there exists 6 = §(g,7y) > 0 such
that if ||V A|lcc <7 < 00 then

min{|| D ;5 A+, [[PnAlls} <0 = max{[| DAl DA} <e. (19)

I.e. the smallness of ||D,A||. could equivalently be stated as a smallness condition on
1D, Al

The surface measure on 952 is defined as do:dt, where do; is the naturally defined
surface measure on the Lipschitz graph 0. Here Q; = {(x¢,2,t) € R x R 1 x
{t};x0 > A(x,t)} and the unit outer normal to € is denoted by N; = (NP, ..., Nf'71).
LP(09) denotes the LP-spaces w.r.t. the measure dodt. Following Fabes and Jodeit [2]
we define a parabolic Sobolev space in the following way. Let # = 92 — R" be the
projection 7 (A(z,t),x,t) = (z,t) and set f=for L Lll)71/2(8Q) is defined to consist
of equivalence classes of functions f with distributional derivatives in x satisfying
Ifllzr | (o) < oo, where

1,1/2

1Flze | om = IFllze ) = DSl (20)

1,1/2

Here

DHNET) = 1(E 7)1 F(€, 7, (21)
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ie., f=D"1¢, ¢ e LP(R") where D! is a parabolic Riesz potential. By applying
Plancherel’s theorem, if p = 2, we have

IDFll2 = 1D 2 fll2 + Va2, (22)

where D!, denotes the one-dimensional one half fractional derivative of f in the time
variable introduced in (16-17).

We are now ready to formulate the first four main results proved in this paper.
In the statement of these theorems H denotes the Hilbert transform in the t-variable
and the symbol N, refers to a non tangential maximal function operator defined in the
bulk of the paper.

Theorem 1 (The Dirichlet problem)

Let Q be as in (11) and assume that {Aj’} are real constants satisfying (2)
and (10). Let |[Allcomm < B < oo and assume that ||Di/2AH* < ¢ < oo0. If
€0 = €0(|| VAl so) is small enough then the following is true: given f € L2(9) there
exists a unique U, || N, (@0)|2 < oo, satisfying the following conditions,

ou” _ 0 AT ou’
(915 83:1 Z] al'j

ﬁ:f a.eon Of2.

0<i,j<n—-1 1<r,s<m in £,

There furthermore exists § € L?(0€)) such that i can be represented as a double layer
potential, @ = Dg, and
[IN«(DF)ll2 < Cgl|f]]2-

Theorem 2 (The Neumann problem)

Under the same assumptions as in Theorem 1 the following is true: given f €
L2(0R) there exists a unique @ (modulo a constant vector), | N.(Vi)||2 < oo, satisfying
the following conditions,

ou” 0 A ou’

rs

8t N 8952 & 8xj

0<i,j<n—1 1<r,s<m in £,

ouNT 1L ATS du® T
(5) = N'Aj; 9z, f" aeon Of.
There furthermore exists § € L*(9S2) such that i can be represented as a single layer
potential, & = Sg, and

IN<(VS3)|l2 + | No(H D] )553)l2 < Cl f1|2-

Theorem 3 (The regularity problem)

Under the same assumptions as in Theorem 1 the following is true: given f €
L2 1/2(89) there exists a unique @ (modulo a constant vector), ||N.(Vi)|2 < oo,
satisfying the following conditions,

o _ 9,0
8t - c‘?xl g 81’]'

i=T

0<i,j<n—-1 1<r,s<m in £,
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There furthermore exists § € L?(0S2) such that i@ can be represented as a single layer
potential, & = Sg, and
IN-(VSG)z + I F(H DY 589 < Col flzz | ony

Theorem 4 (Duality between the adjoint Dirichlet problem and the regularity pro-
blem)

Let

Q= (zo,z,t) ER X R xR : z9 > Az, 1)},

0 = {
O = {(z0,2,t) ERX R xR : z9 < A(x,1)}

and assume that || Allcomm < B < oo and that {A}?} are real constants satisfying (2)
and (10). Assume furthermore that for some p € (1,00) and for k € {1,2} there exist,
given f € LP(9Q), a solution G, satisfying || N, 1(Tk)|l, < 00 (Nyy is, for k € {1,2}, a
non tangential maximal function operator defined €, as the domain of reference), to
the problem

ovy, 0 00U

5t :81'Z‘Aijawj 0<4,j<n—-1 1<r,s<m in S,

U = f a.eon Of).

q
1,1/2

i (modulo a constant vector), satisfying || N.(V)||, < oo, to the problem

Then for q satisfying, ¢ +p~! = 1 there exist, given § € L (09), a unique solution

ou" 0 Amaus
8t a 8931 g 8$j

=g aeon 0 in L?UQ(@Q).

0<i,j<n—-1 1<rs<m in £,

We emphasize that Theorem 1, Theorem 2 and Theorem 3 were previously proven
in [11] in the case of the parabolic Lamé system in (4). Also note that by standard
real-variable arguments it follows that the L? result is self-improving in the sense that
there exists some small € = €(€2) > 0 such that the theorems and the inequalities
remain valid for 2 —e < p <2 +e.

Theorem 4 states that if the adjoint Dirichlet problem is solvable in €2 and its
complement, with data in LP(92) and with an appropriate bound on the non tangen-
tial maximal function operator, then the regularity problem is solvable with data in
L§,1/2(OQ) for g satisfying, ¢~ +p~! = 1. The reverse statement, i.e., that solvability
of the regularity problem implies solvability of the Dirichlet problem follows immedi-
ately from the fact if the regularity problem is solvable then an appropriate matrix of
Green functions can be constructed. Using this matrix the Dirichlet problem can be
solved by standard arguments. The theorem generalizes to the setting of systems the
result of [7] for the heat equation. For the Laplace equation in Lipschitz domains it
is well known that there exist a duality between solvability of the Dirichlet problem
and the regularity problem of the type considered in this paper. In fact in that case
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the same is true for the Dirichlet and Neumann problem (see [10] for an account of
this and related issues). Also note that compared to the case of the Laplace operator
questions concerning the duality between the Dirichlet problem and the Neumann and
regularity problems can not be paralleled, in the setting of non-smooth time-varying
domains, in the case of the heat equation. This is clear from the results in [7] and [§]
due to Hofmann and Lewis.

Concerning the proof of our results one key component is the following square
function estimate for solutions @ of our system ( for the definition of the change of
variables p(\, z,t) : Riﬂ =R, xR xR — Q we again refer to the bulk of the

paper).

Theorem 5

Let Q be as in (11) and assume that ||Al/comm < # < co. Let @ be a solution to
the second order parabolic system in (1) and assume that the constants defining the
system, { A7}, satisfy (2) and (10). Then for r € {1,2,..,m}

[e.o]

() [ [k, 0 pPAdzdN < NV, 0< i <01,

0 R7
oo

(i) // lul 0 pPA3dzd) < cal|Nu(VE) |3, 0<i<n—1,
0 R™

iy [ [Ptz 0 p)PAdzdd < o NV, 0<i<n-1,

. . 2 - .
() [ [P o p) PNz < ol (VD).
0 R»

In fact having established the square function estimate in Theorem 5, Theorem 1,
Theorem 2 and Theorem 3 can be proven by copying the lengthy arguments in [11].
Apart from Theorem 5 the main technical estimates of [11], i.e., [11, Lemma 3.4]
and [11, Theorem 5.1], follows from estimates on parabolic singular integrals, Theo-
rem 5 and by using the symmetry of the system. In the case of the second part of
[11, Theorem 5.1] this may initially not seem obvious to the reader but by reanalyzing
the argument of proof based on integration by parts, the reader can verify that as a
result of the symmetry of our system the appropriate version of the statement of that
technical component can be proved. We omit the details. Based on these estimates
and the fact that we are assuming the strong ellipticity condition in (10) all of the
results in [11, Section 6] based on Rellich identities and inequalities can be verified to
hold in our setting. Concerning the proof of Theorem 1, Theorem 2 and Theorem 3 we
will not reproduce more of these arguments in this paper. Instead from the perspective
of proofs we will focus on the proof of Theorem 4 and Theorem 5.

The difficult part of Theorem 5 is part (7). In [11] this theorem was proven under
the assumption that « solves the parabolic Lamé system in 2. The argument explored
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certain specific features of that particular system and in particular the argument used
the fact that if @ solves the system in (4) then div « solves a heat equation in .
Still based on the arguments in [1] the intuition is that the type of square function
estimates considered here should be valid, in the time-varying case, for all second
order parabolic systems of the type we consider. That this is the case is proven in this
paper. Concerning the proof of the duality theorem, i.e., Theorem 4, our argument
is a generalization of the argument in [7] for the heat equation. That argument is
based on ideas originated in [15] for the Laplace equation and explored in [13] in
the study of higher order elliptic equations and systems in Lipschitz domains. The
generalization of the elliptic approach to the situation of time-varying cylinders is
already technically highly complicated in the case of the heat operator but the reader
will notice that equipped with the square function estimate in Theorem 5 part (i) (and
several variation on the same theme) we are able to carry the argument through also
in the case of our systems.

It is our belief that our work is an encouraging contribution to the study of
parabolic systems in this genuinely parabolic setting and that the next step is to go
for parabolic versions of the results in [13] in a relevant set of time-varying cylinders.

The rest of the paper is organized as follows. In Section 2 we state a key lemma
(Lemma 6) on Carleson measures, recall some facts on singular integrals and prove
Theorem 5. Section 3 is devoted to the proof of Theorem 4.

2. Carleson measures, singular integrals and square functions

In this section we prove the square function estimates of Theorem 5 as well as a number
of variation of these. Our geometric set up is, as described in the introduction, time-
varying domains as in (11) where the regularity condition on the function A can be
summarized as || A|lcomm = ||VaAl|co + [|DrAlls« < 00.

2.1 Carleson measures and the non-tangential maximal function

Let P(z) € C3°(R™). We furthermore assume that P(z) is a non-negative even function
and that [p, P(z)dz = 1. L.e. we assume that P(z) is a parabolic approximation of
the identity. Let d = n + 1 and define
_ _ _ z t
Py(2) = XIP(A22) = dP(X, F) (23)
For a locally integrabel function f we denote by P, f the naturally defined operation

of convolution. Define a ‘parabolic’ lifting p(\, x, t) from Rﬁlfl =R, xR" ! xR onto
Q= {(z0,7,t) ERxR*" 1 xR: z9 > A(z,t)} in the following way,

p(\ z,t) = (AN + PpA(z,t),z,t) p(0,2,t) = (A(x,t), x,1). (24)

Here 7 is a small parameter and we can adjust 7, as [|[V; A« < 00, so that,

i 6P7AA(2)

<1
- oA

< 3/2.

N =
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The following lemma is crucial and incorporates the geometry information in an ana-
lytic and quantitative way (for a proof see [6, p. 365-366]).

Lemma 6

Let 0,0 be non-negative integers and let ¢ = (¢p1,...,¢0n,—1) be a multiindex.
Define { = o + |¢| + 0. Assume that ||Al|comm < B < 0o and let

2
O"PpA(x, 1)\ 201003

define a measure on R:ﬁ“. Then this measure is a Carleson measure on RTFI if either
o+60>1or|p| >2 and

(i) v(B(2) x (0,7)) < Criy=20=40p2(1 4 )2,
Here b = || D, Al|« if # > 1 and b =1, if § = 0. Moreover if { > 1 then

P A

(D) HW < Cw(l—\¢|—29))\1—e—9b(1+ﬁ)_

[e.e]

Remark 1 Let us in this context give a short digression to Littlewood-Paley theory.
Let in the following g € C§°(R™) and recall that D,, = D~ !o % where D,, are D are the
parabolic differential operator defined in (14) and (21). Let furthermore Py be as (23).
As Py is an even function and therefore has vanishing first order moments, it follows
by standard arguments that Q Ag = Dfl%P)\g satisfies the following Littlewood-Paley
estimate for p € (1, 00)

1/p

00 p/2
( / ( / |@Ag|2x1dx) dmdt> < eolgllp
0

RTL

Let a > 0 and (X,t) = (z0,z,t) € 0Q. We let T'y(X,t) be the parabolic cone

La(X, 1) = {(%0,y,5) € Q: |[(y — .t — )| < alyo — zol}- (25)

If h is a function defined on Q we define the non-tangential maximal function N, (h) =
NZ(h) : 02 = R by

N.(R)(X,t) = N}(R)(X,t) = sup  |A|(Y,s). (26)
(Yis)ela (X t)

We also introduce appropriate truncated version of this in the following way. Let r > 0
and let the parabolic cone, truncated at height r and centered at (X,t) = (xo,x,t) €
09, be defined as

Fa,T(th) = {(y()ayvs) € 0: ||(y*$,t - S)H < a|y0 *l'0|, Yo — Xo < T‘}.
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Similarly we define the truncated non-tangential maximal function N&"(h) : 0Q — R
by

NoT()(X,t) = sup  |B|(Y,s).
(Y,8)€Ta,r(X,1)

To continue we let Byy(z,t) = {(y,s) : ||[(x —y,t — s)|| < aA} and define

Lo(z,t) == {(\y,5),A>0,(y,s) € Bax(z,t)},
Lor(z,t) :={(N\y,s),r>AX>0,(y,s) € Bar(z,1)}.

For a function ¢ defined on R’}fl and for a > 1 fixed we also introduce the following
maximal function N?(g) : RT‘l — R,

Ni(g)(z,t) = Ni(g)(z,t) = Fstlpt) l9l(As g, 8).

Similarly we introduce the truncated maximal function as

NE(g)(x,t) = sup [gl(Ay,s).
La,r(z,t)
Let p(A,z,t) be the parabolic lifting introduced in the previous subsection. Note that
if @ and r are fixed numbers then one can easily prove that

F&,'F(p(ov €, t)) - p<ra,7’(x7 t>)7
provided that a is sufficiently small depending on a and || A|comm and 7 = r+ P, A(z, t).
Hence choosing v small we can make sure that |7 — r| is small.
If again @ > 0 and (X,t) = (zg,z,t) € 9Q we define using the notation just
introduced, for functions u defined in €2, the associate square function as well as the
associated truncated square function as

S9(u)(X, 1) = ( / ]Vu(Y,s)]25(Y,s)_"des>1/2,

Ta(X,t)

1/2

saf(u)(x,t):( / \Vu(Y,s)]Q(S(Y,s)_”des) .
Lar(X,t)

Here §(Y,s) is the parabolic distance from (Y,s) € © to 9. Note that if F' C 99,
then by the theorem of Fubini,

[1st @ oPdrcey ~ [ V)P sy
F Ux,pyerla(Xt)

/ 1597 () (X, £)[2do (X, £) ~ / IVu(Y, s)25(Y, s)dY ds.
F

U(X,t)eFfu,r(X:t)
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2.2 Singular integrals

Let in the following (X,t) = (xo, z1, ..., Tn—1,t), (x,t) = (1, ..., Tn—1,t). Let

I'(X,t) = (Fj,k(Xat)>

mXxXm

be a fundamental solution to the parabolic system under consideration. For the explicit
construction in case of the Lamé system we refer to [11]. For f € L%(9€) we define

sfxe = [ [ 0= Quit = 9)f(Qus)do(@)ds (27)

—00 925

t T
pix = [ f { i r<X@,ts>} fQodn@ds  8)

v,
—00 925

where 8%3 is the conormal derivative defined in (7) applied to each column of the

matrix. S f and D f are the single respectively double layer potentials. In [11] the
following is proved in the case of the Lamé system and the argument carries over to
this more general setting.

Theorem 7

Let || Allcomm < 8 < 0o and let f € LP(9) with 1 < p < co. Define for (P, t) € 9Q
and j =0,1...,n — 1 the following operators

t
KIf(P ) =po [ [ S0Pt~ 9)f(@ s)don(Q)ds.
J

—00 085
Then
1K fllp < Capll fllp-

Note that in case of a vector g, ||7]|, is defined as the sum of ||¢g’||, where ¢/ is
component j of §. A consequence of the last theorem is that K7/ f (P, t) exists for a.e.
(P, t) € 09 w.r.t. doydt. We now consider continuity of Sy f in the regularity space
LY 1 /(09). By definition

t

sfP= [ [ T(P-@t-9)f@ 5 (Qds (29)

—00 92

for all (P,t) € 0 for which this expression make sense. Based on the result in [5], [6]
the following can be proved (see [11])

Theorem 8
Let || Alcomm < 8 < oo and let f € LP(9Q). Then

HSbJ?HLfJ/Q(aQ) < Csllflp-
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2.3 Square function estimates

In this section we will prove Theorem 5. We also prove a number of variations and
state a number of remarks which will be useful in the next section.

Proof. Let [|Allcomm < 8 < oo and let @ be a solution to the second order parabolic
system in (1) and assume that the system fulfills (2) and (10). We will start by proving
(7) of Theorem 5. In particular we will prove that

S [ [ i o oz < col -l (30
™ 0 Rn

where p(\,z,t) = (A + PA(z,t),z,t), p(0,2,t) = (A(x,t),z,t) was introduced in
(23)-(24). Part (i) of Theorem 5 then follows by applying (30) to the vector ;.
Define
OP,\AOP.
Q=4+ > Aﬁa;*——f
(6,4),i7#0,5 70 ’

OP,, A
-2 AP (31)
i 7 O,

ox

Q = {Q"™} is a m x m matrix. By the Legendre-Hadamard condition @ is a positive
definite matrix with eigenvalues bounded from below by C(1 + [V P,,A[?). To prove
the theorem we will start by manipulating the expression

1= [Q @ e p)w o piz. (32)
RTL

Here {r, s} are initially assumed fixed, but we will at certain instances also sum over
these indices. Integrating, in I, once by parts in the A-direction we have,

//Q)\)\ (u" o p)(u Op)AdZd)‘_7/Qrs(urop)M(uSOp))\dzd)\

0 R» 0 R
— [ [ @ oo pundzir—2 [ [ Q5 o p)(wt o pardzdn
0 Rn» 0 R
—2//@ " o p)a(u op)Adsz—2//Q’"su o p)x(u® o p)aAdzdA
0 Rn 0 Rn
=T+ T+ T35+ Ty + T+ Tg. (33)

To continue we first analyze Ty and T5. By symmetry we only have to treat T>. Let
) Then by carrying out the differentiation we get

from now on D = (1

//Qm Uz © P)(U° o p)D*\dzd\

0 Rn

7‘5 u” &P 2A
//Q uf, 0 p)(u* 0 p) = BENdzAN.

0 Rn
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As uf = Ajfuy, . we have
= Ag Uy, + Y. AL, (34)
(4,5,r),(1,4)#(0,0)
We now change variables. Assume initially that i # 0, j # 0. Then
0P, A
(U, 2) = (1, © Pl = (1, 0 )52
0P, A 0P, A 0P, A
= (U’;J © p)xz - (u;() © p>1'j 8’;'1 =+ (ugoxo © p) a:;;z ax] . (35)
Suppose that ¢ = 0, j # 0. Then
0P, A
(e, ©7) = (5 0 Play = (Wi, © 9) =522 (36)
Combining (34-36),
u? op = A:]p ;ac] Aggugoxg p
0P, A OP,\A 0P, A
+ Z Arp |:( Ij ° p)xz - ( ;0 © p)z] a’; (ugoxo p) 8’;}' ax :|
(4,4,7),i#0,j7#0 v @ J
0P, \A
T2 AP, 0 p)ay — (g 0 p) 752
(5,7),37#0 J
Grouping the terms properly,
0P, A
uf op = ZQrpugoxo pt D AFI, 0 ey — (Ui © play—5 ]
(4,,7) 70,570 ¢
+2 > Af(ub, 0 p)ay- (37)

(4,r),37#0

Importing (37) into the formula for 75 and putting p = s we have,

_ 7 / (4 0 p)(u® 0 p) D2 AdzdA

0 R»

+ 2
(i,j,T),i#O,j#O 0 Rn
o0
(’7]’7 )7'7507]#0 0 Rn

+22

J:T J #0 0 Rn

o 0?P A
//Q iy 0 p)(u 0 p) 5 ENdzAN.

0 R»

o0

Ajj (ug

OP,\A

A7 (ul
z]( o 8:1;1

o P)xj

ARl © ), (u® 0 p) D2 AdzdA

0 p)e, (u® 0 p)D?*Adzd\

(u® o p)D*Adzd\



106

NYSTROM

By partial integration in the second, third and fourth terms of this expression we get

T + / /(uf o p)(u® o p)D*Ndzd\

0 R»
00

+ > AP (0 p)(u® 0 p)o, D AdzdA
(i,j,T),i;ﬁO,j;ﬁO 0 R»
T OP.\A
T r A
- X / / AR (u, 0 p) =5 == (" 0 p)y; D*Adzd
(ivjvr)7i7é07j3é0 0 ]Rn 1
+2 b(ul, o p)(u o p)y, D*Adzd\ = G.
(jv"')uj7£0 0 Rn

Here G denotes a sum of terms to which we can apply Lemma 6 and conclude that

1/2

o0 1/2
te <c<//ugo op|2)\dzd)\> (/ yN*(usop)dez> . (38)
0 Rn» Rn

Defining A as the set of index {(i,7,7),7 # 0,j # 0} can continue and conclude that

equals

T+ / / (S 0 p)(u® 0 p)D?Adzd\ — G

0 R»
= / / AT, 0 p) (15, 0 p)D2AdzdA
A D Re
7 OP. A
= / / ATl 0 p)(ul, 0 p) 2L D2Adzd
A J o0x;
0 R~
r rS(, T OP. >\A s
+§A: / / A3, 0 9) 7525w, 0 p) DAdzd)
0 R»

T OPNAOPMA
+2 / / A iy 0 )= =g, 0 p) DNz
A D )

-2 ) / / 03 (0 p)(ul, 0 p)D*AdzdA

rs(, T s 0P A
—2 // Oj(uxo © p)(uxo © P)%sz\dzd)\
' J

In this expansion the second and third term will cancel if we sum over the indices (r, s).
In the following we will neglect these two terms and assume that we are summing over
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all indices (i.e., we will use summation convention). By simple manipulations we can
therefore conclude that the last set of expressions equals

/ / Q7 (s, o p)(ul, 0 p)DPAdzdA — / / AT (0 p)(u, © p) DPAdzd

0 R 0 R™
/ / A (s, o p)(u, 0 p) D AdzdA + / / ATS (il 0 p)(uS, o p)D2Adzd
0 R» 0 R
/ / Q"% (u, 0 p)(ul, o p)D*Ndzd\ — / / A7S (ul, ug. o p)D*NdzdA.
0 R~ 0 R™

Hence importing this into (33) (assuming a similar derivation for 73) we get,

I=TN+T,+T5+1Ts+ G

42 / / Q" (ul, 0 p)(ul, 0 p)D*AdzdA — 2 / / ATl o p)(uiS, o p)D?Adzd
0 R» 0 R»
oo o¢]
- / /(u;;S 0 p)(u® o p)D*Ndzd\ — / /(ug o p)(u” o p)D*Ndzd\.
0 R» 0 R®

In fact this can be simplified to

[ =T +Ti+T5+G— 2//Ag;(u;j o p)(uS, © p)D?AdzdA
0 Rn»

— / /(uf o p)(u® o p)D*Adzd\ — / /(u;ﬂ o p)(u" o p)D*dzd. (39)
0 R» 0 Rn®

Here the last cancellation follows from the form of the expression in Tg. Using the
Carleson measure conditions of Lemma 6 we easily see that,

1/2

remi<ey( / I naa) ([ ewrenre)”. @
Y

T‘S,j

The term 77 in (33), (39) decouples into a linear combination of terms of the types

3
4= // gmpg/;l (u" 0 p)(u® o p)AdzdA,
0 En

T [ PPNA P, A
B = 7 N S 6 p)AdzdA
O/R/ 01,0\ 0x;0\ (u” o p){u” 0 p)rdzdA,

T LOPAAGPAA,
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In A, B and C' we have that ¢ # 0. We intend to prove that

00 1/2
1Al + |B| +|C| < CZ(//]u;j op|2)\dzd)\> (/ ]N*(usop)|2dz>
0 R

Tzszj Rn

1/2

+ CZ/ IN, (u" o p)|? dz. (41)
T Rn

3
For A and C this is proven by lifting the derivative w.r.t. z; in %fg}? using partial
integration. The rest is a consequence of Lemma 6. Combining (38-41) we can therefore
conclude that,

[ee] oo
2 / / AT (0 p) (s, 0 p) D2AdzdA = — / / (uf o p)(u 0 p)D2Adzd)
0 R 0 R™
- / / (] 0 p)(u” 0 p)D?Adzd)\ + E. (42)
0 R™

Here |E| is bounded by the expression on the r.h.s. of (41). From this and (42) as well
as our strong ellipticity condition in (10) we are left with terms of the type,

7 / (uf 0 p)(u* o p) D*Mdzd. (43)

0 Rm»

But the expression in (43) equals,

o e}

PA
/ /(uS o p)¢(u® o p)D*Adzd\ — / /(uS op)a(u’o p)agz‘DQ)\dzd)\ . (44)
0 R» 0 R»

The second term in (44) satisfies the same estimate as the term E in (42). In the first
term of (44) we integrate by parts w.r.t. A and get (ignoring the minus sign),

/ /(us o p)ac(u® o p)D*N2dzd\
0 R™

+ / /(us 0 p)e(u’® o p)AD*N2dzd\
0 R»

7 2P\ A
9 s s D i 2 )
+ O/R/(u o p)i(u® o p) 72 A dzd\

The third term in this expression can be handled using interior regularity estimate for
the system (of the type stated in [11, Section 3]) and Lemma 6. By symmetrization
we can assume that the sum of the first and second terms in the expression has the
form

[e.o]

[ 1w e oo
0 R7

OPpA (8P7AA

L+2=53 B

2
) ] Adzd. (45)
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Partial integration w.r.t. ¢ in (45), making use of Lemma 6 combined with Cauchy
Schwarz with e we can conclude that we have proved the inequality in (30) and hence
part (i) of the Theorem 5. The deduction of (ii), (iii) and (iv) follows from (i) using
the arguments in [11, p. 1322-1323]. O

Remark 2 An obvious consequence of the inequality in (30) is that

[ [ 1k, 0 p2AdzdA < ol N. i, 0 )13
0 R»

In the proof of the duality result in Theorem 4 we will need a LP version of the
inequality stated in Remark 2. It is well known that the appropriate LP-version should
follow from the L? result and real-variable techniques. Still in order to carry such an
argument a localized version of the inequality in Remark 2 is needed. To formulate
this properly let A, be a cube on R x R of dimension r x .... x 7 x r? and let

Ay ={(A(z,t),z,t) : (x,t) € A}

be the associated surface cube on the boundary of our domain €.

Lemma 9

Let @ > 0, a > 0 and let £ > 0 be small number. For all cubes A, C R™! x R
there exists a constant C = C(||A||comm, @, @, &) and a constant § = §(||A||comm) such
that

/|S‘” )X, )2 do(X, 1) < C / NI (9 (X 1) 2do (X, 1).
At
The symbols N; ’(Hé)ér(-) and S%"(.) refer to the truncated non-tangential max-
imal operator and square function operator introduced at the end of Section 2.1.

Lemma 9 can be proved by arguing as in the proof of part (i) of Theorem 5. The
main difference is that we instead start out by manipulating

I = —/QTs(uT o p)(u® o p)0*dz
R

where 6 is an appropriate test function and 8 = 6 o p. The exact details of the proof
(and much more) can be found in [12].

Remark 3 Based on Theorem 5 and Lemma 9 one can prove that for each p € (1, 00)
the following estimates is true,

[e.o]

p/2 1/p )
( / ( / (o, m%u) dwdt) < el N (VD).

R™ 0
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This is proved using real-variable techniques. In particular let A > 0 and let A =
A, C R™ ! x R be a Whitney cube, of scale r, in the Whitney decomposition of
Ey = {(z,t) : S%(uF)(A(x,t),2,t) > A} such that S%(u*)(A(z*,t*),z*,t*) < X for
some point (z*,t*) € 5A. 5A is the cube having the same center as A but being
scaled by a factor 5 and S%(-) is the square function operator introduced at the end of
Section 2.1. Let also, for n >> 1 and € << 1,

Fy(n,¢) = {(x,t) e A: SUuP)(A(z,t), x,t) > nA,ZNf(uS)(A(ac,t),w,t) < 6)\}.

By a standard argument based on interior regularity estimates we note that, if n large
enough and € is small enough then S"(uF)(A(x,t),z,t) > n\/2 if (x,t) € F\(n,€). If
we define

Q(A> n, 6) = U(x,t)eFA(n,e)Fa(A(xv t)a T, t)
then Q(A,n,€) is the region defined as the union of parabolic cones with vertex on
F\(n,¢€). Hence

V2PRm < [ 1S% @) Al t), o 1) Pdodt.
FA(%G)

Let m = 9Q — R™ be the projection 7(A(z,t),x,t) = (z,t) then trivially 71 (Fy(n,€)) C
OQ(A,n,€) and using Proposition 3.4 in [14] we can conclude that Q(A,n,e) =
{(xo,2,t) : 20 > A(x,t)} where ||Alcomm < 8 with 3 independent of A. Based on
Lemma 9 we can assume that there exist constants C' and ¢, independent of 7, € and
A such that

/ 1S3 (uF) (A, 1), 2, £)|dwdt

F/\(Uﬁ)

< [ 18T WA, 1), @, 0 dud

F/\(nv)

= CZ / Ql(fnir (A, t), z,t))|*dzdt.
 (1+0A

The subscript in the maximal function indicates that it is defined w.r.t. Q(A,n,€).
Hence by construction we can conclude that

(nA/2)?|Fy(n,€)| < CeX2|A|

and in particular we have proved that |F\(n,€)| < Ce?/n?|A|. From this we can
conclude by standard arguments that for each p € (1,00) there exists a universial
constant C' such that

/ |57 (W) (A, £), 2, D) Pdadt < 37 C / N2 (u®)(A(z, 1), 2, £)|Pdedt.

The inequality stated in the beginning of this remark is now a consequence of this
estimate and interior regularity estimates.
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Based on the same techniques as in the proof of Theorem 5 we will also prove the
following lemma which will be useful in the proof of Theorem 4.

Lemma 10

Let || Allcomm < 8 < oo and let i a solution to the second order parabolic system
in (1) assuming that the system fulfills (2) and (10). Let 6 be an arbitrary positive
number. Then for any p € [2,00) such that the r.h.s. is finite the following is true,

n—1 n—1
>N / (" 0 p)a,|Pdz < C6 (Z > / [N (ul, o p)pdz>

T i:an T i:an

+ C(O) N, 0 PIB:
[ a0 p)dz < CIN(Vii o p)
Rﬂ

Proof. We start by controlling the expression containing (u" o p),,. Integrating twice
in the A direction we have

F 2
/ |(u" 0 p)g, |Pdxdt = // ;v](ur 0 P)g,; |PAdzdA
Rn

0 R®

= o= 1) [ [ 10 p)a P2 0 pluaPAdzdA
0 R™

+ p// [(u" o p)mi|p—1(ur 0 p)zaaAdzdA.
0 R~

Integrating by parts w.r.t. z; in the last term we can conclude that

1 o0 B )
m / ’(’LLT o p)];l|pd$dt = // ‘(’I,LT o p)xl|p 2‘(’& ° p)ml)\’2)\dzd)\
R™ 0 Rm

— [ 16 0 9?20 0 phaa(u 0 pasAdzdn
0 R»
= A+ B. (46)

By a simple majorization using the non-tangential maximal operator and Cauchy-
Schwarz we have for arbitrary positive numbers €1, €9, €3, €4,

1-2/p 0o p/2 2/p
A < c( / rN*<<u’”op>zi>rpdz) ( / (/ r<u’“op>x,.x|2AdA> dz)
R™ MO

R

00 P/2
< cel< / |N*<<urop>m>|pdz>+ce11< / ( / |(ur0p>m|2AdA> dz)
R 0

RTL
= Ce A1 + CeflAg, (47)
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B < Cer [ [ 1070 p)asP 210 o plae, PAdzdr
0 R»

+ 062_1 // |[(u" o P)xi‘p_Ql(Ur o p))\)\‘Q)\dzd)\
0 R™

0o p/2
< 06263< / N (o p)xi)|pdz> +C’€2631< / ( / (" o p)xixi|2)\d)\> dz)
R™ 0

]Rn

00 p/2
+ 062_164</ |N.((u" o p)xi)]pdz> + Ceyter? ( / (/ |(u" o p)»ﬁAdA) dz)
R R 0

= Cege3 By + CEQE:;IBQ + 062_16433 + 062_162134. (48)

Hence we have to prove appropriate bounds on As, By as well as By. As before

. i OPpA . 9?PpA
(0 © )asz, = (W, © p) + 2tk 50 © P) =520 + (1, 0 )5
i OP,\A OP,\A
+ (uCC()xO © p) a’;‘l 81’Z Y
. o, OP\A . OPZA /. OPHA
0 0= 0o+ 222 0,0 2224 (14 200
. 9*P, A
+ (0 0) G5
OPp A2 92P,\ A

(4" 0 p)ar = (g © )1+ =537 ) + (0 0) =575
Combining Remark 2 and 3 and using Lemma 6 we see that,
As+Bi < c| N, o p)II (49)

Similarly Bs is bounded by

oppa\’ .\
[IIN (w3, 0 )2+ | N uu/(/y ul, o ( iy )m) . (50

By coping the argument in [7, p. 764-765] we can prove that the last term in (50) is
bounded by || N, (uy, o p)|[h. Hence

By < c|IN.u2, 0 P + N3, o ) (51)

Returning to (46-48) and making appropriate choices of €1, €2, €3, €4 we can conclude
from (49) and (51) that

[ Al + |B| < C6[|Ni(uy, o )l + CO)[Nu(ug, o p)l5

with § arbitrary. This finishes the first part of the lemma.
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To prove the second part let in the following g € C§°(R"™), ||g|l; = 1 where ¢ is
the index dual to p and let P\ be the non-negative and even parabolic approximation
of identity defined in (23). Again by integration by parts,

/Dn(ur op)gdz = // B\ (u” o p)Prg)dAdz
RTL

= //ID) (u" op)aa)\P)\gd/\dz

R”

- / /Dn(w o p)aPrgdNdz = C + D. (52)

By duality we want to prove that both C and D in (52) are bounded as in the statement
of the lemma. As D, =D~ at we have

0
C = // u" o p)D™ 18)\P>\gd)\dz

a P
- // uf, 0 D Py =0

Rn
// u; o p)D —P,\gd)\dz =1+ Cs.

Using Remark 1 and the equation we get

oo q/2 ) p/2 1/p
|Cof < (/(/’QAQ‘Q/\ld)\> dZ) (/(/ uy o p) /\d)\> dz)
0 R

R™ 0

S p/2 1/p
< C<RZ ( / (U0, ) AdA) dz> (53)

0

where we again have used summation convention. By Remark 3 we can therefore
from (53) conclude that |Cs| < C||N.(Vi o p)l|,. Similarly we have

oo P A 2 p/2 1/p
1] < c(/(/(ugo o p)? g;| Ad>\> dz> . (54)
R™ 0

By again copying the argument in [7, p. 764-765] we can conclude from (54) that
|C1| < C||N«(Viop)|p. To handle the term D we integrate once more w.r.t. A,

D= //ID) (" 0 p)n PrgAdAdz
Rn

+ //]D) u" o p)a P)\g)\d)\dz := D1+ D». (55)
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To handle the term Dj in (55) recall that D, = D~ o % and if we use that D! is a
self-adjoint operator we get

7 - 7 AP\ AN ~
/ / (" 0 p)aOrghdAdz — / / (i 0 0)(1+ Z25) Qrghdndz
R™ 0

(3P A OP.
// $0:c0 1A ( ’YA )ng)\d)\dz

ot o\
w\A
AdAd
* / / o © 8/\875 QrghdAdz
= D21 + Doz + Dos. (56)

In these expressions Qg = ]D)_la%PAg. Now in fact
[Da1| + |Daz| + [Dag| < C|[N(Vii o p)lp.

For Do this follows from Remark 1, Remark 3 and interior regularity estimates. For
Doy the conclusion is a consequence of the same two remarks combined with part (ii)
of Lemma 6. Finally Da3 is handled in the same way as we handled the term C; above.
Left is to handle the term D; of (55). But spelling out

= [ [ o pm@grdrd:
R™ 0O

in a way similar to the way we manipulated Dy in (56) we can by analyzing all the
terms conclude that all the terms can be handled using the arguments used to analyze
the pieces Dsy, Doy and Ds3. This completes the proof of the Lemma. [J

3. Proof of Theorem 4

By standard arguments (like the continuity method, see [10]) in order to prove Theo-
rem 4 all we have to prove is the validity of the inequality

1fle < CollSoflle . on) (57)

1,1/2
for q as in the statement of the theorem and where S, f is defined in (29). Let

Q=0 = {(z0,z,t) ERxR" I xR: zg > A(z, 1)},
Qy = {(zo,z,t) ERX R xR: 29 < A(z,1)}.

Let S f be the single layer potential defined in (27) and define @; to be the restriction
of S f to €. Slmllarly we define 4y to be the restriction of S f to 9. Here If we
assume that f € L9(d) then, as proved in [11, Section 3], a.c on 9

8u1 81_[2

S = U2+ KDf 52 = (<1/24 K))f.
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Here K is an appropriate boundary operator having continuity in LP as in Theorem
7 and the conormal is defined in (7). As

Ay gy T (%)

171y < max {5

we intend to prove that

< C(8,n,9)|Ss 1o o9)- (59)

1 1/2

ot ot
1H I QH}

max{”

Obviously (58) and (59) give us (57). In the following we just consider the case Q = Oy
and we will for simplicity write ¥ = ;. By duality

|

and the idea is to manipulate the integral on the r.h.s. of (60). Note that % is vector
of length m and that the multiplication on the r.h.s. of (60) should be understood as
a scalar product. Using our assumption on the solvability of the Dirichlet problem
any U € LP(0R) is the trace in LP(0f2) of a solution to the adjoint system. Hence
we can assume that there exists an extension to 2 of v, also denoted by ¥, such that
|N.(%)|lp < C||||, and such that

Ou

% dowdt = sup

veLP(00)

/ vdatdt‘ (60)

ov” 0 s 0V° . .
5 = axiAijanj 0<i4,j<n—-1 1<r,s<m in Q. (61)

We start out with some manipulations based on the divergence formula. Using that v
solves the adjoint equation in (61) we have

_o0u 8u ov" . ou’
V—dXdt = —dodt — ALY 62
Tt Cou ) 0w o (62)
ou" . o0v®
u—dth /u—datdt 90 9 (63)
Combining (62) and (63) using the symmetry condition in (2) we get
ot LoU qau 81}
/va—datdt = /uadatdt—l—/(va Uy )dth =A+B. (64)
o [2}9] Q

Before continuing our manipulations we introduce some notation reflecting that our
domain is a graph. In fact for r = 1,...,m we define

[e.9]

w" (o, z,t) = /vr(y,x,t)dy.

zo

The vector w0 = (w', ..., w™) solves the same adjoint equation as #. When manipulating

A and B we intend to explore that 0 is one degree smoother than ¢ in the xo-direction
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and in particular we intend to make use of Lemma 10. We start by considering the
expression in A.

oG rs za TS N a?ws
($> A N 8:5] A Oa:jﬁxo
rs ) 0 0 0 ow* rs n70 82 i
= A <N 0xg N axl) Ox;j AN O0x;0z;
rs zi a0 0 ai o Oaw
A (N 81‘0 N (‘3:1:1) al'j N 8t ' (65)

We(deglote by aiTi, i =1,...,n — 1, the tangential derivative (Nia%0 — Noa%i). Hence
by (65

Lot roars 0 OW?
A= /uadatdt—/ AZ] 3T, 0z, datdt
oN o0
— / Nour%do—tdt = Ay + As. (66)

Trivially, by partial integration along the boundary,

Al < g oo | o (67)

LY 172 Lp(aQ)'

Manipulating As in a by now standard way we have,

@:/@%@(op //&Xquwomww

ot o OPA
//m (u" o p)(w" o p); d)\dz—ir// u ° Pk, 0 p) = ]dAdz

0P, A
—/u o p)(w” o p) dz—i—//a/\ u" o p)(wy, o p) (;)‘ ]d)\dz::A21+A22.

If H is the Hilbert transform in the t-variable we get using the definition of the half-
time derivative in (16) that
| A21| =

/HD1/2 u’ 0 p) D} jp(w” 0 p)dz| < || D] (u” 0 p)llgl| Dy o (w” o p)llp- (68)

Continuing we have,

0P \A
AQQZ//UOP (v" o p) 7’\cl)\d—&-//uopvop 8d)\al
R”

A
//u o p)( UOpaag)‘\ d\dz. (69)
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We shortly stop here in order to manipulating the expression B of (64). Let in the

following for simplicity D = (1 + a%*;A). Then

B = //(vr o p)(uy o p)DdNdz + //(ur o p)(vy o p)DdXdz.
n Rn
By familiar manipulations

0P, A
B= //v op)(u”op) Dd)\dz—//v o p)(ug, p)D#:d)\dz
R” 0O

+ / /(ur o p)(v" o p)DdAdz — //(UT o p)(vy, © p)DaIgAAd}\d
R™ 0O

T . 02PpA OP\A
—//(v op)(u"op) L dX\dz —//U op)(u"op)x ot ———d\dz

//u opvop)agkAd)\d. (70)

Here we have slightly changed the order of the expressions and conducted one inte-
gration by parts. Adding As» and B we see from (69) and (70) that we have perfect
cancellation. Summarizing (64), (66-70) we can conclude that

?vdatdt

+11D1 5 (u” 0 p)llgl| DY o (w0 p)llp- (71)

< 1,1/2 H ’ P
||u HL 1/ 09) al'j LP(09)
BQ

Our intention is now to apply Lemma 10 in order to complete the proof of (59) and

hence of Theorem 4. Recall that by the definitions in (14), (16) and (21) D,, D! /2

and D are defined using the multipliers |7|%/2, 7||(¢,7)||~" and ||(€, 7). Also ||(€,7)]]
is defined through the relation in (12), i.e

G H4+ZH§, e

Define parabolic Riesz transforms R; using the multipliers &;]|(&,7)||7! for j €
{1,...,n — 1} and 7||(&,7)||72 for j = n. Then

n—1 8
D= E Rji + R, DD,
.7 aﬂfj
7=1
and by continuity of Riesz potentials

IDflp < ¢n

S[IEL +!\anle (72
j i
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for all smooth functions f : R" ' x R — R. As |7|'/2||(¢,7)||"! is a LP-multiplier
for p € (1,00) we can conclude that the inequality in (72) holds with D, replaced by
D! /2 Using our assumption on the solvability of the Dirichlet problem in (61) with
the appropriate bound on the non-tangential maximal function we can conclude using
Lemma 10 that

S5 [lwen. |sz<06<22 [V |sz) CO)IN(u, )l

Tlen T‘len

< c&(Z > [, oprpdz> + C@)fusy o pll?
T i=1gn

[ IPatur o p)Pdz < CIN.(Vi o )l < VT o pl

for an arbitrary positive 6. Combining these two inequalities, (72) and the discussion
below that display we can conclude that

+[1D12(w" 0 p)llp < Cllwg, © pllf = Cllv* o pllp. (73)

Hax] ’ Lr(89)

In (73) the last equality follows by construction. Combining (71) and (73) we can
conclude that,

8'[[_, — e
—Vvdatdt < ||U||L‘1171/2(8Q)HUHLP(aQ)'

The proof of Theorem 4 is complete. [
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