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ABSTRACT

Certain weighted norm inequalities for integral operators with non-negative, mono-
tone kernels are shown to remain valid when the weight is replaced by a monotone
majorant or minorant of the original weight. A similar result holds for operators
with quasi-concave kernels. To prove these results a careful investigation of the
functional properties of the monotone envelopes of a non-negative function is car-
ried out. Applications are made to function space embeddings of the cones of
monotone functions and quasi-concave functions.

Under weaker partial orders on non-negative functions, monotone envelopes
are re-examined and the level function is recognized as a monotone envelope in two
ways. Using the level function, monotonicity can be transferred from the kernel to
the weight in inequalities restricted to a cone of monotone functions.

1. Introduction

This paper is a contribution to the theory of weighted norm inequalities for positive
integral operators but will also be of interest to those studying function spaces. We
show that the monotonicity of the kernel of an integral operator can be transferred
to the weight in a norm inequality. The result is applied to embeddings of the cone
of non-increasing functions between general rearrangement-invariant spaces and to
embeddings of the cone of quasi-concave functions between weighted Lebesgue spaces.

The usual partial order on non-negative functions is pointwise, that is, u < v
provided u(z) < v(z) for (almost) all . For non-negative, A-measurable functions on
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R we can look at the weaker order relation v <| v given by

/ ud)\g/ vdA, x €R.
(—o00,z] (—o00,z]

This relation is important in the study of monotone functions because v <| v if and

Amwgéﬂw

for all non-negative, non-increasing functions f. (See Corollary 1.3 below.) Naturally,
there is a corresponding relation u <; v defined by

/ udi < / vdh, x€R
[z,00) [z,00)

and satisfying u <; v if and only if

/Rfudx\g/Rfvd)\

for all non-negative, non-decreasing functions f. Although the relations <, and <;
are reflexive and transitive on the set of all non-negative functions they are not partial
orders on this large domain because antisymmetry may fail when the integrals used to

only if

define them are infinite.

It is essential to understand the interplay between these order relations when work-
ing with monotone functions. To further this understanding we examine, in Section 2,
the four monotone envelopes of a non-negative function u: The least non-increasing ma-
jorant, the greatest non-increasing minorant, the least non-decreasing majorant, and
the greatest non-decreasing minorant. There are not just four monotone envelopes,
however, as we can change order relations and thereby change our notions of least,
greatest, majorant and minorant. Looking at monotone envelopes with respect to the
order relations <; and <; leads to some surprising and useful results. For instance,
the level function of v makes its appearance as both a least non-increasing majorant of
u with respect to <| and a greatest non-increasing minorant of u with respect to <j;.

Studying the various monotone envelopes in Section 2 leads to our main results, in
Section 3, for transferring monotonicity from the kernel to the weight in certain norm
inequalities. Theorems 4.1 and 4.2 are concerned with transferring quasi-concavity.
Applications extending embedding theorems for monotone functions are given in
Theorem 3.7 and Corollary 3.8 and for quasi-concave functions in Theorem 4.3 and
Corollary 4.4. Section 5 is devoted to proving Theorem 2.1 by a series of lemmas that
set out the principle of “pushing mass.” In Section 6, we expose the simple structure
of the level function, a result that was previously known only for bounded functions.

In the remainder of this section we introduce notation, prove some basic results
in their natural generality, and recall those properties of the level function that we
will require in the sequel. For notation and background in Banach Function Spaces we
refer to [1].
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Let A be a o-finite measure on the real line. In order for monotone functions to be
A-measurable we assume that all Borel sets are A-measurable. Let L; be the collection
of all non-negative, \-measurable functions on R and let L} (S) denote those functions
in L:\*' which vanish off S C R. We denote the collections of monotone functions on R
by

Li = {f € L} : f is non-increasing} and Ll ={fe LY : f is non-decreasing}.

The two operators of integration we will need are I and I* defined by
If(a:):/ fd\x and I*f(x):/ fdA.
(—o0,z] [z,00)

Note that for all u,v € L:\F we have

/R(M)vdAz /RU(I*U) dA.

Now that we have defined the operators I and I* we prefer to write Ju < Iv rather
than the equivalent v <| v and to write /*u < I*v rather than the equivalent u <4 v.

It is clear that the operator I takes non-negative functions to non-decreasing
functions so (L:\") C LI\. In Lemma 1.2 we show that the subset is quite a large one.
To begin we show that I(L}) has a useful lattice property.

Lemma 1.1
If u,v € LY then there exists w € L} such that Tw = max(Iv, Iv).

Proof. Set W = max(Iu,Iv) and let M =sup{z € R: W(z) < oo}. If M = —oc0 the
result is trivial, otherwise W is non-decreasing and right continuous on (—oo, M) and
W(—o00) = 0. By [8, Theorem 12, p. 301] there exists a Borel measure p such that

W (x) :/( | du

for all z < M. We show that p is absolutely continuous with respect to A on (—oo, M).
Note that both uA and vA are finite on compact subsets of (—oo, M) and hence are
Baire measures on (—oo, M). By [8, Corollary 12, p. 340] both u\ and v\ are regular
measures on (—oo,M). Thus, if E C (—oo, M) with A(E) = 0 and € > 0 then
uME) = vA(E) = 0 as well so we can find an open set O with £ C O C (—o0, M)
such that

/ud)\<5/2 and /Ud/\<6/2.
o o

Now write O = U;(a;,b;), a union of its connected components, to get

w(E) = /E dp < /o dp = ZW(bi—) — W(ai)

gZlu(bi—)—Iu(a,-)—i—[v(bi—)—fv(ai)—/Oud)\+/ovd/\<€.
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(Here we have used the observation that if A > C' and B > D then max(A, B) —
max(C,D) < A— C + B — D.) Since ¢ was arbitrary, u(F) = 0 so u is absolutely
continuous with respect to A. By the Radon-Nikodym Theorem there is a w & L;\r
such that g = wA and we have

W(x):/( }wd)\

for x < M. If M = oo we are done. If M is an atom for A then it is a simple matter
to choose a value for w(M) so that

W (M) = / wdA.
(—OO,M}

For x > M, W(z) = oo so we may set w = max(u,v) on (M,o0) to complete the
proof. [J

Lemma 1.2

If f e L; then there exist u,, € Lj such that the sequence Iu,, is non-decreasing
and converges to f pointwise, A-almost everywhere.

Proof. We begin by replacing f(x) by
esstgsyp)\ f(t).

Since f is non-decreasing, the two functions agree A-almost everywhere and therefore
this new f satisfies

flx) = eSSth;lp)‘ f(t) =sup{y: Mt <az: f(t) >y} >0}

Let f; = min(f — 1/4,7) and note that f; increases to f pointwise as j — oo. Since
for all a,

fila) < fla) =sup {y: Mt <a: f(t) >y} >0}
the set

{t<a:f(t)>f;(a)}

has positive A-measure and since A is o-finite we can choose a subset E, ; of finite,
positive A-measure. Let

Vaj = fi(@)A(Eaj) "' XE..,-

It is easy to check that Iv, ; < f(z) for € R and that Iv, ;(a) = f;(a).

Since ) is o-finite, it has at most countably many atoms. Hence we can choose a
countable dense subset {a;} of R which contains all the atoms of A. Induction applied
to Lemma 1.1 shows that for each positive integer n there exists a u,, € L;\r such that

Iu, =  max {Ivg, 5}
1=1,...,n;5=1,....n
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It is evident that Iu, is a non-decreasing sequence and that Iu, < f for each n. It
remains to show that

(1.1) lim Tu,(x) = f(x)
for A-almost every x. For each a; and each n > i we have
flai) > Tup(a;) > Ivg, n(ai) = folai)

so (1.1) holds for = a;. If z is not one of the a; then for each a; < x we have
fla;) = nh_)n;@ Tuy(a;) < nlingo Tuy,(x) < f(x).
Since the a; are dense this implies that
flxz=) < lim Tu,(z) < f(x).
n—o0

In particular, if z is a point of continuity of f then (1.1) holds. Since f is non-decreasing
it has at most countably many points of discontinuity so the set

{r e R\ {a;}: f(z—) # f(=)}
is countable and contains no atoms of A. Therefore it has zero A-measure. This
completes the proof. [J

Corollary 1.3
Suppose v, w € L‘;. If fe L; and I"'v < "w orif f € Lﬁ and Iv < Iw then

Aﬁﬁgéﬂ&.

Proof. Suppose f € LI\ and ["v < I"w. By Lemma 1.2 we have

d\ = Tu)vd\ = I*v)d\
/Rfv sup /R( u)v sup/Ru( v)

Tu<f Tu<f
< sup / u(I*w) d\ = sup /(Iu)w dX < / fwd.
Tu<f JR Tu<f JR R
The second part follows from the first by the change of variable x — —z. [J
To work with the level function we introduce a class of averaging operators. Sup-

pose {J} is a countable (or finite) collection of disjoint intervals each of finite, positive
A-measure and define the operator A by

1
Af(x) = m/de)\, xeJe{J}
f(z), x ¢ U{J}

We denote the collection of all such operators A by A.

Proposition 1.4

Suppose that A € A. Then
i) A is formally self-adjoint, that is, for all f,g € L,

/R (Af)gdr = /]R f(Ag) dA.

ii) If f € L} then Af € L} and TAf < If.
iii) If f € L} then Af € L and If < IAf.
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Proof. Suppose f,g € Lj. Then

A(Af)gdh/ﬂ{\wfgdwz/( s L r) o

e ) = [
This is (i).

Replacing a function by its average on an interval preserves monotonicity so the
first statements of both (ii) and (iii) are clear.

For the second statements of (ii) and (iii), fix y € R and set x = X(—,y- Replacing
x by its average on an interval has no effect when y is constant on the interval so
applying A to x is easy: If y € J for some J then

1, t<ytgJ
A(=o0,y|NJ

Ay(t) = § A=xyln ) /\(jy)] ) tey
0, otherwise.

If y ¢ UJ then Ay = x. In the latter case we certainly have Ay < Iy and I*x < I*Ax.
These hold in the former case as well: Since

M( o0, 2]), e <pad
[Ax(x) = { A(=00,2] N1 J%) + A((—00, 2] N J)A((_ii’%] ) ey
)‘((_007 y])v otherwise

we easily see that JAx(x) is no greater than A\((—oo, min(z,y)]) = Ix(z). Since

0, x>y x¢J
I Ax(x) = 4 A([z, 00) N J))‘(<_C;\<J(1]31)] N wey
([, v]), otherwise

we easily see that I*Ax(z) is no less than A([x,y])X(—cc,y(z) = I"x(7). Now that
we have TAx < Ix and I*x < I*Ax we can apply Corollary 1.3 to see that for any
felLi,

TAf(y) = /R (Af)y dA = /R F(Ax) dA < /R Fxdh=If(y)

and for any f € L,

IAf(y) = /R (Af)y dA = /R F(Ax) dA > /R Fxdh = If(y)

Since y was arbitrary these complete the proof. [
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The level function of u depends on the underlying measure A. To avoid technical
difficulties we require that A satisfy

(1.2) AM—o0,x] < o0, z€R,
when working with the level function.

Proposition 1.5

Suppose that \ satisfies (1.2). To each u € L:\F there corresponds a function
u € Lﬁ, called the level function of u with respect to \ such that

i) Tu < Iu®.

ii) If u, T u then u T u®. That is, if an increasing sequence of functions converges
pointwise A-almost everywhere to u then the sequence of their level functions is
increasing and converges pointwise A\-almost everywhere to the level function of u.

iii) If u € LY is bounded and vanishes on [M,c0) for some M then there exists an
A, € A such that u° = A,u.

iv) I*u® < I*u.

Proof. The structure of the level function of w is given in [10, Theorem 4.4, Defini-
tion 4.6, Corollary 4.8 and Theorem 4.9]. There it is shown that u° is non-negative
and non-increasing and that (i) holds. Regarding part (iii), we take the intervals of A,
to be the intervals I; of [10, Definition 4.6 and Corollary 4.8]. It is not assumed in [10]
that u is supported on (—oo, M| so the possibility of an interval of infinite A-measure
is considered there. An easy argument shows that if u is supported on (—oo, M] then
all the intervals are contained in (—oo, M| and hence are of finite A-measure. Clearly
we may discard those of zero A-measure.

As a consequence of [10, Theorem 5.2] the property in part (ii) can be used to
extend the level function construction by monotonicity. In [11, Theorem 5.2] it is
shown that the extended construction retains the property.

In view of (ii) above and the Monotone Convergence Theorem we observe that it
is enough to work with bounded u vanishing on [M, co) for some M when proving part
(iv). Since in this case we have u® = A,u it follows that

/uod)\:/ud)\<oo.
R R

Now part (iv) follows from part (i): For each z € R,

I'u®(z) = /Ruo d\ — Tu®(z—) < /Rud)\ — Tu(z—) = I"u(z). O

At one point in the sequel we require an extension of the Proposition 1.5(iii) in
which the restriction to bounded functions vanishing on [M, 00) is removed. Because
of the technical nature of this result and the delicate argument it requires we defer its
statement and proof to Section 6.
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2. Monotone envelopes

For u € L;\r we define the monotone envelopes of u as follows: The least non-increasing
majorant of u is
ut(z) = ess supyu(t)
t>x

and the greatest non-increasing minorant of u is

uy(x) = estsginfxu(t).

The two non-decreasing envelopes of u are defined analogously,

u'(x) = ess supy u(t) and wup(z) = ess infyu(t).
t<zx t>x

A routine measure theory exercise shows that for A-almost every z € R

uy(z) <ulz) <ub(z) and up(z) <ulz) <ul(z).

For f and ¢ in L;\r the condition Ig < I'f is a weaker order relation than g < f.
Consequently, the supremum in the obvious identity

Sup/gud)\:/fud)\
9<fJR R

may become larger when the condition g < f is weakened to Ig < If. Our first
theorem makes this observation precise.

Theorem 2.1
Suppose f,u € L;\r. Then

(2.1) sup /gud)\:/fuld)\
R R

Ig<If

and

2.2 inf ud\ = u) dA.

(2:2) ot [ guir= [ u,

Also

(2.3) sup /gud)\—/fuT dA
I*g<I*f JR R

and

(2.4) inf /gud)\:/fuT dA.
R R

I*g>I*f
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A careful proof is given in Section 5. Here we sketch the essential idea of the proof
of (2.1): The function u! majorizes u and is non-increasing so by Corollary 1.3 we have

/gudAg/guidAg/fuldA
R R

for each g with Ig < If. Thus

sup /gud)\g/fuld)\.
Ig<IfJR R

For the other inequality in (2.1) we fix f and construct gy as follows: A well-behaved
function u agrees with u! except on a collection of intervals where u! is constant. On
each such interval we push the mass of f over until it sits on the right endpoint. The
result is a “function” g; that is zero inside the intervals where u # u!. Thus

/gfudAz/gfui d.
R R

Also, the mass of f has been pushed to the right to form g; so for each x

Igs(x) < If(x).

Now we have

sup /gud)\z/gfud)\:/gfuid)\:/fuld)\.
19<If JR R R R

The last equality holds because the mass of f has been shifted only on intervals where
u! is constant.

Despite the vagueness of “pushing mass” and the strong simplifying assumption
on u the basic idea in this sketch survives in the proofs of Section 5.

For the next result we look at another kind of monotone envelope—the level
function. We show that the level function u® of u with respect to A is a least non-
increasing majorant of u when the order u < v is replaced by Iu < Iv. Surprisingly,
when the order u < v is replaced by I*u < I*v the same level function becomes
a greatest non-increasing minorant of u. As suggested by the use of the indefinite
article above, it may happen that a function v has more than one least non-increasing
majorant when the order is <|. This is because the order relation lacks antisymmetry
for very large functions. If Tu®(z) < oo for z € R then the level function u° is the
unique least non-increasing majorant of u with order relation <|. A similar comment
applies to the greatest non-increasing minorant of v with order relation <j.

As we see in Examples 2.4 and 2.6 there need be no greatest non-increasing mi-
norant with respect to the order <| nor least non-increasing majorant with respect to
the order <.

Lemma 2.2

The level function of u is a least non-increasing majorant of u with respect to the
order relation <|. That is, Iu < Iu® and if v € Lﬁ with Tu < Iv then Iu® < Iv. Also,
the level function of u is a greatest non-increasing minorant of u with respect to the
order relation <4. That is, [*u® < I*u and if v € L/l\ with I"v < I'*u then I*v < I*u°.
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Proof. In view of Proposition 1.5(ii) and the Monotone Convergence Theorem it is
enough to prove the first part of the lemma for u bounded and vanishing on [M, c0)
for some M. Suppose we have such a u and a v with v € Lﬁ and Ju < Iv. By
Proposition 1.5(i), Tu < Iu® and by Proposition 1.5(iii) we can choose A, € A so that
u® = Ayu. Fix x € R and let x = X(—c,2)- Then

Iu(z) = /R xu® dX = /R X(Agu) d\ = / (Aux)udA.

R

Since x is non-increasing, so is A,x. Therefore the hypothesis v < v and Corol-
lary 1.3 show that

/R (Aux)udX < /R (Aux)vd\ = /R X(Auv) dA.

Proposition 1.4(ii) shows that IA,v < Iv and since x € LY, Corollary 1.3 implies that

/Rx(Auv) d\ < /vad)\ = Jv(x).

These together yield Tu® < Iv as required.

For the second half of the lemma we apply Proposition 1.5(iv) to see that I*u° <
I*u. Now suppose that v € Li with I*v < I*u. Our object is to show that I*v < I*u°.
We do this in two cases depending on whether or not u is integrable.

If fRud)\ < oo then for each positive integer n set u, = min(u, n)x(,ooyn] and
choose A, € A such that A,u, = uj. Fix z € R and let x = X[3,00). Since x € L;,
Proposition 1.4 yields Iy < I A, x for all n > 0 so Corollary 1.3 shows

Io(z) = /R YwdA < /R (Ao dA

because v is non-increasing. Now A, x is non-decreasing and I*v < I*u so Corollary 1.3
shows that

/R (A d < /R (Ay)ud) = /R () (1 — ) A + / (A )t dA.

R

Notice that for any n, A, x < 1. Since fR udA < oo and u — u, tends to zero pointwise,
the Dominated Convergence Theorem shows that

/(Anx)(u — Up)d\ — 0 as n — oo.
R

Proposition 1.5(ii) and the Monotone Convergence Theorem show that as n — oo,

/(AnX)Und)\:/X(Anun)d)\z/Xuzd)\ﬁ/xuod)\zl*uo(x).
R R R R
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Putting these together yields I*v(x) < I*u®(x) and since z was arbitrary this completes
the proof of the case fR ud\ < 00.

To handle the case fR udA = oo we first observe that by the Monotone Conver-
gence Theorem it is enough to prove the result for v satisfying vad)\ < 00. Next
we need the following fact which depends on the o-finiteness of A: If [, vdA < oo
and fRud)\ = oo with I*v < I*u then there exists a w € L;\r with w < wu such that
fR wdA < oo and I*v < I[*w. The construction of such a w, an easy exercise in measure
theory, is left to the reader. Having w we use the previous case to get

Iv < Iw® < IT*u°.
Note that since w < w it is a consequence of Proposition 1.5(ii) that w® < u°. O

Now we present an analogue of (2.1) with f and g restricted to be non-increasing.
The level function appears here in its role of least non-increasing majorant of uw with
respect to the order <.

Theorem 2.3
Suppose \ satisfies (1.2) and u € LY. If f € Lﬁ then
(2.5) sup /gu d\ = / fu®dA.
geLi R R
1g<if

Proof. By Proposition 1.5(ii) and the Monotone Convergence Theorem it is enough to
prove the theorem assuming that u is bounded and vanishes on [M, co) for some M.
If g € Lﬁ and Ig < If then by Proposition 1.5(i) and Corollary 1.3 applied twice we

have
/gud)\g/guod)\g/fuod)\
R R R

since u° is non-increasing. This proves the inequality “<” of (2.5).
For the reverse inequality apply Proposition 1.5(iii) to choose A, € A such that
Ayu = u°. Then Proposition 1.4(ii) shows that A, f € L%\ and TA,f < If. Thus

s /Rgud)\z/R(Auf)ud)\:/Rf(Auu) d)\:/Rfu"d)\.

Ig<If
This completes the proof. [J

Now that we have the analogue (2.5) of (2.1) it is natural to ask if there is an
analogue of (2.2) with f and g restricted to be non-increasing. Surprisingly, the answer
is no. The following example shows that no direct analogue is possible.

EXAMPLE 2.4: Let A be Lebesgue measure on (0,3), that is, dA\(z) = x(0,3)(7) dz, and
set u = 3x(0,1) + X(2,3)- Then there is no function u, which satisfies

(2.6) inf /gud)\:/fuod)\
g€Ll R R

A
Ig=>1f

for all f € Li\.
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Proof. For each s € (0,4) set

Js = 4x(0,1] + 8X(1,3)-

Observe that

1 3 1 1
inf /gud)\: inf 3/ g+/g> inf 3/g>3/ fs =12.
gery JR gery  Jo 2 gery  Jo 0

Ig=>1fs Ig=>1fs Ig>1fs

Also, since fol g— ffg >0 for g € LY, we have

1 1 2 3 1 3
inf /gud)\: inf /g—|—</g—/ g>+/gz/fs+/ fs =8+ 2s.
gert JR gert Jo 0 1 0 0 0

A
Ig>Ifs Ig>Ifs

These two observations yield

(2.7) inf / gudX > max(12,8 4 2s).
R

l
gELA

rg>17s
In fact this inequality is equality, as we show in two cases. If 0 < s < 2 then we set
9s = 4X(0,1] T 28X(1,2), note that g5 € Lf\ and Igs, > Ifs, and conclude that

inf /gud/\g/gsud)\zlz
gert JR R

A
Ig=>1fs

If 2 < s < 4 then we set gs = 4x(0,2) + (25 — 4)X(2,3), again note that g, € Lﬁ and
Igs > Ifs, and conclude that

inf /gud)\</gsud)\:8+2s.
R R

1
QELA

Ig>1fs

Equality in (2.7) turns (2.6), with f replaced by fs, into

1 3
max(12,8 + 2s) = / fstto dX = 4/ Uy + s/ Up.
R 0 1

It is clear that this cannot hold for all s € (0,4) no matter what the function w,
may be as the right hand side has constant slope while the left hand side does not. [

A similar situation occurs when we consider restricting (2.1) and (2.2) to non-
decreasing functions f and g. The level function provides an analogue of (2.2) but
there is no analogue of (2.1).
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Theorem 2.5
Suppose A satisfies (1.2) and u € L. If f € LI\ then

(2.8) inf /gud)\:/fuod)\.
gerl JR R

A
Ig=>I1f

Proof. If g € L; and Ig > If then by Proposition 1.5(iv) and Corollary 1.3 applied

twice we have
/gud)\Z/guod)\Z/fuod)\
R R R

because u° is non-increasing. This proves the inequality “>” of (2.8).

For the reverse inequality we apply Theorem 6.1 to u to obtain intervals Jir and
Jright and an operator A € A such that u® = Au off Jiet U Jrgni. Note that all the
intervals of A are contained in R\ (Jieft U Jrignt). Define g by g = Af on R\ Jyighe and

1
g = lim / fdx
T—00 )\((—OO, «'17] N Jright) (—o0,z]NJy

right

on Jign. Because f is non-decreasing the limit is non-decreasing and therefore exists.
It is easy to check that g is non-decreasing as well. By Proposition 1.4(iii) we see that
Ig>1fon R\ Jign and for € Jygne

Ig(x)—/ gd)\—l—/ gdA
(—oo,z]\Jy (—o0,z]NJ};

ight
>
(—o0,z]\J,

fdA+/ fd\=If(x)
right (—o0,7]

Iquight

ight

as well. To complete the proof we show that

/gud)\:/fuod)\.
R R
L.

/ gudi = fuldA.
J.

right Jri ght

Proposition 1.4(i) implies

gud\ = / fu®d
R\ J,

ight ight

so we need only show that

That is, by Theorem 6.1(iii), that

" ST /
lim fdA wdA
(a:—>00 A((—00, 2] N Jright) (—00.2]N Tight ) J

right
/

T

1
fdX (lim sup / U d)\> .
ieht T—00 )\((—OO, ZL'] N Jright) (—oo,x]ﬁJright
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It is not difficult to recognise both sides as

1
lim sup / udA / fdA
T—00 A((_007 .’1:] m Jright) (—OO,w]ﬁJright (—OO,:E]ﬂJright

to complete the proof. [

EXAMPLE 2.6: Let A be Lebesgue measure on (0,3), that is, dA(z) = x(0,3)(x) dz, and
set u = 3x(1,2) + X(2,3)- Then there is no function u, which satisfies

(2.9) sup /gud)\:/fuod)\
R R

T
gGLX
Ig<If

for all f € L].
Proof. For each s € (0,4) set

Js = 8X(0,2] T 4X(2,3)-
Then

2 3
sup /gud)\— sup 3/ g—l—/ g
gEL; R gGL; 1 2

ITg<Ifs Ig<Ifs

2 3 2 3
< sup 2/ g+/g§2/ fs—l-/ fs =6s+4.
ger] 0 0 0 0

Ig<Ifs

Also, since ff g < f23g for g € L, we have

2 3 3 3
sup /gud)\g sup 2/ g+2/g§2/g§2/ fs=4s+8
gEL; R geLI\ 1 2 0 0

Ig<Ifs Ig<Ifs

These two observations yield

(2.10) sup / gud\ < min(6s + 4,4s + 8).
gELI\ R
19<17,

We demonstrate that this inequality is equality. If 0 < s < 2 then g5 = 2sx(1,2]+4X(2,3)
is in L; and it is easy to check that Igs < Ifs. Therefore,

sup /gud)\z/gsud)\zﬁs—i-ll.
R R

T
gELA
Tg<Ifs
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If 2 < s <4 then we set g5 = (s +2)x(1,3- Again g, € LI\ and Igs < If,. We have

sup /gud)\Z/gsud)\:4s+8.
R R

T
L

ge I
Ig<Ifs

Equality in (2.10) turns (2.9), with f replaced by fs, into

2 3
min(63+4,4s+8):/fsuod)\:s/ uo—|—4/ Ug.
R 0 2

It is clear that this cannot hold for all s € (0,4) no matter what the function w,
may be as the right hand side has constant slope while the left hand side does not.

The non-decreasing analogue of the level function is obtained by simply flipping
the real line end for end. Thus if A[z,00) < oo for z € R and u € L} then we set
A(x) = A(—x), ur(z) = u(—=x), and let u$ be the level function of u; with respect
to A1. The non-decreasing level function of u with respect to A is then u§(—z). This
construction simultaneously yields the least non-decreasing majorant of u with respect
to the order <; and the greatest non-decreasing minorant of u with respect to the
order <|. Lemma 2.2 and Theorems 2.3 and 2.5 have obvious counterparts for the
non-decreasing level function that we leave to the reader.

3. Transferring monotonicity

In [13] the notion of transferring monotonicity from the kernel of an operator to the
weight was introduced to study a special case of the weighted Hardy inequality. The
results of the previous section allow us to better express the ideas behind that notion
and place them in a more general setting. A result related to Theorem 3.5 may be
found in [3, Proposition 2.12].

As before, the measure A is a o-finite measure on (—oo,00) for which non-
increasing functions are A\-measurable. Let u be any measure on any set and let X be
a Banach Function Space of p-measurable functions. Define the linear operator K by

Kf@) = [ ka0 f(0) N0
R
where the kernel k(z,t) is a non-negative (u X A)-measurable function.

Theorem 3.1

Suppose k(z,t) is non-increasing in t for each x. Then the least constant C, finite
or infinite, for which

IKflx < C / fudr, feLf,
R



196 SINNAMON

holds is unchanged when wu is replaced by w. That is,

(3.1) sup WSl _ o IEFllx
720 Jx fudX g0 [g fuy dA

Proof. Since u| < u A-almost everywhere the inequality “<” in (3.1) is immediate. To
establish the reverse inequality we apply (2.2) of Theorem 2.1 to get
17l K K7 x

sup ————— = : =sup sup -————.
120 Jg fupdh g0 infrgsrp [pgudh >0 1915 fp gudh

Now if If < Ig then the monotonicity of £ and Corollary 1.3 shows that Kf < Kg
and since X is a Banach Function Space we have | K f|x < ||Kg|/x. Thus

K K K
wp LB Kl Kl

720 Ju fuy dX T 50 19215 JpgudX T g0 [ gudA
This completes the proof. [J
The substitution + — —xz gives the corresponding result for non-decreasing ker-

nels.

Corollary 3.2

Suppose k(z,t) is non-decreasing in t for each x. Then the least constant C, finite
or infinite, for which

K fllx < C/fud/\, felLy,
R
holds is unchanged when wu is replaced by w;. That is,

sup 1K fllx — sup 15 Fllx
720 Ju fudX g0 [g fur dA

Next we look at the reversed inequality.

Theorem 3.3

Suppose k(z,t) is non-increasing in t for each x. Then the least constant C, finite
or infinite, for which

[ fuar< s ey
R
holds is unchanged when u is replaced by u'. That is,

>0 IKfllx g0 K flx

Proof. Since u < u! A\-almost everywhere the inequality “<” in (3.2) is clear. For the
reverse inequality we apply (2.1) of Theorem 2.1 to get

Ld su udA d\
sup 7fR fu = sup pIgSIf fR g = sup Sup 7fR gu .
>0 IKfllx  s>o | K £l x rorg<ry 1K fllx
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Now if Ig < If then the monotonicity of & and Corollary 1.3 shows that Kg < K f
and since X is a Banach Function Space we have |[Kg||x < ||K f|x. Thus

Ld d\ d\
=0 IKfllx = p=org<is 1Kgllx ~ g>0 [[Kgllx
This completes the proof. [J

Corollary 3.4

Suppose k(x,t) is non-decreasing in t for each x. Then the least constant C, finite
or infinite, for which

[ ruar< s ey
R
holds is unchanged when u is replaced by u!. That is,

d\ Td\
sup 20 _ o Je ST dA
>0 IKfllx  p>0 K flx

We can also transfer monotonicity in weighted norm inequalities restricted to
monotone functions.

Theorem 3.5

Suppose k(z,t) is non-increasing in t for each x. Then the least constant C, finite
or infinite, for which

/ fud\ < C\Kflx, fe L,
R

holds is unchanged when u is replaced by u®. That is,

dA °dA
(3.3) qup U e e A
f’ELi HKfHX feLi HKfHX

Proof. Since Iu < Iu®, Corollary 1.3 yields the inequality “<” in (3.3). To establish
the reverse inequality we apply (2.5) of Theorem 2.3 to get

SUp epl fR gudX

u® dX udA

sup 7fRf = sup fo=tf = sup sup LRQ .

o 1 e -5 PR W A 1]
19<iy

Now if Ig < If then the monotonicity of £ and Corollary 1.3 shows that Kg < K f
and since X is a Banach Function Space we have |Kg||x < [|[Kf||x. Thus

u® d\ ud ud\

sup jﬁf— S sup sup ‘[Rg— S sup ‘/ﬁg—

rert IEFllx = pept yent 1Ballx = gy I1K9llx
Ig<If

This completes the proof. [J
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Theorem 3.6

Suppose k(z,t) is non-increasing in t for each x. Then the least constant C, finite
or infinite, for which

1K flx <€ [ fuar feLl,
R
holds is unchanged when w is replaced by u®. That is,

(3.4) sup WEAlx o K Sl
ferLl f]R fudA rerLl fR fuedi

Proof. Since I*u > I*u®, Corollary 1.3 yields the inequality “<” in (3.4). To establish
the reverse inequality we apply (2.7) of Theorem 2.5 to get

p VESLx UKl IS
ferl Jr Fuo dX rer] b ept Jz gudA feLl ger] Jw gudX
Ig>If Ig>1f

Now if If < Ig then the monotonicity of £ and Corollary 1.3 shows that Kf < Kg
and since X is a Banach Function Space we have |K f||x < ||[Kg||x. Thus

o WS gl Kl
ferl fR fuodx — ferl gerl f]R wdX geLl fRQUd)‘

IQEIf
This completes the proof. [J

The results for non-decreasing kernels corresponding to Theorems 3.5 and 3.6
involve the non-decreasing level function. (See the remark at the end of Section 2.)
We leave their formulation to the reader.

As an application of these results we present a companion result to [11, Theo-
rem 4.4] and then a special case related to [9, Theorem 1]. Let A = I1 so that
A(z) = A((—o0,z]). Define the operator P by

Pf=(If)/A+1f(c0)/A(c0).

Note that the second term in the definition of P is absent if A is an infinite measure.
When working in rearrangement invariant spaces it is natural to assume that the un-
derlying measure is either non-atomic or purely atomic with all atoms having equal
measure. This ensures, among other things, that the associate space of a rearrange-
ment invariant space is again rearrangement invariant. Under this assumption [11,
Theorem 4.4] shows that

sup 2SI

gert N9llx

provided P : X — X is bounded. Lemma 1.2 shows that we can take the supremum
over g =1*G € I*Lj\' rather than g € Lf\ so we can evaluate

G d)\
sup J21G
GELJ{ ||I GHX’
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where uv = If. Here u is non-decreasing but by transferring monotonicity we can
evaluate the above supremum for arbitrary u € Lj.

The boundedness of P : X — X is equivalent to the upper Boyd index of X being
less than 1. For more information about Boyd indices see [2, 7].

Theorem 3.7

Let )\ be a o-finite measure on R that is either non-atomic or purely atomic with
all atoms having equal measure. Suppose that X is a rearrangement invariant Banach
function space of A-measurable functions. If P : X — X is bounded then

J uG dX

e ~ [lul /Al x + u'(00)|1]| x /A(00).

sup
GeL}

Here 1 represents the constant function with value 1.

Note that if A(R) = oo the second term on the right hand side is absent.

Proof. The kernel of I* is X3 00)(t) Which is non-decreasing in ¢ for each x. We may
apply Corollary 3.4 to get

Gd\ TG d\
sup JBUGD _ Jpu A
GeLi ||I GHX’ GeLi ”I G”X’

Since u! is non-decreasing it can be approximated from below by integrals. Thus

uwl G d\ If)Gd\ I*G)d\
sup —fR " = Sup sup 71‘1&( *f) = sup —fR fi )
cert IGlxr gert serr M*Glxr gepy jerr Gl

I1f<ul If<ul

Using the fact that a non-increasing function can be approximated from below by
integrals we have

* *
sup sup 4fRf(*I G)dxr = sup sup sup 4fRf(*I G) dA
GeLt feLjT 11+G x geL} IGLEGL; fEL;\LT [1*Gllx
If<u =9 I1f<u
dA
rerf geLl llgllx-
If<ul

The inner supremum above is equivalent to || Pf||x by [11, Theorem 4.4] so we have

ul G d\
sup ﬁR}T% sup ||[Pfllx =~ sup [[If/Alx + 1f(o0)|[1]lx/A(c0)
GeLY H HX/ rect sert
If<ul If<ul

= [[ul /Al x +u' (00)[[1]|x /A(c0).

This completes the proof. [J
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Corollary 3.8

Suppose that 1 < p < oo, 1/p+ 1/p’ = 1, and v is a non-negative, Lebesgue
measurable function defined on (0, 00) which is finite almost everywhere. Then

(3.5) sup. fom,ug Ty
9L (5= ([ 9)" vlw) de)

%(/OoouT(x)p</Oxv>pv(x)d$> +uT(oo)</ooov>1/p/.

Proof. Since v is finite almost everywhere, the measure A\ defined by

1/p

dA(z) = v(2)X(0,00) () d

is o-finite and non-atomic. With respect to this underlying measure the weighted
Lebesgue space LY having norm

0o 1/p
Wl = ( / f|%)

is rearrangement invariant and its associate space is Lﬁ/. Moreover, since 1 < p < 00,
the upper Boyd index of LP is 1/p which is less than 1. Therefore the conclusion of
Theorem 3.5 holds. We have

oo
G
sup fo uGv

GeLy (fooo ([~ Gv)p/ v(x) dx)

z(/ooouT(a:)p</orv>_pv(x)da:> +uT(oo)</Ooov>l/p</ooov>_l.

With g = G this reduces to (3.5) to complete the proof. O

1/p’

1/p

4. Quasi-concave functions

We call a function h : (0,00) — [0,00) quasi-concave and write h € € 1, provided
h(t) is non-decreasing and ¢t~ 1h(t) is non-increasing. The two quasi-concave envelopes
of a Lebesgue measurable function u : (0,00) — [0,00) are the least quasi-concave
majorant of u, given by

u(z) = wess supp ¢t ess supp u(s),
t>x 0<s<t

and the greatest quasi-concave minorant of u, given by

u(z) = xess inf ¢! ess inf u(s).
0<t<x s>t
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It is easy to check that u < u < @, that w and u are both quasi-concave, and that they
are envelopes in the following sense: If u < h and h is quasi-concave then @ < h. Also,
if h <wu and h is quasi-concave then h < u.

In this section we take the measure A to be Lebesgue measure on (0, 00) and recall

the definitions of u!, uy, u', and u;y given in Section 2.

Theorem 4.1

Suppose that for each x, k(x,t) is a quasi-concave function of t. Then the least
constant C, finite or infinite, for which

/O fu<CIKflx. >0,

is unchanged when u is replaced by w. That is,

sup fooofu — sup fooo Ju
>0 IKfllx >0 [[Kfllx

Proof. Since k(z,t) is non-decreasing in ¢t we may apply Corollary 3.4 to get

sup Jo"Ju sup 1!
>0 K fllx g0 IKfllx

Let I(x,t) = t~'k(x,t) and define the operator L by

Lo(x) = /0 U g () dt.

Note that if we set g(t) = ¢f(¢) then K f = Lg. Now I(z,t) is non-increasing in ¢ so by
Theorem 3.3 we have

sup Jo ful _ g Jo gw . Jo gw!
>0 1K fllx g0 ILgllx  g>0 [[Lgllx

where w(t) = t~'u!(t). The definition of @ shows that xw!(x) = @(x). Therefore

00 ! o0 p_

fo gw fo fu
sup 2l — qup 20 - —
9>0 ILgllx  y>o 1K fllx

which completes the proof. [

In just the same way the next theorem follows from Corollary 3.2 and Theorem 3.1.
We omit the details.
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Theorem 4.2

Suppose that for each x, k(z,t) is a quasi-concave function of t. Then the least
constant C, finite or infinite, for which

is unchanged when u is replaced by u. That is,

o ISl 1
— lx
>0 foofu >0 [y fu

With our choice of A the operators I and I* become

/fand[* /f

The composition I1* maps the cone of non-negative functions to the cone of quasi-
concave functions. It is well known, see for example [12, Lemma 2.3|, that every
quasi-concave function is equivalent to an increasing limit of functions in the image
IT*(LY). Work of [5, 6, 12] has characterized weighted Lebesgue space imbeddings of
the cone of quasi-concave functions. In the next theorem we apply a special case of [5,
Theorem 5.1(ii)].

Theorem 4.3
Suppose 1 <p < oo, 1/p+1/p' =1, and f € LY. Then

su = fO fg /p
120 ([S9(IT* f)Pv)

~ g,

o= L ([ o) (o o) ([ v ew [Tou) "

Proof. Interchanging the order of integration in the composition IT* yields

11 f // f dtds—/ min(x, t) f(t) dt.

The kernel, min(z, t), is a quasi-concave function of ¢ for each x so by Theorem 4.1 we

f()oofg fgoofg

sup =su

1/p % oo 1/p°
720 ([T fyro) P 20 ([ (11 fyro) Y

have
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The quasi-concave function g is equivalent to an increasing limit of functions in
IT*(LY) so

* fg fr
sup fo 19 i/ /A sup sup fO )1 7
F20 (fOOO (I[*f)p'l}) g F20 II’;%OS§ (fO II* ) U) :
fO°°(U* h

= sup sup

0o 1/p°
52, 120 ([T pyro) 7
Is is easy to check that
IT*(LY) C {tf*™*@t): fe LT} C Qo

where f* is the non-increasing rearrangement of f and f**(¢) = ¢~} fg f*. So for any
h e L;\r we have

Jooarpn Jo (tF7()) h(t) dt
su = ip — SuP 1/p’
720 ([(I1* f)Pv) P20 ([ (tf=(t )) v(t) dt)

By [5, Theorem 5.1(ii)], with ¢ = 1, u = 1, w(s) = sh(s) and v(s) replaced by sPuv(s),
the last expression is equivalent to

00 00 ' v
(/ </ min(1, z/t)th(t) dt> o(x) da:)
0 0
This reduces to [[[I*h]| v so we have
> fg . _
sup o ~ sw 11l = gl

oo « 1/
F=0 (fO (II f)pv) : II}}"%()Sg
as required. [

As a consequence we are able to give necessary and sufficient conditions for an
inequality studied in [14].

Corollary 4.4
Suppose that 1 < p < oo, 1/p+1/p' =1, and v,h € L;\r. Then

> gh
sup fﬂ J ~ || H|
f 1/p
geLy (fo fo da:)

where H(z) is the least non-increasing majorant of z=* foz h and

(z) = % (x—lp /Oxv(t) dt) (/OO mw%) (m—lp /Oxv(t) dt+/:o v(t)%>_pl_1.
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Proof. The supremum over L/l\ can be replaced by a supremum over [ *L:\F so we have

Jo gh B Jee (e yh
su 7, = Sup -
ol ([i7(2 Jy gro(@)da) " rert (fTUI fra—ro(x)dr) "
_ Jo~ £Ih) T
fseuLp; (21 fypa—ro(z) dz) '/ 1l 2z,

The equivalence follows from Theorem 4.3 with g replaced by Ih and v(x) replaced by
x~Pv(z). Here oy is given by

o1 (z) = % (/va(t)dt> (:pp/; o(t) %) (/va(t)dt+xp[Ew o(t) %_p/_l.

Now Ih is non-decreasing so

Ih(x) = x ess supp t ‘ess supp Ih(s) =x esssupp t 'Ih(t) = zH(x).
t>x 0<s<t t>x

Taking the factor of x into the weight we have
[Tl Ly = 1]

to complete the proof. [

5. Proof of Theorem 2.1

Some preparation is required before we give our proof of Theorem 2.1 but the interme-
diate results are themselves worthy of note. In particular, Lemma 5.2 and Corollary 5.3
are useful tools since they make precise the notion of pushing mass mentioned in the
sketch proof of (2.1). We begin by showing that even when the function u is not well
behaved, each of the envelopes of u is constant except where it is close to u.

Lemma 5.1

Suppose u € L;\r, a<bandyeR. If

(5.1) {x>y:a<ut(z) <bY#0
then
(5.2) Mz >y:a<u(z) <ul(z) <bd}>0.

Similarly, if

(5.3) {z<y:a<u (z)<b}#0
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then
(5.4) Mr<y:a<u|(r) <u(z) <b}>0.

Proof. To prove the first implication we suppose that (5.1) holds and (5.2) fails and
derive a contradiction. Fix z > y such that a < u!(z) < b. If t > @ then ul(t) <
ut(x) < b so either ul(t) < a or a < ul(t) < b. For M\-almost every t > = satisfying
ut(t) < a we have u(t) < ul(t) < a. Since (5.2) fails and = > y we also have u(t) < a
for A-almost every t > x satisfying a < u!(t) < b. It follows that u(t) < a for A-almost
every t > x. Therefore
ut(z) = ess supy u(t) < a
t>x

which contradicts the choice of z.

To prove the second implication we suppose that (5.3) holds and (5.4) fails and
derive a contradiction. Fix x < y such that a < uj(z) < b. If t < x then w () >
uy(x) > a so either u (t) > b or a < u (t) < b. For M\-almost every t < z satisfying
uy(t) > b we have u(t) > wu(t) > b. Since (5.4) fails and z < y we also have u(t) > b
for A-almost every ¢ < x satisfying a < u(t) < b. If follows that u(t) > b for A-almost
every t < x. Therefore

uy(x) = esés%iznf)\ u(t) >b

which contradicts the choice of z. [J

In the next lemma we show how the mass of a function f can be “pushed” to
the right and onto a small subset. Recall that L;\F(S ) is the collection of non-negative
A-measurable functions which vanish off S.

Lemma 5.2

Suppose x € R and E is a A\-measurable subset of (—oo,x] satisfying \(E N
(y,00)) > 0 for all y < x. If f € LT ((—o0,z]) then there exists a function g € L} (F)
such that Ig < If and I*g > I*f.

Proof. We look at the simple case first. If x € E and x is an atom for A then the
o-finiteness of A ensures that 0 < A{z} < co. In this case we can push all the mass of
f onto a single point in E. Set

o= ([ 1) 355

Since f is zero on [z, 00) we have

0 y<zx
Ig(y)z{ }Slf(y)
Jefdx y>u

and
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In the remaining case, either z ¢ E or x is not an atom for A\. Then we have
AMEN (y,z)) > 0 for all y < z. Hence we can choose an increasing sequence y; < yo <
... converging to x such that

AME N (Yns Ynt1]) > 0.

The o-finiteness of A allows us to choose subsets E,, C EN (Y, Yn+1] of finite, positive
A-measure. Now let yg = —oo and set

_ - XE,
- Z </(yn1,yn] fd/\> AEn)

n=1

Here the mass of f has been cascaded to the right with each interval’s mass being
pushed onto a small subset of the adjacent interval.

To see that If < Ig and I*g < I*f we argue as follows: If y > x then, since f
and g are zero on [x,00),

Ig(y)—/RgdA—fj/( ]fdA—/RfdA—If(y)-
2 S

Also I*g(y) = 0 = I*f(y) whenever y > z. If y < x then we choose N so that
y € (yn—1,yn]. None of the sets En, Eny1, ... intersect (—oo,y] so

N-—1
WY [ =Ty £ 1)
n=1 " (Yn—1,yn]

and

I'gly) = > / fdx :/ fd)\:/ Fdx> I f(y).
n=nN v (Yn—1,yn] (yn—1,x) (yn—1,00)

This completes the proof. [J

Of course, mass can also be pushed to the left.

Corollary 5.3

Suppose © € R and E is a A-measurable subset of [x,00) satisfying A(E N
(—00,y)) >0 for all y > z. If f € LY ([x,00)) then there exists a function g € LY (E)
such that Ig > If and [*g < I*f.

Lemma 5.4

Suppose that f,u € L;\r and € > 0. Then there exists a function g € L;\r such that

Ig < If and
/gudAz/fuidA—s.
R R
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Proof. 1f [ fuld\ = 0 then g = f satisfies the conclusion of the lemma. Otherwise,
choose o > 1 so close to 1 that

a—l/fuidAz/fuldA—e/Q.
R R
Define

Joo = {z € R:ul(x) = oo},
Jo={zecR:a" ' <ul(z)<a™}, necz,
Jooo ={z €R:ut(z) =0}

Since u! is non-negative and non-increasing we see that each J,, n € Z U {£oc}, is
an interval (possibly a singleton or an empty set) and that R is the disjoint union of
the .J,,’s. We construct the desired function g by defining f,, = fx, and constructing
functions g,, to satisfy

Ig, <If,, mne€ZU{too},

(5.5) /gnud)\ >a ! / fautd\, ne€ZU{—oco}, and
R R

/gooud/\ > ofl/fooul —e/2.
R R

Since f = ZnEZU{:I:oo} fn, it is easy to see that the function g = ZneZU{:I:oo} g will
satisfy the conclusion of the lemma.

If J,, = 0 for some n then g, = 0 satisfies (5.5). If n = —oo then g, = 0 satisfies
(5.5).

If n € Z and J,, # 0 we let x,, = sup J,, be the right endpoint of J,, and set

E,={zcR:a"! <u(x) <ul(z) <a™} C (—o0,,).
If y > x, then J,, N [y,c0) # 0 so Lemma 5.1 yields
AME, N[y,o0)) > 0.

Now f, € L{((—00,,]) so by Lemma 5.2 there exists a g, € Ly (E,) such that
lg, <If, and I*g, > I*f,. Since g, is zero off F,, and f, is zero off J,, we have

/ gnud\ > ™! / gndX =" gy (—00)
R R
> o) =0 [ vz ot [ fatan
R R

The remaining case is n = oo and Jo, # 0. If fR foott dX = 0 then we can take go, = 0.
Otherwise, fo does not vanish so fR foodX > 0. Set x5 = sup Joo. If oo € Jo then
ul(Too) = 00 so for k = 1,2,... using the definition of u! we can choose subsets

Up C{x > 25 : u(z) > 2F}
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of finite positive A-measure and set

= —k XU
goo = / fodr ) S 2k XU

Otherwise, u! (7o, — 1/k) = oo for each positive integer k, so we can choose subsets

Up C{z>2_o —1/k:u(z) > 2"}
of finite positive A-measure and set
- —k XU
Joo = / foodX | 278 2
kzzl ( (=000 —1/K] A(Uy)

Either way the integral of g..u is infinite because

2—’“/ XUk 0 dh > 1.
A(Uk) -

If y > xo then
Ig0(y) < / oo dA < Tfao(y).

(—00,Z0]

If y < o then either none of the Uy’s intersects (—oo,y| or only those Uy with k
satisfying zo, — 1/k <y intersect (—oo,y|. Therefore either g (y) = 0 or

TROEEDS (/ fwdA>2_k§Ifw(y).
1/k>x00—y (—00,Zo0—1/k]

This completes the proof. [J

The corresponding result for the lower envelope is just different enough that a
separate proof is required.

Lemma 5.5

Suppose that f,u € L;\r and € > 0. Then there exists a function g € L;\r such that
Ig>1f and
/gud)\ < / fupd\+e.
R R

Proof. If fR fu; d\ = oo then g = f satisfies the conclusion of the lemma. Otherwise,
choose a > 1 so close to 1 that

a/fuld)\</fuld)\+€/2.
R R
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Joo ={z €R:uj(z) = o0},
Jo={zeR:a" <wuy(z) <a"}, nez,
Jooo ={z € R:u (x) =0}.
Since u| is non-negative and non-increasing we see that each J,,, n € Z U {£oo}, is
an interval (possibly a singleton or an empty set) and that R is the disjoint union of
the J,,’s. We construct the desired function g by defining f,, = fx, and constructing

functions g, to satisfy

Ig, > If,, ne€ZU{too},

(5.6) /gnu d\ < a/ faupdX, neZU{oo}, and
R R

/g_ooud)\ <eg/2.
R

Since f = ZnGZU{:I:oo} fn, it is easy to see that the function g = ZnGZU{:I:oo} gn will
satisfy the conclusion of the lemma.
If J,, = 0 for some n then g, = 0 satisfies (5.6). If n = oo then

/foould)\g/fuld/\<oo
R R

S0 foo necessarily vanishes A-almost everywhere. Thus g., = 0 satisfies (5.6).
If n € Z and J,, # 0 we set x,, = inf J,, and

E,={reR:a" <uj(zr) <ulr) <"} C [z,,00).
If y < x, then J, N (—o00,y] # () so Lemma 5.1 yields
A(En 1 (~00,3]) > 0.

Now f, € L ([zn,00)) so by Corollary 5.3 there exists a ¢ € Ly (E,) such that
lg, > If, and I*g, < I*f,. Since g, is zero off F,, and f, is zero off J,, we have

/Rgnu d\ < ot /Rgn d\ = a" I g, (—o00)

R R

The remaining case is n = —oco and J_o # 0. Set z_ =infJ_ . If x_o € J_
then u)(z_«) =0so for k =1,2,... we can choose subsets

Uk C{zr <2 u(x) < 2_k}
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of finite positive \-measure. If z_o, ¢ J_o then u|(x_o + 1/k) = 0 for each positive
integer k, so we can choose subsets

Up C{z <z oo+ 1/k:u(z) < 27F}

of finite positive A-measure. Set

e XUy
773 ,; AU

The choice of Uy, ensures that the integral of g_.,u is small. We have

9 = 9 = 9
Cudy= S etk E
/Rg B 2]; AUg) _QZ 2

If 2_ € J_oo then [f is zero on (—o00,x_) and, since all the Uy’s are contained in
(—00,Z_oo), Ig is infinite on [x_oo,00). Hence Ig > I'f. If x_o ¢ J_o then If is zero
on (—00,T_] and, since infinitely many of the Uy’s are contained in (—oo, x) for any
T > T_oo, g is infinite on (z_o,00). Again Ig > If. This completes the proof. [J

Proof of Theorem 2.1 We prove only (2.1) and (2.2) since (2.3) and (2.4) follow from
them by making the substitution x — —x throughout.
If Ig < If then, since u(z) < u!(z) A-almost everywhere, we may use Corollary 1.3

to get
/gudxg/guldAg/fuidA.
R R R

If Ig > If then, since u(xz) > u)(z) A-almost everywhere, we may use Corollary 1.3 to

get
/gud)\Z/guld)\z/fuld)\.
R R R

sup /gudkg/fuid/\ and  inf /gud)\Z/fuld)\.
Ig<IfJR R Ig>1f JR R

For the reverse inequalities we use Lemmas 5.4 and 5.5. For each € > 0 we apply
Lemma 5.4 to get a function g. satisfying Ig. < I f and

/fuld)\g/ggud)\—i-a.
R R

sup /gud/\Zs.up/ggud)\Z/fui dA.
Ig<IfJR e>0 JR R

We apply Lemma 5.5 to functions f and u to get a function g, satisfying Ig. > I f

/fuld)\>/g€ud)\—5.
R R

Thus

and
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i < < .
Iglgfj’f/Rgud)\_égf(;/RgEud)\_/Rfuld)\

This completes the proof. [J

6. The structure of general level functions

In Proposition 1.5(iii) the structure of the level function of a bounded function, sup-
ported on (—oo, M| for some M is given in terms of an averaging operator A € A.
Although one would expect that taking increasing limits of such level functions would
destroy this simple structure we show here that it does not. The structure of the level
function of an arbitrary function remains attractively simple.

Theorem 6.1

Suppose u is non-negative and A-measurable. Then there exists an A € A and
(possible empty) intervals Jies and Jyign such that
i) if Jiege # O then inf Jieg = —00 and u® = 0o on Jief;
ii) u® = Au A-almost everywhere off Jies U Jright;
iii) if Jiighe # 0 then sup Jright = 00, A(Jright) = 00, and on Jyighe

ud.

1
(6.1) u® = limsup

e—oo A((—00, 2] N Jright) /(oo,w}ﬁJright

Proof. Set u,, = min(u,n)X(—oo,n 50 that u, T u and, by Proposition 1.5(ii), u, T u°
pointwise on R. Each w,, is bounded and supported on (—oo,n] so there is an operator
A, € Asuch that u? = A,u,. We call the intervals of A,, the level intervals of u,, and
note that u? is constant on each of its level intervals. Also note that level intervals
have positive A-measure by definition. If an interval J has the property that every
level interval of u,, that intersects J is contained in J we say that the interval respects
Up. If J respects u, then A,x; = xJs so

/und)\:/AnXJund)\:/XJAnund)\:/qudA
J R R J

and for any x € J the interval (—oo, z] \ J also respects u? so, by Proposition 1.5(i),

/ und)\:/ und)\—/ Uy, A
(—o0,z]NJ (—o00,z] (—o0,

oo,z]\J
§/ u%d)\—/ ufld)\:/ uy, dA
(—o0,z] (—oo,z]\J (—o0,z]NJ

These two together show that if J respects u,, and z € R then

/undA:/u;)LdA and / und)\g/ uy dA.
J J (—o0,z]NJ (—o0,z]NJ
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o

°(J)) respects u,. In particular, if

Notice that for any interval J the interval (u%)~!(u
s < t then with J = (u2)~1(ul[s, oc]) we have

/ Uy dA < / Up AN < / ug dA < u’(s)\(—o0, t].
[s,t] (—o0,tINJ (—o0,t]NJ

Letting n — oo we conclude that

(6.2) / udX < u°(s)A(—o0,t] and thus / wdA < u°(s+)A(—o0,t]
[s,t] (s,]
Set Jiere = (u°)~1(00). Since u° is non-increasing, Jie = () or else inf Jier, = —00

and we have proved part (i). For 0 <y < oo set

The J, are (possibly empty or singleton) intervals that partition R \ Jieg. Since
A(—o00,z] < oo for all € R at most one of the intervals J, has infinite A-measure.
If no J, has infinite A-measure then let Jygn = (. Otherwise, let Jright be the unique
interval J, having infinite A-measure and note that sup Jign = 00. To define the aver-
aging operator A we specify its intervals. See the definition of A preceding Proposition
1.4. We take the intervals of A to be all the intervals J, having interior and satisfying
0 < A(Jy) < o0,

To show that u® = Au off Jie U Jiigne we first show that u°(x) = u(x) for A-almost
every x in some J, with no interior or with zero A-measure. The inequalities (6.2)
show that u is locally A-integrable on R\ Ji so the set of points in the A-Lebesgue
sets [4, p. 156] of all the functions w, uy,us, ... has full A-measure. We consider only
these points. Also, since the J, are disjoint, at most countably many have interior.
The union of those J, with interior and zero A\-measure also has zero A-measure so we
may disregard points in such intervals.

The remaining points x each lie in some interval J, with no interior, Thus J, =
{z}. If u,(x) = ul(x) for infinitely many n then we have u(z) = u°(x) as required.
If not, then for some N, x is in a level interval L, of u, for all n > N. We have
0 < MLy) < oo and g is constant on L,,, taking the value

/
[ u A.

Since J, = {x}, for any a,d with a < z < d we have u°(a) > u°(x) > u°(d) and hence
ul(a) > ul(x) > ul(d) for sufficiently large n. It follows that € L, C (a,d) for

n

sufficiently large n. We have shown that the diameter of L,, converges to zero with n.
Since z is in the A-Lebesgue set of u and u,, for all m we have

i —1 = u(x) an imL U — U =u(x) — upm(x
Jim s ) wdy= ) and tim s ) d = ) )

n—oo \
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for all m. Now

lu(z) — u®(z)| = lim )

n—oo

(A(;n) /LnudA> ol (2)
~ lim. A(L) /L (10— ) dA

1
< lim lim —/ (U — Up,) dA
L7L

m— 00 Nn— 00 )\(Ln)

= lim wu(x) — up(r) =0.

Therefore u(x) = u®(x) for A-almost every & € R\ (Jier U Jrignt) off the intervals of A.
To complete the proof of part (ii) we must show that

for all y such that J, has interior and 0 < A(J,) < co. Since

y:

n—oo n—oo
Y Y Y

lim ul d\ = / u’d\ =yA(Jy) <oo and lim Up dX = / wd\
Jy J J J
it is enough to show that

(6.3) lim

n—oo

/ (upy —uy) dA| = 0.
J

Y

To do this we let s = inf .J,, and proceed in the case that s ¢ J,. The case s € J,
is similar. Since s ¢ J, we have u°(s+) =y and (6.2) implies that for any ¢ > s,

/ ud\ < yA(—o0,t] < oo.
(s,]

Therefore, for any € > 0 we may choose a, b, ¢, and d satisfying

—o<a<b<e<d< oo,
[ba C] C Jy C (a?d)v
yA((a,b) U (¢,d)) < e/4, and

/ ud\ < ¢e/2.
(s,b)U(c,d)

(Note that if sup J, = oo then A(Jy) < oo implies A(R) < oo so this is possible even
if d is forced to be oo.) Since a ¢ J, and b € J, we have either a = —o0 or else
u®(a) > u®(b) and hence u? (a) > uf (b) for sufficiently large n. Also, ¢ € J, and d ¢ J,
so either d = oo or else u°(c) > u°(d) and hence u? (c) > u?(d) for sufficiently large n.
Therefore, if we set

Ty(n) = (up) ™! (up[b, ),
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we have [b, c] C Jy(n) C (a,d) and we can estimate the symmetric difference of J, and
Jy(n) by
Jy & Jy(n) = (Jy \ Jy(n)) U (Jy(n) \ Jy) C (a,b) U (c,d)

for sufficiently large n. The choice of J,(n) ensures that .J,(n) respects u, so we have
/ (uy —up)dA =0 and / (uy —up)dA >0
Jy(n) (—o0,s]NJy(n)
and therefore

lim
n—oo

/J (uy — up) dA

Yy

< lim (uy + up) dA
e Sy Ay (n)

< lim u%d)\—#—/ und)\—i—/ Up, AN
=S I, ATy (n) (—o00,s]NJy(n) (s,b)U(c,d)

< lim u%dA—F/ u;’ldk—l—/ ud\
N0 S Ty Ay (n) (—o00,s]NJy(n) (s,b)U(c,d)

< lim 2y\((a,b) U (¢, d)) —|—/ ud\ < e.
n—oe (s,b)U(c,d)

Here we have used the fact that u? < u® =y on J, and u? < uf(b) < u°(b) =y on
Jy(n). Since € was arbitrary, this proves (6.3) and completes part (ii).

If Jighe = () there is nothing more to prove. Otherwise Jright = Jy for the unique
y satisfying A(J,) = co. We have already argued that sup Jygn = o0o. To prove (6.1)
we set s = sup Jy, as before. The two cases s € J, and s ¢ J, are similar again so this
time we look at the case s € J,. We have u°(s) = y and (6.2) implies that for any
t> s,

/ ud\ < yA(—o0,t] < oo.
[s,t]
Therefore, for any € > 0 and any = > s we may choose a, b, and ¢ satisfying

—w<a<b<x<e<oo,
[b7 C] - Jy c (a,oo),
yA((a,b)) < e/4, and

/ ud\ < ¢e/2.
[5,)

Since a ¢ J, and b € J, we have either a = —oo or else u°(a) > u°(b) and hence
we may choose N so that u?(a) > u?(b) for n > N. Therefore, if we set

Jy(n) = (up) ™' (up[b, ),
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we have [b,¢] C Jy(n) C (a,00) for n > N and, provided ¢t € J,(n), we can estimate
the symmetric difference of (—oo,t] N J, and (—oo,t] N Jy(n) by

[(=o0, t] N Jy] A [(=00, 8] N Jy(n)] C (a,b)

for n > N. Again J,(n) respects u, so for all t € R we have

/ (up, —up)dA <0 and thus / (up, —up)dA <0.
(—o00,t]NJy (n) (—o0,8)NJy(n)

For n > N and any t € J,(n),

/ (Up, —ug) dA — / (U, —ug) dA
(—o0,t]NJ. (—o0,t]NJy (n)

Y

<

/ (un + up) dA
(=00, )N Jy ] A[(—o0,t]NJy (1))

S/ ufld/\+/ und)\+/ Uy A
[(—o0,t]NJy]A[(—o00,t]N Ty (n)] (—00,8)NJy(n) [5,0)

§/ ufld)\+/ ufld)\—l—/ udA
[(foo,t]ﬂJy}A[(foo,t]ﬂJy(n)] (70073)0‘]’!;/(”) [S,b)

< 2yA(a,b) —i—/ ud\ < e.
[5,)

Here we have used the fact that uf < u® =y on J, and uf < uf(b) < u°(b) =y on

Jy(n).
Since x € [b,¢] C Jy(n) for n > N, ¢ > 0 was arbitrary, and

lim (up, —up)dA <0

"% J (—o0,2]NJy (n)

it follows that

/ (u—u°)d\ = lim (U, —up) dA < 0.
(—o0,z]NJy

n—oo (—o0,z]NJy

This proves the inequality “>" in (6.1). For the other inequality we fix ¢ > 0 and
increase N so that for n > N, u(c) > u®(c) —e. Set t, = supJy(n). If t,, € J,(n)

then
/ (un—uZ)d)\—/ (up —up)dA| < e
(—o00,tn]NJy (=00, tn]NJy(n)

but

/ (un—u%)d)\:/ (Up, —ug)drA =0
(=00,tn]Ndy(n) Jy(n)
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so
/ udX > / Up, AN
(—o00,tn]N Ty (—00,tn]Ny
> / up d\ — e
(—oo,tn]NJy
> up ()A((—o0, tp] N Jy) — €
> (u?(e) — e)A((—o0,t, ) N Jy) — e
Therefore
T,
S wdh > u0(c) — e — e/ A((—00, tn] N J, ).
(=00, tn] Ny J(—oo tuin, (© /A J0gy)

If t, ¢ Jy(n) then a similar argument shows that

7
—_ ud\ > u(c) —e — e/ A((—00,tn) N Jy).
<—007tn) nJy (—00,tn)NJy Y
Forn> N,z <t, so
1 / .
sup udA > u’(c) —e —e/limsup A\((—oo,t] N Jy).
t>x )\((—OO,LL] N Jy) (—o0,t]NJy T—00 Y

Since € was arbitrary this proves the inequality “<” in (6.1) to complete the proof of
part (iii) and the theorem. [J
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