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ABSTRACT

In this paper the theory of wavelets on theintegersis developed. For this, one needs
tofirst find anal ogs of trandlationsand dyadic dilationswhich appear in the classical
theory. Translationsin ¢2(Z) are defined in the obvious way, taking advantage of
the additive group structure of theintegers. Dyadic dilations, on the other hand, pose
a greater problem. In the classical theory of wavelets on the real line, trandation
T and dyadic dilation D obey the “commutativity” relation DT? = T'D. We
chooseto definedyadic dilations on theintegersin termsof thisfunctional equation.
All such dyadic dilations are characterized and the corresponding multiresolution
structures they generate are introduced and examined. The main results of this
paper focus on connecting multiresolution structures and wavel ets on the integers
with their counterparts on the line and include the fact that every wavelet on the
integersis an MRA wavelet.

1. Introduction

The goal of this paper is to develop the theory of wavelets in ¢2(Z). First of all, the
notion of a dyadic dilation on square-summable sequences is defined and these dyadic
dilations (there are infinitely many of them) are characterized. In the process, several
very important properties of discrete dyadic dilations will be derived. Following this,
we will define discrete wavelets. Many of the initial results can be found in [1]; these
results will be extended in this paper and new results on MRA-type structures on
the integers will be presented. These results will show that MRAs on ¢3(Z) arise
very naturally from the choice of dyadic dilation and in many cases are connected to
traditional MRAs on the real line via an isometry. One conclusion of this comparison
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258 GRESSMAN

will be that all discrete wavelets are discrete MRA wavelets. After all of this has been
accomplished, there will be some discussion of other results in the theory which may
be of interest. This work is the result of a senior honors project done at Washington
University in St. Louis under the supervision and guidance of Guido L. Weiss and
Edward N. Wilson.

2. Dilations
Let 7 be the translation operator on £2(Z) ((7 f)x := frx—1). This operator is unitary:
1t =1*, (1)
Furthermore, if we let A = {A;},cz be the sequence with entries
Aj =650 Vj € Z, (2)

a basis of (2(Z) is given by all the translates of A; i.e., {T¥A}rez is a complete
orthonormal system.

For functions in L?(R), the meaning of dyadic dilation is clear: f(-) — v/2f(2-).
Let D denote the map which takes f to its dyadic dilation. If we now fix t € R and
let T} be the map which sends f(-) — f(- —t), we observe that

T,D(f) = V2f(2(-— 1))
— V2/(2- ~2t) = DT2().

This commutativity (DT? = T;D) is the key property of the dyadic dilation on L?(R)
which we would like dyadic dilation operators on £?(Z) to possess as well. However,
for reasons which will hopefully become clear as we progress, it is advantageous to
reverse the commutativity relationship (technically making our operators contraction
operators rather than dilation operators).

DEFINITION 1. A linear operator p on ¢2(Z) will be called a dyadic dilation operator
if and only if
pr="1%p (3)

lefll=1If1I Vf€*(Z) (4)

Observe that property (4) ensures that every dyadic dilation operator is an isometry
into ¢?(Z) but does not guarantee that a dyadic dilation is unitary. To obtain an idea
of what these dyadic dilation operators do, we will present two simple examples. The
first example takes a sequence to its upsampled counterpart:

pu({'-‘7f*23f*laf07flvf27"‘}) = {"')07f7270)f71707f070)f1707f2505"'}'

Clearly this function preserves the norm of f, and it is also true that it has the desired
commutativity with 7. Both upsampling and downsampling play crucial roles in the
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discrete wavelet transform and other discrete wavelet algorithms. See [4] for more
details. Observe that p, is not invertible.
Another example is the “Haar” dyadic dilation:

pHaar({"'7f—17fO7f17'"}) ::{ f_2 f_l f_l E ﬁ i i }

Suppose we define a map ® from ¢?(Z) to the class of functions F C L?(R) which are
constant on (k, k + 1] for all k € Z by

(@f) () = fla)

where |x] is the greatest integer less than z. Clearly @ is invertible and an isometry.
Via ® we may “pull back” the standard dyadic dilation operator on L?(R) (or rather
its inverse):

—1p-1 | T
@ D70 takes [ 0 (@n(3)]-
This map is simply the Haar dilation ppaqr. We call it the Haar dilation because it
arises naturally (as we will see later) from the Haar wavelet. For the time being, simply
observe that any function in F is easily expressed in terms of dilations and translations
of the Haar wavelet.

These are by no means the only possible dyadic dilation operators (Theorem 1
near the end of this section characterizes all dyadic dilations). They do however, seem
to indicate that a dyadic dilation is, in some sense, a way to “stretch-out” a sequence
into one of “twice the length.”

The first important property of p is that it preserves the inner product of two
sequences:

Proposition 1
(of,pg) =(f.9) Vf.g€ ).

Proof. This follows immediately from polarization:

3

(9= 3 7+l

J=0
As p preserves norms, it must also preserve inner products. [

Using the above proposition, we can begin to understand how p must behave on
the sequence level.

Proposition 2

The following equation is true for all f € (*(Z):

<pf,TkA> = Z <f, TZA> <pA, Tk_QlA> . (5)

leZ
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Proof. Let f € (*(Z).

(pf, TFA) = <p (Z {f, TZA>TZA>,TkA>

IEZ

= Z (f, TlA> <pTlA, TkA> .

leZ

We need only observe that <p7'lA,7'kA> = <7’2l,0A,7'kA> = <pA,7‘k*QZA> and we
obtain the desired conclusion. [J

Notice that (pf)r = (pf,7T"A). Therefore, with respect to the basis {T*A},cz,
the matrix form of p = (pg,1)kiez has entries py; = <pA,Tk_21A>. For the matrix
(pk.1), then, all entries with a fixed value of k — 2l are equal. Also as one would expect,
the columns of this matrix form an orthonormal system, demonstrated by the following
proposition:

Proposition 3

The sequence rj, = <pA, TkA> satisfies

Z Th—2uTk—21 = 01,1/ (6)

kEZ

Proof. As observed in the proof of (5), (pA)r = (pA,7*A) = rj,. Therefore pA =
> okez rTA and hence 72 pA = > okez rpTF A = Y okez Te_uTFA

oLy = <TZA,TZ,A> = <pTlA,pTl/A>

= <7'2lpA, TQl,pA> .

This last inner product is equal to Zkez TL_oTe—ar as desired. O

These properties of p, i.e., that p7 = 72p and equation (6), characterize all dyadic
dilations. Their sufficiency is shown by the following proposition.

Proposition 4

Suppose a sequence {1y } ez satisfies (6). Then the operator defined by

of = Z (f,7'A) (Z W“”A) (7)

leZ keZ

is a (dyadic) dilation operator.
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Proof. First of all, the sum Y, ., 77" t?' A exists and has norm 1 since

2
§ : k+21 § : —_—
LT + A = Tk—2lTk—2] = 1.

keZ keZ

Condition (6) not only implies that the sum converges, but that, as a function of [
produces an orthonormal system:

’
< E rpTRPEA § T2 A> = E Th—2uTk—21 = 011

keZ keZ kEZ

Thus, as the sequence < f,ri A> is square-summable, the sum over [ in (7) also con-

verges.
Now let us show that p satisfies (3):

prf =Y (rf,7'A) (Z w“%) =Y (f.77'A) (Z W’““%)

lez keZ leZ keZ
= Z (f,7'A) (Z rmk”(l“)A) = Z £, A) <Zr T’“+25A>
lez keZ leZ keZ
=72 (Z (f,7'A) (Z rk7k+21A> )— pf.
IEZ keZ

Next we check that p preserves the norm of f as required by (4). As

{ E rk7k+2lA}
keZ ez

is an orthonormal system, we have that

> {f7A) (Z W’””A)

leZ kEZ

2

=D (LAY rA) = 11117

leZ

lpf11* =

Therefore, p is a (dyadic) dilation operator by definition. OJ

While these sequential properties of dyadic dilations are interesting and useful, we
have found that many of the proofs that lay ahead are much easier to understand in the
language of Fourier transforms. To begin with, let us consider a function m € L?(T)
whose Fourier coefficients are the elements of the sequence (7 ) defined in Proposition 3:

)= 3 e, (8)
kEZ

where the convergence of the sum is taken in the L?([0, 27))-norm. We will denote the
Fourier transform of a general sequence (fi)rez € £2(Z) by fV, that is,

=D fre™

kEZ

Proposition 5
For any f € (?(Z),
(pf)" (&) =m(&) 7 (2€) ae. (9)
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Proof. We saw earlier that {ry_o}ez is an orthonormal system in £2(Z). But

(7“~—2l)v (5) = Z 7“/rc—zl€iké

keZ

_ Z rkei(k—&-Ql)g

kEZ

— eQzl§ § :Tkezkﬁ
keZ

= B g),

so {e2€m(&)}iez is an orthonormal system in L2(T). In particular,

= m(&)fie*"

leZ

is a convergent series in the L?-norm. Let

and similarly take

We may then conclude

27
1 / (€)£V(26) — g(€)] de

A | (€).£7(26) — Sn (&) — Rn(&)] d€

2
f 27 1 27
<5 [ mEreo - sn©] d+ 5 [ IRn(O)] de
N
< lmll || £/ = 32 A || + 1l Rl
I=—N

where the last line follows from the Cauchy-Schwartz inequality. It is clear, how-

ever, that both terms on the r.h.s. go to zero as N — oo, so we must have that

the original integral is zero, which can happen only if the integrand is zero almost

everywhere. In particular, we can conclude that m(&)fV(2¢) € L?(T) and, even more,
ez m(€) fie? = m(€) fV(2€) in the L2-norm. All that remains to be shown is that
this sum is, in fact, equal to (pf)Y. As both p and the Fourier transform operator are

continuous, we may appeal to sequential continuity and conclude that
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(nf) = (P (Z fﬂlA>>
leZ

= filpr'A)Y

leZ

— Zfl(7_2lpA)V

leZ

= Z fie*m.

leZ

This allows us to conclude that (pf)Y (&) = m(&)f(2€) for almost every £ € [0,27). O

Proposition 6
Given any fV € L*(T), m - fV € L?(T) as well.

Proof. If it so happens that fY(£) = ¢g¥(2€) for some g¥ € L?(T), we conclude that

(pg)Y = m - f¥ from the previous proposition, during which we showed that this
function is square-integrable. But for arbitrary fV, we have

FO + £G4+ 5 10O — f6 4+ ).

N =

0 =

The first term on the right-hand side is in fact 7 periodic, and the second is also 7
periodic if it is multiplied by e* (which will not change the fact that it is square-
integrable). Thus,

Y=Y @)+ e (£2)Y(2), so m-fY = (pf1)" +e " (pf2)"

is square-integrable as well. [J

As p is an isometry, it must have an adjoint operator p* which is a left inverse to
p and vanishes on the orthogonal complement of the image of p. For any sequence f,
then, we will have ||p* f]| < [|f||. It is also easy to show that (p*f); = >, cp frTh—2i,
but we are not interested in this formula as much as we are in how p* behaves in
Fourier transform space.

Proposition 7

For any f € (?(Z), given a dyadic dilation p, its adjoint p* satisfies

PGr @ (5B

where, as before, m(§) = A (£).

(" f)¥(€) = a.e. (10)

1
2
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Proof. Let f,g be square-summable sequences.

(p*f.9) = (f,pg)
= (Y, (p9)" ) L2(m)
=L v em©e @ de

2 Jo

= [T (5)m(§) e a
S [ ) e ()G

From the previous proposition, it is clear that the term in brackets is square-integrable,

gV (€) de.

and it’s also 2m-periodic. Thus, it is the Fourier transform of some square-summable
sequence h. But by this calculation we can conclude that (p* f, g) — (h,g) = 0 for any
sequence g. Thus, we can take g = p* f — h and conclude that ||p* f — h||> = 0 which is
only true when h = p* f. But the Fourier transform of A is exactly the function given
in (10). O

We are now positioned to characterize dyadic dilations once again, this time, in
terms of Fourier transforms.

Theorem 1

A continuous linear operator p on ¢*(Z) is a dyadic dilation if and only if pr = 7%p

and m = (pA)Y satisfies

[[m@©F +m(E+m)?] =1 ae. (11)

DN |

Furthermore, for every m € L?(T) with this property, there is a unique dyadic dilation
p with (pA)Y =m.

Proof. First we show that for any dyadic dilation, (11) is satisfied. This, however, is
straightforward as

1=(A)Y(¢)
(p*pA)Y ()

-2 [(pA)v (i@Jr(pA)v (W
S0 o (o) ()

So we replace £/2 with € and we conclude that [|[m(€)[? + |m(€ + m)|?]/2 = 1 almost
everywhere as desired.
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Next we show that p with p7 = 72p and m = (pA)V satisfying (11) is actually a

dyadic dilation. All we need to show is that p is an isometry. Notice that {ezil'm}l cz
is an orthonormal system in L?(T):
1 e 4 1 (%
3= | () PTEm@ = o [ A (g
-1 " 2U=IEE™) i (¢ 4 1) |2
27 Jo '
Averaging the last two lines, we conclude that
1 27 . —_—_— 1 27 o 1
o [ (@m(©) @ em@Nde = 5 [ 5 [m(©F + m(€ + mP] de
27 0 27 0 2
1 [ :
_ 62i(l—l )édf
2T 0
= o1

As before, (pr'A)Y = (%pA)Y = e*'m so we conclude (pf)" = >, fie*'m.
Clearly by this formula ||pf|| = ||f||, so p is a dyadic dilation.

Finally, if pA = p’A for some p,p’ dyadic dilations, we will have by (9) that
p=p.0

Stepping back for a moment, we see that the problem of finding a dyadic dilation
p is the same as the problem of finding a 27-periodic function m which satisfies (11).
Up to normalization, such functions have been extensively studied (as every MRA has
an associated low-pass filter for which [mg(£)|? + |mo(£ + 7)|* = 1 almost everywhere;
see [2]). To give an idea of the many different types of dyadic dilations there may be,
we present the following theorem, which says that in the case of m a trigonometric
polynomial, we are free to choose half of its Fourier coefficients provided that they
satisfy a given inequality. (For example, our chosen coefficients ¢; necessarily must
have > |¢;|? < 1, but this is not sufficient. On the other hand, 3" |¢;| < 1 is sufficient
but not necessary).

Theorem 2

Let c¢; be a finitely supported sequence. There exists a sequence {ry}rcz which
is finitely supported, satisfies (6) and has ro) = ¢ for all k if and only if |¢¥(£)| =
| Yz cke™®| < 1 for all real €.

Proof. We prove the reverse direction first. Given any finitely supported sequence aj
(not necessarily satisfying the constraint given in the statement of the theorem), let
us define the following polynomial:

MR o (Z kr) |

JEz kEZ
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Elementary algebra tells us that

p(z) = (Z akzk> (Z@z_k> .

When we take the sum p(z)+p(—z), all terms in odd powers of z vanish. If, in addition,
the ay, satisfy (6), we see that the coefficient of 2%/ in p(z) + p(—=z) will equal 26; 0,
which means that p(z) 4+ p(—z) = 2. Knowing the factored form of p, we can conclude

(Z akzk> (Z a_kz_k> + ( Z akzk> ( Z a_kz_k> =1.
ke27, ke27, ke2Z+1 ke2Z+1

This further reduces to

(Z azkz%> <Za_2kz2k> + (Z angsz) (Zmz%> =1 (12)

keZ keZ kEZ kEZ

because a factor of z cancels with a factor of z~! in the sum over odd k. The goal,
then, is to specify ay for even k and use (12) as an equation to solve for a; when k is
odd. In particular, we look for asg41 such that the following equation is satisfied for
all complex w:

et () 5

keZ keZ
k P——
= (E A2k 41W ) (g A2k +1W )7
kEZ keZ

where the ¢ are the complex numbers described in the statement of the theorem
(we assume that ¢, = 0 if it is not explicitly given). Notice that, on the unit circle,

w~! = w, so the polynomial pg takes on real values there, and we have
2
po(ez’é) -1_ cheike
keZ

Suppose po(e??) = 0 for some @ (we will not consider the case pg identically zero, as this
is easily shown to give rise to a dyadic dilation when we take r; = 0 for odd k). As,
by choice of the c¢;, pg is non-negative on the unit circle, e” must be a local minimum
of po (on the circle). This, however, can only be the case if the first non-vanishing
derivative of py (p(, Py, - - -) is an even order. Therefore, any roots of pg with modulus
1 have even multiplicity. Suppose that pg has a root whose modulus is strictly less than

1. As po(1/Z) = po(z), it must also have a corresponding root of magnitude greater
than 1. (The reverse is true if py has a root outside the unit disk). Therefore, we can
define a (monic) polynomial b whose roots are precisely those roots of py which (i) have
magnitude is strictly less than one, or (ii) have magnitude 1, but in this case we take the
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multiplicity of the roots to be exactly half the corresponding multiplicity for pg. Thus,

the polynomial b(w)b(1/w) has precisely the same roots and the same multiplicities as
po, and so differ only by a multiplicative constant A\?. For any w on the unit circle
which is not a root of py, we must have A\? = b(w)b(1/w)/po(w) = |b(w)|*/po(w). As
po(w) is real and positive, A? is positive as well, so we may assume that ) itself is real

and positive. The end result is that we have found by’s (the coefficients of b) so that

() () (e (327 =

Therefore, if we let 1o = ¢ and r9x11 = Abg, we can follow our initial algebra
backwards and arrive at the conclusion that the sequence r; must satisfy (6), and, by
our construction, 7y is finitely supported.

For the converse, note that, if the ¢, can be “interlaced” with another sequence
so that the result satisfies (6), then pg is necessarily non-negative on the unit circle.
Thus, if | Y-, oz cke™$| > 1 for any &, we have a contradiction. [

Note that our method to “fill in” the sequence rj could have produced a different
sequence if we had chosen different roots in the definition of b. (All we really needed
was to make sure that the roots of b did not include both w and w—!). In other words,

we stress that even though such a sequence r; exists, it is not, in general, unique.

3. Wavelets in (?(Z)

We now define what we mean by a wavelet.

DEFINITION 2. A sequence 1 € ¢?(7Z) is called a wavelet (with respect to the dyadic
dilation p) if and only if {p?72*9}; rez ;>0 is an orthonormal basis of £%(Z).

To agree with usual wavelet conventions, we take translations first followed by
dilations. Note that one could instead consider systems generated by dilating first
and then translating. Such investigations on the real line lead to so-called quasi-affine
systems [3]. We will not consider this case here.

It may seem curious that we have taken only translations by multiples of two in
the definition of a wavelet. The developments of the following sections will lead us to
the conclusion that this is the “natural” definition to use, and so, in some sense, the
precise reasons must remain a mystery for the time being. We can, however, explain
why the obvious choice (taking all translations) cannot be the best one.

Suppose s is a sequence (say with norm one), which is orthogonal to any of its
(non-trivial) translates:

<S, Tj8> = 05,0-
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As (195)V(€) = €85V (£), we have that

6j0:<5,7js>
1 [2 g
=5 | SO a
1 [2 L
=5 |l @re e g

therefore, sV (&) is almost everywhere unimodular. We will use this fact to show that
the collection of the translates of s must, in fact, be a basis of £*(Z). Let f be a
square-summable sequence. Then

1 27

(Fors)=gn | PO e de
| i VPIR
“5 [ (o) e

which is the j-th Fourier coefficient of fV(£)sV(§). Therefore, if we denote the projec-
tion off onto the closure of the span of {r7s};cz by Psf, we have

IPFIP =D 1 77s) 17

JEZ

JEZ

= 11Y(€)s¥ (Oll72 ().

But multiplying a periodic function by a unimodular function does not change its

2

2
0

= [ (r@s@) e ae

norm:

1 2 1 2
5= | THOsYO©sY(€) dE = 5~ [ [UESY(E) de. (13)
0 T™Jo
Therefore, ||Psf|| = ||fY]|2(r) = [|f|le2(z), so the projection Py must be the identity

and the closure of the span of the translates of s must be ¢?(Z). We have shown the
following:

Lemma 1

Suppose s € (?(Z) is a norm one sequence which is orthogonal to all of its (non-
trivial) translates. Then {17s};cz is an orthonormal basis of (*(Z).

With this lemma, we can derive the following result:

Theorem 3

For any given dyadic dilation p, there does not exist 1 € (?(7Z) such that
{P7"¢ | j.k €Z,j >0}

is an orthonormal system.



Wavelets on the integers 269

Proof. Let p be a dyadic dilation and suppose that our conclusion is false for some
non-zero ¢ (normalized). In particular, v is orthogonal to its translates, so by the
lemma, {7%1)}rez is an o.n.b. of £2(Z). As pip is orthogonal to every translate of 1, it
must therefore be the zero sequence, and as p is injective, we must conclude that v is
the zero sequence. But this is clearly a contradiction. [

Our chosen definition of a discrete wavelet, as shown by the theorem, is, then, the
most natural choice from which we may be able to construct something analogous to
a wavelet basis in L?(R). We will revisit this idea after we have developed the notion
of a discrete MRA.

4. Decomposition of ¢?(Z)

We can now use our operators p and p* to decompose our space in a manner which is
very “wavelet-like.”

Theorem 4

Let V_y,, for k € N be the image of £2(Z) under the operator p¥, and let U_;, be
the null space of p**. Then for any k € N, 12(Z) = V_,, ® U_y,.

Proof. We may express any sequence g in the following way: g = p* p*k g+(g—p* p*k g)-

The first term in the sum is clearly a vector in V_j and the term in parentheses must
be in U_g, for

P (g —p"ptg) = pg —ptg=0.

We must therefore have that ¢*(Z) = V_j + U_j. Suppose that g has an alternate
decomposition, i.e., for a € V_p and b € U_, g = a + b. We must then have that
p**g = p**a by definition of U_y, so that p*p**g = p¥p*Fa. Since a € V_y,, a = pFe for
some third sequence ¢, so that pFp**a = p*(p**p*)e = p*e = a. Therefore a = pFp**yg

and b= g — pFp*Fg. O
As suggested by the name, we will eventually see that the spaces Vj, satisfy prop-

erties very similar to an MRA. Before we do this, though, we continue by decomposing
the Uk;

Theorem 5

With V_; and U_j as defined above, let W_;. be the image of U_q under the
operator p’“fl. Then for allk e N, U_, = W_, S U_g41.

Proof. Let g be a sequence in U_z. Again we may say g = p*2(p*)" g + (g —
pk_l(p*)kflg). In this case, pk_l(p*)kflg € W_y, since p*((p*)¥~1g) = 0, and

() g =) ) = () g = () g =0,

SO (g—,o"j_l(,o*)k*1 € U_k+1. Suppose now that a € W_y, b € U_j41 satisfy g = a+b.
Then (p*)* g = (p*)*'a (since this operation annihilates b). Again, since a = pF~1c
for some ¢, we find that (p*)* 'g = ¢ and p*~1(p*)*'g = p*~lc = a, which in turn

shows that b= (g — p*~1(p*)* "), so our factors are unique. [J

Corollary 1
For any negative integer k, 1>(Z) =V, @W_1 @ --- & Wj.
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Proof. This is a straightforward induction argument. [J

Proposition 8

For any k € N, V_;, and U_}, are orthogonal subspaces.

Proof. Let p*f € V_;, and g € U_j. Then

(p"f,g) = <f,p*kg>
— (£,0)=0.00

Proposition 9

For any k € N, W_, and U_j1 are orthogonal subspaces.

Proof. Suppose p*~'f € W_j, and g € U_1.

(0" 1.9) = (£ g)
= (f,0)=0.0

Corollary 2
For any j,k <0, j # k, W; and W}, are orthogonal subspaces.

Proof. Without loss of generality, take k& > j. Then W}, is a subspace of Uj1, and
hence is orthogonal to W;. [J

Proposition 10
For every k € N, V_j, is closed.

Proof. Suppose {p* fi}, 7 € Nis a convergent sequence of sequences in £%(Z) with limit
sequence f.

16507 £ = p" i1l = 10" " F — p* (0" p*) £1]
= lp" (™" f = ™" 0" 1)
=lp™"f — p** 0" £l
<|[If = o fill — 0.

Thus, we have that p*f; — p*p** £ Since the limit is unique, f = p¥p**f, which

implies that f € V_g, so V_j is closed. OJ

Proposition 11
For every k € N, W_j, is closed.
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Proof. Let {p*~1f;}, j € N be a convergent sequence (of elements in ¢2(Z)) with limit
f such that p* f; = 0 for all j.

151 = E T il = (1" (0" = o o) TR A
=1(p")" 1 = () e
<|If - gl — 0.

As before, we can conclude that f = pk_l(p*)k*1 f, since the sequence converges to a
unique limit. In addition,

p (0 ) =" f
— p*k <Jll)rgopk—lfj>

. wk h—

= lim p*"p*f;
j—o0

—0.

Therefore (p*)* ' f is in the null space of p* so f = pF=1((p*)* "' f) is in W_j. There-
fore W_y, is closed. O

Putting all of these rapid-fire propositions together, we have a very nice decom-

position of ¢?(Z):

Corollary 3

For every k € Z, k < 0, I*(Z) = Vy @ W_1 & --- & Wy,. Each summand is closed
and orthogonal to every other summand, and W; = p~ 31 (W_y) for j < —1.

Proof. Only two parts of this result are left to show. First, W; must be orthogonal
to Vi for j > k since it is a subspace of Uy which is orthogonal to Vj. Second,
W, = p=3+t1(W_y) for j < —1. This, however, is clear from their definition. [J

5. The Discrete MRA
Let us define, for convention, that Vo = ¢2(Z).

Theorem 6

The collection of closed subspaces {V;}, as defined in the previous section, satisfies,
forj=...,—1,0:

Vi CVin (14)
pfeVie feVin (15)

0
U vi=¢®@ (16)

j=—o0

3 ¢ € Vp such that {*¢ | k € Z} is an orthonormal basis for V. (17)
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Proof. [V; © Vyea] As Vi = p 31 (Ve), Vy = p(pVe) € p (Vi) = Vin.

[pf € V; = f € Vj41] Suppose pf = p~iTlg for some g (this is true if and only if
pf €V;). Then f = p*p~iTlg = p~Jg, which is clearly in V.

[pf € V; <= f € Vj11] Suppose f = p~Ig for some g. Then pf = p~7T1g, and so is in
V.

[U?:_OO V; = ¢*(Z)] This is trivial because we already have containment and Vy =
*(7).

Similarly, the “scaling function” is trivial- take ¢ = A, where A is an element of the
standard basis. [J

Suppose, conversely, that some collection of closed subspaces {V;} satisfies (14)
- (17). The containment property (14) implies that the union of the sets V; must be V;.
But, by (16), this means that Vo = ¢*(Z). Finally, (15) implies that V; = p=7(Vp) =
p~7(¢%(Z)). This is exactly how we constructed our particular V;’s. Therefore we can
conclude:

Corollary 4

Given a dyadic dilation p, there exists a unique collection of subspaces {V;},
Jj € Z < 0, which satisty (14) - (17).

The conclusions of Theorem 6 seem so similar to the definition of an MRA on
L?(R), that it seems natural to “finish out” the comparison and make the following
definition:

DEFINITION 3. A Collection of closed subspaces {V;}, together with a dyadic dilation
p will be called a discrete MRA if and only if it satisfies (14) - (17) and the additional
condition

0
M Vi ={0}. (18)
j=—o00
As before, there can be at most one collection of V;’s which produces a discrete MRA
relative to a fixed dyadic dilation p.
Unfortunately, condition (18) is not always satisfied for a general dilation p and

{V_; :=p/(£*(Z))}. Consider the earlier example of the up-sampling dilation pgs. The
adjoint, py, does exactly the opposite, down-sampling,

pu({-- o f, fos fis o }) =L foa fo, fa, o ) (19)

Notice, though, that the sequence A € V; Vj > 0. Thus (18) is not true in this case.
We can, however, show that (18) is equivalent to the condition that ||p*’ f|| — 0 as
j — oo for all sequences f.

To establish the desired conclusion, we need to construct a new operator P ac-
cording to the following formula:

Pf=> "o ((p") f = plp*) " f). (20)
j=0
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Each term in (20) is orthogonal to every other because
P (") f = p(p")*f) € Wi,
In addition,

N

TP () f = p(p™) )| 1P =

7=0

N .

Z —plp™) T f)
=0

Z\Lf-PN+107)N+1fH2

< (1111 + 11PN (") N+ 1))
<4||f|2,

2

so the sum (20) converges. As the sum actually telescopes, we can conclude that
Tim (p7p* f) = | = Pf, (21)
and hence, for fixed 7/,
Pl (f=Pf)=p" p (Jli{go <pjp*jf>)
= lim /' p* (Pjp*jf)
j—o0
— lim (¢/p*7f) = f - PJ.
j—o0

(We used the fact that for j > j, ,o*j/pj = p?=3"). We can hence conclude that P is a
projection operator,

0=lim (¢7p"(f ~ PP) = (f = P) = P(f ~ P{). (22)

Our plan is to show that the null space of P is precisely the intersection of the V;’s,
and then investigate the conditions in which P has a trivial null space.

Proposition 12
The null space of P is exactly N;V.

Proof. Suppose g € V_; Vj > 0. Then, for each j, there exists a sequence g; such
that g = p/g;, which implies that

Polg=pp" 0y

=pg9i =9
Therefore g = lim;_, o p*lg=g— Pg,so Pg =0, and we have that N;V; C null P.
Suppose instead that g is any sequence for which Pg = 0. Then for each j, g =

g—Pg=pp*’(g9— Pg) =p’p*’g, so g must also be in V_; for all j, and hence in the
intersection as well. [J
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Corollary 5

The subspaces {V;} generated by the dilation operator p form a discrete MRA
(with respect to p) if and only if

T [lp7f| =0 V€ A(@). (23)

Proof. Condition (18) is true if and only if P has trivial null space which can occur if
and only if P is the identity operator. But P is the identity if and only if ||f — Pf|| =
0 Vf. Finally, we have that

1f = Pfll = jlggopjp*ij
= Jim lp’p" ]|

= lim [[p™ f]],
j—o0

so our hypothesis is established. [J

If p or p* have any eigenvectors, these eigenvectors must be in NVj. The next step
is to show that any f € NV} is itself an eigenvector of p, and that the eigenspace of p
is at most dimension 1.

Lemma 2

Suppose f,g € L?(T) have the property that, for any non-negative integer j, there
exist functions sj, f;,g; in L*(T) such that

f(z) =s;(z)fi(x) ae. (24)
g(x) = sj(z)gj(z) a.e. (25)
fi (m + 22—7;> = fi(z) a.e. (26)
6i(r+ ) = g(x) ac (27)

Then f and g are linearly dependent, i.e., there exist cy,c, € C not both zero such
that cy f + cqg = 0 almost everywhere.

Proof. First of all, assume neither ||f|| nor ||g|| is zero, in which case the conclusion is
obviously true. As the set of © € R where (24) - (27) fail to be true for a particular j
is a set of measure zero, the set where these equations fail to be true for any particular
J is also a set of measure zero. Thus, on some set E containing almost every z € R
equations (24) - (27) hold for every x and every j. In particular, the set

E'=En () (E—@)

23
j>0,keZ
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is a set of full measure (as it is the countable intersection of sets of full measure) and
has the additional property that € E/ = z + 2F € E’ for all non-negative integers j.
To see this last property, fix a non-negative j and let x € E’. Consider any integer k
and any non-negative integer jg. Clearly

2k 27 2w (20k — 2J0) and zcE 27 (27 k — 270)

2jo  9J 9i+io ' 9j+7o

by definition of E’, so x—i— T cE— 22’;;“ for any jo, k. Thus a:+ T € E'. The translation
invariance of E’' will cons1derably simplify the rest of the argument.

We now define a new sequence of functions h;:

L gi(x) £0

-1 gj(xz) =0.

hy(a) = (28)

Each h; is measurable, so

hHJmmmhm’W}

j—oo gl

exists and is itself measurable. Let x € E’ and fix a non-negative integer j. If h(z) =
—1, then for infinitely many N > j we have gy (z) = gn(z + 35) =0, so h(z + 2F) =
—1 = h(z). If h(z) # —1 then gn(x) # 0 for all sufficiently large N, and as fy(z) =
fn(z+ 22—’f) and gy (x) = gn(z+ 22—’JT) for any x € E' and any N > j, we again conclude
that h(z) = h(z+2F). Therefore, for almost every z € R, h(z) = h(z+ 2F) for all non-
negative integers j. In particular, then, h is 27-periodic and bounded, so h € L2(T).
This being the case, the fact that h has arbitrarily short period means that h must be
almost everywhere equal to some constant c. This constant ¢ cannot equal —1 as this
would imply that g = 0 almost everywhere, contrary to assumption. Likewise ¢ cannot
equal 2||f]|/||g||, since, one can see that this would imply that ||f|| > 2||f]|l|g]l/]|g]l-
Thus, liminf |f;(z)/g;(x)| = ¢ for almost every x € R. By a similar construction, one
can easily see that liminf #{f;(z)/g;(x)} and liminf R{—if;(x)/g;(x)} exist almost
everywhere and are each almost everywhere constant, from which it easily follows that
f = cqg almost everywhere for some ¢, € C, so the hypothesis is true. []

Theorem 7

Given a dyadic dilation p and defining the spaces V; C ¢?(Z) as before, we conclude
that f € ; V; if and only if f is an eigenvector of p, and this space is at most one
dimensional.

Proof. Given f € ) ; Vi, we have seen that p/p*/ f = f for all non-negative integers j.
In terms of the Fourier transform of f,

E = 1Y Hmu
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for all non-negative j and almost every & € [0,27). But we also have

j—1

()Y (&) = (7 )Y (2778 m(27¢) [[ m(2'€) ace.

=0

again for all non-negative integers j (take the product to be 1 by convention if j = 0) .
Thus, if we let 5;(£) = H{;Ol m(2!€) and likewise take f;(&) = (p*jf)v (27¢) and g; =
(p*? )V (27TLE) m(27€) (s; = (p?A)Y, so it is square-integrable; f; and g; are clearly
square-integrable), we may conclude from the lemma that f¥ and (pf)" are linearly
dependent, so f and pf must also be linearly dependent. Moreover, as ||f|| = ||pf]|,
we conclude that pf = Af for some complex number A\ of magnitude 1. Thus, every
sequence in () ; V; is an eigenvector of p. The converse, however, is immediate, so we
see that the eigenvectors of p are in fact, all the vectors in [ ; Vj. Moreover, suppose
f and g are any two non-zero eigenvectors of p. Then we have

&)= (1:[ m(zl§)> A FY(27€) ae.
=0

9'(&) = (1:[ m(zlg)> A 79Y(27€) ace.
=0

Again we may apply the lemma and conclude that fV and g" are linearly dependent,
thus f and g are linearly dependent as well. We can therefore conclude that the span
of the eigenvectors of p is at most one-dimensional over C for any dyadic dilation p. [

Lemma 3

If f is any sequence in ¢?(Z) which is an eigenvector of a dyadic dilation p, then
the Fourier transform of f is a bounded function.

Proof. Suppose p has a non-zero eigenvector f, otherwise we’'re done. This means
that by (21), Pf = 0. As P is continuous and f is non-zero, there must be some
finitely supported sequence g in a neighborhood of f for which Pg # g (otherwise we
could take a limit and conclude that Pf = f # 0). Combining (21) and the previous
theorem, we conclude that

lim p/p*’g=g— Pg=cf
J—00

for some non-zero constant ¢ since g — Pg # 0 and P(g— Pg) = 0, meaning that g — Pg
isin (V;. As f is an eigenvector of both p and p* (and the product of its eigenvalues
is 1), we conclude that g = c¢f + h, where

Jim [|p*7h]| = Tim ||p"p"hl]
= | lim p’p* (g = cf)|
= |lef —cfl| =0.
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Thus, if pf = Af, Np*g=cf +Np“h — cf as j — co. As g is finitely supported,
its Fourier transform is a trigonometric polynomial and is a bounded function. But

'(p*jg)v (é)'

= 3| ('9) €rimED + (599)” €24 MimGEz

1/2

<

[\m(%&)\z +imie+m)2 | (077 ) BOR+| (07 ) (e + )2
2 2

by the Cauchy-Schwartz inequality. But the first fraction on the right-hand side is
one, and the second is bounded by the maximum of |(p*/~'g)V|. Since |g¥ (£)| < M for
some M, we conclude by induction that |(p*/g)V(£)| < M. Thus [N (p*g)V(€)| < M
almost everywhere for all non-negative j. But this implies that cfV, which is the L?
limit of A (p*7g)Y, must be bounded as well. [J

Theorem 8

If p fails to generate an MRA, i.e., if (\V; is a one-dimensional subspace of (*(Z),
then m = (pA)Y is unimodular. Equivalently, if m is not unimodular, then p generates
an MRA.

Proof. Suppose that p possesses a non-zero eigenvector f; by the previous theorem,
this is equivalent to our hypothesis. Then

£ ()] = [m(&) £ (26)]
as the eigenvalue must have modulus one. We conclude that

[FY©F + 1Y (€ +mP] = % [Im(€)P1£Y (26) 1 + Im(€ + m)P|f¥ (2 + 2m) ]
= |7 (2¢)*

1
2

By the lemma, |fV(¢)] is a bounded function, so |fY(£)|* is also bounded. Therefore
it is integrable and g(£) = |fV(£)|> € L*(T). The function g satisfies the equation
g(&) + g(€ + m) = 2g(2¢). If we take the inner product of both sides with e,
we find that the Fourier coefficients of g, denoted by gi, satisfy gor + gor = 2¢x, or
gok = gi. Since g € L*(T), this can only be true if g, = 0 for k # 0, i.e., if g is almost
everywhere constant. Thus, |fV(£)| must be almost everywhere constant as well and
V()| = |Am()]| £V (2£)| implies (as |A| = 1) that |m(£)| = 1 almost everywhere. [

In the case of MRAs on the real line, one can prove that (), V; = {0} is in fact a
consequence of the other properties of an MRA (see [2] for a proof). Though we have
already seen that this is not the case for discrete wavelets, it is interesting that one is
still able to make the next best possible conclusion.
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In [1], the issue of deciding when a dilation generates an MRA is addressed by a
theorem which shows that any p which can be extended to an operator on all bounded
sequences, which sends the constant sequence to itself, and which has a C'°° Fourier
transform generates an MRA. These conditions insure that all dilations are “non-
trivial” (i.e., dilations whose filters are not identically 1 in magnitude); finitely sup-
ported coefficients r; as in (6) do, in fact, generate an MRA. They are, however, not
necessary, as we have just seen.

So far we have been fairly silent about “discrete wavelets,” which was the original
focus of this project. Thankfully, though, we have developed almost all the machinery
needed to say something meaningful on this subject. In particular, we will show that, if
p is a dilation operator which generates a discrete MRA, there is an element ) € W_;
which is a discrete wavelet.

6. The Discrete MRA wavelet

The goal of this section is to demonstrate that, associated with every discrete MRA
which is generated by dyadic dilation p, there is a discrete wavelet in W_;. First, we
state precisely what we mean by a discrete MRA wavelet.

DEFINITION 4. A discrete wavelet 1) relative to the dyadic dilation p is called an MRA
wavelet if and only if {72%¢ | k € Z} is an orthonormal basis of W_;.

Unlike wavelets on the real line, every discrete wavelet is an MRA wavelet as shown
by the following theorem.

Theorem 9

Let 1 € (%(Z) be a discrete wavelet with respect to the dyadic dilation p. Then
v is an MRA wavelet.

Proof. By definition, {p?72*1}; kez. j>0 is an orthonormal basis of £2(Z). We can thus
conclude:

(P, P2y = (P, PP TRy =0 j > 0.
Therefore we must have p*i) = 0, meaning that, defining W; and V; as before (the
“standard” MRA associated with p), we have 1) € W_1. As 7p*¢) = p*729, we get that

12k € W_1Vk € Z. By hypothesis they are an orthonormal system. Now suppose
f e W_q. It follows that

(o T2R) = (p* [, 1) = 0

for j > 0. If (f,7**y) = 0 Vk € Z, then f = 0 by virtue of the fact that
{p? 7%} kezj>0 is an om.b. of ¢*(Z) and (f,p’7**¢) = 0 for all j and k. Thus
{72k} 1.ez is an o.n.b. of W_; and so ¢ must be a discrete MRA wavelet. [J

Theorem 10

Suppose ¢ € (?(7Z) is a wavelet relative to p; and py, both dyadic dilations. Then
there is a unitary map p : £2(Z) — ¢*(Z) which commutes with translation such that

P2 = P14
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Proof. Observe that 1 is a wavelet relative to p; and ps if and only if the null space
of p} is equal to the null space of p3. For any f € (%(Z), we have

p2f = p1pip2f + (p2f — prpip2f)

where the term in parentheses is in the null space of pj, which in this case is equal to
the null space of p5. Thus, applying p5 to both sides,

[ =psp2f = psp1pip2f.
Similarly, we can show
= pip2p3p1f.

Thus the operator 1 = pjp2 is invertible. It is also easy to check that p commutes
with translations. Also, as pu*f = p*uf = f, p must be unitary.
Finally, we claim that p;pu = po.

piif — pof||* = (prnf — pof,paf) + (prinf — pof, prif) -

The first inner product is zero since (piuf — pof,p2f) = (pspipf — f,f) = (0, f).
Thus,

prif — p2f1I? = (prf, prif) = (oo f s pruf) = (f5 f) — (f, ) = 0.

Therefore we may conclude that po = p1pu. O

Thus far, the results are quite interesting: every wavelet is an MRA wavelet, and
up to the obvious equivalence suggested by the previous theorem, the dilation making
1 a wavelet is unique. Now let us actually construct a wavelet given a discrete MRA.
We are going to define a conjugate linear operator F' as follows:

(Ff)j=(D)"7hoy  VieL (29)

By conjugate linear, we mean that F(af + 3g) = aF f + BFg, which is clear from the
definition. Some other immediate consequence are

P =y (30)
(Ff.Fg)={f.9) = (9.]) (31)
(Ff,g)=—(Fg,f) (32)

where the last equality is taken by substituting ¢ = —F?g into (31). We will now
proceed to show some more properties of F which are less apparent from the definition.

Proposition 13

T'F=—Fr. (33)
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Proof. For any sequence f,

(F'7f);

(=)' (7 )1y
(D' i
o (G Yy
=—(Ff)js1=—(r"'Ff);. O

Proposition 14

For all k € Z:
(. =0 (34)
Proof.
(Ff.7%f) = Y (F N

lEZ

D ) by oy ey
IEZ

=S (-U)'Tfiar
lEZ

R = (R ),
LEZ

where in the last two lines we change the summation variable (I — 1—[ and | — [+2k).
Since the inner product remains unchanged when multiplied by —1, it must be zero. [J

The usefulness of F' comes from the next theorem, which says, as we shall see later,
that for any dyadic dilation p, F' is a bijection between V; and Wj. First, we need the
following, rather unusual, property of F.

Proposition 15
For any dyadic dilation p and any sequence f (in (*(Z)),

(pp™ — Fpp™F) f = . (35)

Proof. As we have done in the last few propositions, we will show that the two sides are
equal when evaluated at any integer n. As in earlier sections, we make the definition
e = (pA, TFA).

((pp™ = Fpp*F)f)y =D (0" Flirn—or — (=)™ (0* Ff)ir1—n—2

lez €7

= Z [(Z fk@) oo — (—1)'7" (Z(M%m) Tl—n—zz]
leZ kEZ keZ

= [ femairn-z — (1) (=) furi T2
lEZ kEZ

=S D o+ () (D e amia) (36)

keZ leZ
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We know it is safe to change the order of summation because, as r and f are square-
summable, their product is absolutely summable.

Suppose n + k = 2m for some integer m. We can then change our variable of
summation in (36) only in the second term inside the sum over I, by taking | — [ —m,
in which case the sum over [ becomes

E [Tk—zﬂ"n—zl + 7“1—k—2(l—m)7”1—n—2(l—m)] = E [Fre—21Tn—21 + Tnt1-2Tkr1-21)
1€z ez

= E Tk—1Tn—1,

leZ

since the first half of the sum and the second half differed only by 2[ in the first and
2]+ 1 in the second. Since n and k differ by an even number, (6) tells us that the sum
over [ in (36) must equal 6y, .

Suppose instead that n + k = 2m + 1 for some integer m. Performing the same
trick we just used, the sum over [ becomes:

§ [Fro—2irn—21 — M—k—20—m)T1—n—2(—m)| = E [Fe—20"n—21 — T'n—2Tk—21)
leZ leZ
= 0.

Therefore
((pp"™ = FppF)f),, = > frbrn = fn- O

kEZ

Corollary 6
F' is a bijection from V_1 to W_;.

Proof. Take g € V_;. We have already seen that pp*g = g, so by the proposition, we
must have Fpp*Fg = 0. Since F and p are both 1—1, we must have p*F¢g = 0, meaning
that F' maps V_; into W_;. Similarly, take g now in W_;. Now the proposition tells
us that g = —Fpp*Fg so we may conclude that F'g = pp* Fg, meaning that Fig € V_4
by definition. Therefore, F' is a bijection as described. [

Theorem 11

For any dilation operator p, with V_; and W_; as generated by p, {p/ TFA}rez is
an orthonormal basis for V_; and {p’~'F pT* A} rez is an orthonormal basis for W_ je

Proof. [V_;] As p preserves inner products, and {7*A}cz is an on.b. of Vj,
{p?TFA}kez is a basis of pIVy = V_;.

[W_;] F is a bijection which (up to conjugation) preserves inner products. We
know in particular that F(V_;) = W_y, so {FpT*A};ecz must be an orthonormal basis
of W_i. But for j > 1, W_; = p/71W_y, so we must have that {p/ " 1Fpr*A}scz is
an o.n.b. of W_;. [

Corollary 7

If p is a dyadic dilation which generates a discrete MRA, then there exists 1) = Fpp
which is a discrete orthonormal wavelet.
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Proof. We already know that the dilates of the (2k)-translates of ¢ generate B; W
(P Fpp = —p  Fr=%pp = —pI Fpr—Fp. Collected over k, these sequences form a
basis of W_;41 by the above corollary). Since p generates a discrete MRA, we know
that this space is equal to ¢2(Z). O

7. Connections to MRA wavelets in L?(R)

Let v € L*(R) be an MRA wavelet, and let ¢ be an associated scaling function with
low-pass filter mo € L?(T). As we have seen earlier, mg (when multiplied by v/2)
generates a dyadic dilation on £2(Z) in a very natural way, via the Fourier transform.
Even more, we have an isometry mapping ¢?(Z) into Vo C L?(R):

Fr=) 0 frp(& — k). (37)

kEZ

Let us call this map ®. As we are working with a real MRA, we have the two-scale
equation

L 7€

580(5) = gzakw(f + k), (38)

where

mo(§) = Zakeik‘f. (39)

kEZ

To be explicit, the dyadic dilation on £2(Z) we choose has the property that (pA); =
a_y; the a_g is accounted for by the fact that we chose to translate in one direction in
the definition of ® while the two-scale equation is typically written with translations
in the opposite direction.

The first and most obvious property of ® is that it respects translation by integers:

(@7 F)(€) =Y frwp(€ —k) =D frpl€ =k —1) = (Bf)(€ = D).

kEZ kEZ

If we consider the dyadic dilation of ® f, where in R this has an unambiguous meaning,
we see that

Jen(§) =15l

A

kEZ

=> fi > awp(E =2k + k)
keZ k'€Z

=> £ > awsmp(E+E)
kEZ k'€Z

- Z Z fra— gk —anyp(€ = k). (40)

k'€Z keZ
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We needn’t worry about interchanging the order of summation in the last line as we
can exploit the properties of the isometry and approximate f by a finitely supported
sequence, showing that the error goes to zero as our finite approximation goes to f.
Notice that (40) is precisely %@(p f). We can therefore conclude that

1 £
—(® (-) = [® . 41
5@ (5) =20 © (1)
Thus ® respects dyadic dilation, and hence, the MRA structure, i.e., the discrete MRA
generated by p is mapped via ® into our MRA on R in such a way that

f €V (the discrete MRA) < ®f € V; (the real MRA),

and
f € W; (the discrete MRA) < ®f € W; (the real MRA).

Therefore, we can take %1/1(%) € W_; (remember that ) is our real MRA wavelet),
whose translates and dilates span Vj in the limit, and construct for ourselves a discrete
o.n. wavelet, namely, @‘1%@&(5).

Let us go back and explicitly show the correspondence just described above. First
of all, we will need to adjust notation slightly to avoid confusion. When referring to
the real MRA, we will use the standard notation. In the case of the discrete MRA
generated by p (which is in turn generated by myg), we will place a tilde over all the
familiar symbols (¢ , @Z, 17]-, Wj, ete.).

First of all, we introduce the adjoint of ®. As ®* is a left inverse of ®, and ® is a
surjective map into Vg (up to a.e.) we see that we must have

@ y( )i = (¥, (- —1))

by the orthonormality of the translates of . Moreover, as the translates of ¢ taken
together span V{), we must have that ®* is also a right inverse of ® (again, up to a.e.).
Using these facts, we now show that ® respects the MRA structures in L?(R) and

2(Z).

Proposition 16

For any f € (*(Z), _
feViedfel;

Proof. Suppose f € f/j, j < 0. By definition, f = p~7¢g for some second sequence g.
Thus
£

1
@) = —= (@9) (55

As the image of ® is contained in Vj, ®f € V. For the converse, let us denote dyadic

dilation on R by D, i.e.
1 :
Dy(") = ﬁy(E)'

) = 2"2(2g)(2'¢).
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We have shown that D® = ®p. Therefore ®*D® = p and so &*D*® = p*. Suppose
®f € V;, j <0. This means that (D*)™7®f € Vy, so ®*(D*)®f = (p*) I f € V.
But ®* = ®~! (in the L?-norm) so

p7I(p7) T f = (D) 00" (D*) D f
= o (D)7/(D)of
=0*pf = f.
Therefore f € ‘N/] O

Corollary 8

For any f € (*(Z), -
fewW,«ofcW,.
Proof. In both the discrete MRA and the real MRA, the wavelet subspace W; (or I/TN/])
is the orthogonal complement to V; (V;) in Vji1 (Vj41). Since @ is injective, surjective
(up to a.e.), an isometry, and respects the Vj, we can use this characterization of W}
(W) to see immediately that the conclusion must be true. O

One other important detail-we have yet to show that p, the dyadic dilation on ¢?(Z)
actually generates an MRA. Since my is a low-pass filter for a scaling function ¢, mg
cannot be constant, so we are clear. But we needn’t even use this fact to prove that p
generates an MRA.

Corollary 9

Given an MRA with low-pass filter mq, the subspaces ‘N/j generated by dyadic
dilation p on (*(Z) (which is in turn generated by mg) form a discrete MRA, i.e.,

(Vi = {0}

Proof. Let f € (\V;. We must then have ®f € (| V;. As the V; form a (real) MRA,
this intersection is trivial, thus f = 0 as @ is injective. O

As mentioned earlier, ®®*[y(-)] = y (up to a.e.), so if ¢ is a wavelet associated with
a given (real) MRA, then so is ®®*¢. In particular, {t; (&) = 27/20(27¢ — k)}j rez
is an o.n.b. of L?(R), and {¥jr}j<okez is an om.b. of V4. The goal is to show that
{®*Yjr}j<o,kez is an on.b. of V = ¢?(Z). To this end, it is sufficient to show that
{®*Y_1k}rez is an o.n.b. of W_;. Clearly this is an o.n. system as ¢ is an isometry.
If it does not span W_;, we can find an f in this subspace which is orthogonal to
®*1p_1 1, for every k, which means that ®f is in W_; and orthogonal to ¥ _; y, for
every k, meaning that ®f is almost everywhere zero and f = 0. Thus ®*¢_;; is an
o.n.b. of W_1, and, hence, its dyadic dilates span ¢2(Z). But

O (Yo1k(-) = @ (Yor,0(- — 2k)) = 725D Y10,
so @*1_1 0 is a discrete o.n. wavelet by definition (here we see where the 2k arises as
well). We can therefore conclude:

Theorem 12

Let b be an MRA wavelet with scaling function ¢ and low-pass filter mq. Then
the sequence ®*_1 0 = ( (Y10, p(- — 1)) )iez is an o.n. wavelet in £*>(Z) with respect
to the dyadic dilation p generated by my.
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8. Rational Dilations

We now consider the more general problem of “rational dilations” on ¢2(Z), i.e., those
linear operators p for which

TV p=pT

and

lofIl =If1] Vf € (2).

These operators will correspond to N/M-dilations (more appropriately, contractions)
in much the same way that the dyadic dilations on £?(Z) correspond to dyadic dilations
on L?(R). Describing them as rational dilations, though, is slightly misleading—in our
case a 6/4-dilation is not necessarily a 3/2-dilation. One could always demand that
N and M be relatively prime, but we do not do so here because this extra hypothesis
plays no role in the necessary proofs.

The first observation to make is that we may decompose ¢?(Z) into V; and W;
subspaces as before, since the results of Section 4 rely only on the fact that p is an
isometry of ¢?(Z) to the range of p. Let us define a family of projection operators on
(?(Z) and their corresponding operators on L?(T).

DEFINITION 5. Given a positive integer n and a non-negative integer k less than n,
the linear operator P}* on ¢%(Z) is defined as

(ng)z:{f ( )6

0 otherwise.

It is easy to check that P! is a projection operator and that, for a fixed n, the col-
lection {P]'}k—o,... n—1 is a commuting family of orthogonal projection operators with

Z;é P’ equal to the identity operator. Another fact that is easily verified is that,
on L?(T), the operators take the form:

ike n—1 '
(P = S e mming (642

=0

Back to the rational dilations. Let us define
mo, . ..,muy—1 € L2(T) as mg(€) = (pm"A)V(€).
It is immediate from our definition that for any
€ Z, (pr MR 8) Y (€) = (V)Y (¢)
and this we conclude is equal to

eilemk(g) _ e—ikNg/Mei(MHk)N/Mgmk(5)
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almost everywhere. By arguments similar to the one showing that (pf)Y(:) =
m(-)fY(2-) for dyadic dilations, we conclude that

N
P 1Y€ = mul )P DY (376) ae
Therefore, by our previous observation that the sum of the P;'’s is the identity,
M—1 ' N
0D = X mu(e MR (Fie) ae (12)
k=0
Next we will derive the corresponding formula for p*.
1 27 M-1 N
- \% tkN/ME PM v [ D d
o) =gz |90 X @) () a
1 M-1 2 N
_ v ikN/ME(pM £y [ 2L _ 4
5w 2 ) o OmE Ry (3¢) 2 @

We now employ two additional properties of the P}* (From now on, the symbol P
will refer both operators on ¢?(Z) and the corresponding operators on L2 g']I') when no
confusion will arise). First of all, if g € L*(T) it is easy to check that [;" g(§) d€ =

027T(P5"g)(§) d€ as a result of the periodicity of g. The other fact, easily verified, is
that f,g € L*(T), and if f has period 2%, then (Pg fg)(£) = f(£)(P}g)(€). If we notice

that eik%g(Pé”f)V (%5) has period QW”, we may apply both these properties to (43)
and obtain

(9,pf) = % >
k=

27 -
- Ly / (P mm) (€ ) < BT )Y (6) de
k=0 70
1 M—-1 27 N M - Y
=3 2 | B (e T © de
k=0 V0
1 M-1 .orn M e\
— o > [ g () (BT ) de
k=0 70
1 M-—1 2 M Ly
—> <P0M (P g ) (5p€) €T )(5) d
k=0 V0
M-1 27
- % / (Py gvm—w(—é)eikg?v(é) £.
k=0 70

As in the case of the dyadic dilation, this last integral permits us to conclude that

M-—-1 _ M
(0°9)" (&) = Y e (R g mr) (7€) ae. (44)
k=0
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We may now use this formula for p* to find necessary (and sufficient) conditions on the
my. Let g = pr!A, where [ is non-negative and less than M. Then we can conclude

that
M—1

Z e (P mlmk)<]\]\{§) a.e.

k=0

If we now take any non-negative integer I’ which is less than M we conclude that

i = (Py'e i(l_l/)g)(f)

(POM S ey mlmw(%g))(f)

M—1 M A ,
= > B ) (5 (B9 )
k=0
M—-1
M
(PN mymmg) (=€) 1
i 0 Uk (N ) k,l

M
= (PN mymp) (Wé) a.e.
The end result of all this calculation is that we can conclude
(P({lem—l/)(f) = 6[71/ a.e. (45)

Not only is this condition necessary, but given m’s satisfying it, we may define an
operator p according to the formula (42) which satisfies our definition of an N/M-
dilation.

Corollary 10
If M > N, then no such dilations exist.

Proof. Notice that on a pointwise level, P(fv mymy is an inner product on CV. Thus,
if M > N, (45) would imply that for almost every fixed &, the collection of M vectors
given by v; = (my(§),...,m(§ +2n(N — 1)/N)) would form an orthonormal system,
which is impossible. [J

Corollary 11

If M < N, then p is not surjective. In particular, W_y is non-trivial.

Proof. If this were not the case, then p* would be an M /N-dilation, which cannot
exist. [J

The proof of these corollaries rests on the fact that P fg is an inner product
on CV when interpreted in a pointwise sense. The problem of finding wavelets, then,
reduces to completing the orthonormal system represented by (45). For the remainder
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of this section, we will assume that there exist mys,...,my_1 such that, for any
non-negative [, 1’ both less than N

(Pévmlm—l/) (f) = 6l,l’ a.e.

This condition implies that (m;, my) - T = 01, by earlier remarks. In particular, if
Yo, .., ¥UN_m—1 are sequences such that (¢;)¥ = ma4;, we are forced to conclude
that ¢; € W_1 and, even more, that TNkwj € W_; for k € Z and all appropriate j.

Suppose f € W_;. Exploiting the inner-product formula in relation to our pro-
jection operators,

N—-1
V= Z mi Py (fVmE).
k=0

By the formula for the adjoint operator p* and orthogonality,
M—1
- M
0= 32 SR e)

We can take this equation and apply PlM to both sides, where [ is a non-negative
integer less than M the result is that

- M ikt pN gy (M ite pN ey (M
0= Z P, (6 Py (fmk)(ﬁﬁ)> =Ry (f ml)(ﬁf)-
k=0

The ultimate result of these calculations is that P2 (f¥my;)(¢) = 0for 1 =0,..., M —1,
so we may conclude that, for f € W_q,

N-1

= m Py (V).

k=M

But for a given k, PYN(fVmy) is a 27/N-periodic function, so as noted earlier,
mip P (fVmy,) is a function in the span of {eN'my = (7V_n)Y hez. Thus, we
conclude that

{mV" hez k=0, N -1

is an o.n.b. of W_q, so the ¥y are our wavelets.
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